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Preface
It is a pleasure to welcome all participants of the 5th International Conference on Computational

& Mathematical Biomedical Engineering to Pittsburgh. This fifth edition is hosted by one of the top
public universities in the United Sates, the University of Pittsburgh.

CMBE is an important forum for sharing progress and knowledge within the community inter-
ested in engineering mathematics, computational and experimental methods applied to biomedical
problems. This year’s conference has received a large number of abstracts, each of which was peer-
reviewed by members of the programme committee and mini-symposia organisers. We would like
to thank all the authors and session organisers, committee members and external reviewers for their
efforts.

The CMBE17 proceedings is given in electronic format to all delegates, and will be available to
download from the conference website. All authors are invited to submit an extended version of their
paper to the ‘International Journal for Numerical Methods in Biomedical Engineering’.

The conference consist of an opening, 2 plenary and 7 keynote lectures, 26 tracks or mini-
symposia divided into multiple sessions and 6 standard sessions. Poster abstracts are included in
the conference programme and proceedings. CMBE also awards the ‘International Journal for Nu-
merical Methods in Biomedical Engineering (IJNMBE) Best PhD Award in Biomedical Engineering’,
in recognition of important contributions to the advancement of computational and/or mathematical
biomedical engineering, as well as the ‘CMBE Best Poster Presentation’.

Finally, we would like to thank all delegates who attended CMBE17 and made its success.
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http://www.compbiomed.net/2017/index.htm
http://onlinelibrary.wiley.com/journal/10.1002/(ISSN)2040-7947
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NUMERICAL MODELS FOR HEART FUNCTION

Alfio Quarteroni1
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SUMMARY
In this presentation I will introduce a coupled mathematical model for heart function, present numer-
ical approximation methods, address data and parameter variability by Reduced Basis methods, and
illustrate numerical simulations on some cases of clinical relevance.

Key words: mathematical model for heart function
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COMPUTATIONAL INVESTIGATIONS OF THE BIOMECHANICAL
UNDERPINNINGS OF VEIN GRAFT FAILURE

Alison Marsden1

1Departments of Pediatrics and Bioengineering, and by courtesy of Mechanical Engineering, Institute for
Computational and Mathematical Engineering, Vera Moulton Wall Center Faculty Scholar, Stanford

University US

SUMMARY
Coronary bypass graft surgery (CABG) is performed on approximately 500,000 patients every year
in the United States. Because most patients require multi-vessel revascularization, roughly 70% of
CABG surgeries employ saphenous vein grafts, despite the superior performance of arterial grafts.
Vein graft failure continues to be a major clinical problem, with as many as 50% of grafts failing
within 5 years of surgery. When a vein graft is implanted in the arterial system it adapts to the
high flow and pressure of the arterial environment by changing composition and geometry. Though
hemodynamics is known to play an active role in growth and remodeling of blood vessels, the under-
lying mechanisms of vein graft failure remain poorly understood. We will describe our two-pronged
approach to investigating the biomechanical underpinnings of vein graft failure. First, we perform
patient-specific simulations of coronary and bypass graft hemodynamics to compare the biomechan-
ical forces acting on venous and arterial grafts. Second, we adapt a constrained mixture theory of
growth and remodeling for use in vein grafts, and explore potential causes and amelioration of vein
graft failure. Throughout, we will discuss recent advances in computational methodology allowing
for accurate simulation of coronary flow and physiology, including multi-domain modeling, fluid
structure interaction, and uncertainty quantification.

Key words: growth and remodeling of blood vessels, simulation of coronary flow and physiology
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SYSTEMS MECHANOBIOLOGY OF BONE REMODELING AND
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Ralph Müller1
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SUMMARY
Cyclic mechanical loading is perhaps the most important physiological factor regulating bone mass
and shape in a way which balances optimal strength with minimal weight [1]. This skeletal adapta-
tion process spans multiple length and time scales. Vibrational forces resulting from physiological
exercise at the organ scale are sensed at the cellular scale by osteocytes, which reside inside the bone
matrix. Via biochemical pathways, osteocytes orchestrate the local remodeling action of osteoblasts
(bone formation) and osteoclasts (bone resorption). Together, these local adaptive remodeling activ-
ities sum up to strengthen the skeleton globally at the organ scale. To resolve the underlying mecha-
nisms, it is required to identify and quantify both cause and effect across the different scales. Progress
has been made at the different scales experimentally. Computational models of bone remodeling and
adaptation have been developed to piece together various experimental observations at the differ-
ent scales into coherent and plausible algorithms [2]. However, additional quantitative experimental
validation is still required to build upon the insights already achieved. A systems mechanobiology
approach to understanding mechanical regulation in biological systems demands the development of
high-throughput experimental methods, which are capable of yielding spatiotemporal information at
single cell [3]. Given the diverse micro-mechanical environments, which exist in bone, the avail-
ability of such data for individual osteocytes would undoubtedly enhance our understanding of their
role in bone remodelling and adaptation. As part of this lecture, emerging as well as state-of-the-art
experimental and computational techniques will be presented and how these techniques are used in
a systems mechanobiology approach to further our understanding of the mechanisms governing load
induced bone remodeling and adaptation, i.e. ways will be outlined in which experimental and com-
putational approaches could be coupled, in a quantitative manner to create more reliable multiscale
models of the skeleton. Systems mechanobiology will allow coupling of the biochemical information
with the mechanical microenvironment of osteocytes. In the future, this will facilitate better under-
standing of the biochemical signaling cascade in load induced skeletal remodeling and adaptation.

Key words: experimental and computational models of bone remodeling and adaptation
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MULTISCALE MODELING OF BLOOD CLOTTING

George Em Karniadakis1
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SUMMARY
We develop a new multiscale framework that seamlessly integrates four key components of blood
clotting namely, blood rheology, cell mechanics, coagulation kinetics and transport of species and
platelet adhesive dynamics. We use transport dissipative particle dynamics (tDPD), which is the
extended form of original DPD, as the base solver, while a coarsegrained representation of blood
cells membrane accounts for its mechanics. Our results show the dominant effect of blood flow and
high Peclet numbers on the reactive transport of the chemical species signifying the importance of
membrane bound reactions on the surface of adhered platelets. This new multiscale particle-based
methodology helps us probe synergistic mechanisms of thrombus formation, and can open new direc-
tions in addressing other biological processes from sub-cellular to macroscopic scales.

Key words: blood rheology, cell mechanics, coagulation kinetics, transport
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NEUROLOGICAL DISEASES AND INTERACTING FLUID
COMPARTMENTS OF THE CENTRAL NERVOUS SYSTEM: A

HOLISTIC MODELING APPROACH

Eleuterio F. Toro1

1University of Trento, Italy

SUMMARY
Fluid compartments that are relevant to the understanding of the physiology of the central nervous
system (CNS) are first reviewed [1], emphasising some very recent findings that include the discovery
of a meningeal lymphatic system [2, 3]. There follows a brief review of some neurodegenerative dis-
eases thought to be associated to malfunctions of CNS fluid compartments, such as multiple sclerosis,
Meniere’s Disease, Idiopathic Parkinson’s Disease, Alzheimer’s Disease and Idiopathic Intracranial
Hypertension [4]. I then describe a global, closed loop mathematical model for the entire human
circulation [5, 6] coupled to the dynamics of cerebrospinal fluid (CSF) and brain dynamics [7]. Sam-
ple computations on the effect of extracranial venous strictures on CNS haemodynamics and CSF
dynamics are presented. Intracranial venous hypertension and disturbed CSF dynamics are predicted.
These computational results support recent medical hypotheses and may help to unravel some of the
underlying mechanisms of some of these diseases. To conclude I point out some of the limitations
of our present mathematical model and describe current work aimed at enhancing it, to include the
peripheral as well as the newly discovered brain lymphatic system.

Key words: central nervous system, neurodegenerative diseases, mathematical model
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SUMMARY
Sudden cardiac death (SCD) from arrhythmias is a leading cause of mortality. For patients at high
SCD risk, prophylactic insertion of implantable cardioverter-defibrillators (ICDs) reduces mortal-
ity. Current approaches to identify patients at risk for arrhythmia are, however, of low sensitivity
and specificity, which results in a low rate of appropriate ICD therapy. There is a critical clinical
need to develop risk metrics that directly assess the interplay between abnormal myocardial struc-
ture and electrical instability in the heart, that together predispose to SCD. Here we present a novel
non-invasive personalized approach to assess SCD risk in post-infarction patients based on cardiac
imaging and computational modeling.

We construct personalized 3D computer models of post-infarction hearts from patients’ clinical mag-
netic resonance imaging data. Each heart model incorporates not only myocardial structure, but elec-
trophysiological functions from the sub-cellular to the organ, allowing for representation of electrical
instability. Thus the interplay between abnormal myocardial structure and electrical instability in the
heart that predisposes to SCD can be directly assessed. In each heart model, we conduct a virtual
multi-site delivery of electrical stimuli from ventricular locations at different distances to remodeled
tissue so that the patient’s heart propensity to develop infarct-related ventricular arrhythmias can be
comprehensively evaluated. Simulations are conducted for each virtual heart, probing its propensity
to develop infarct-related ventricular arrhythmia. We term this non-invasive SCD risk assessment
approach VARP, a virtual-heart arrhythmia risk predictor.

In a proof-of-concept retrospective study, we assessed the predictive capability of the VARP ap-
proach as compared to that of other clinical metrics in a cohort of 41 patients. Statistical analysis
demonstrated that a positive VARP test was significantly associated with the primary endpoint, with a
four-fold higher arrhythmia risk than patients with negative VARP test. Our results also demonstrate
that VARP significantly outperformed clinical metrics in predicting future arrhythmic events.

The robust and non-invasive VARP approach may have the potential to prevent SCD and eliminate
unnecessary ICD implantations in post-infarction patients. Importantly, the methodology could be
applied to patients with prior MI but preserved ejection fraction who could also be at significant risk
for arrhythmia because of their remodeled myocardium, but are generally not targeted for therapy
under current clinical recommendations. Finally, the VARP approach is easily extendable to patients
with non-ischemic cardiomyopathy, where myocardial structure incorporates a distributed scar.

Key words: sudden cardiac death, virtual-heart arrhythmia risk predictor, cardiac imaging, compu-
tational modeling
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SUMMARY
All of the deadliest forms of cancer are transported through the lymphatic system. The metastatic
cells that travel through lymphatics eventually set up secondary tumors that are responsible for over
90% of cancer deaths. Despite its importance in cancer spread, little is actually known about transport
mechanisms in the lymphatic system. This system has many recognized important roles in normal
physiology and in a variety of other disease conditions. In addition to returning fluid from interstitial
tissue spaces to the blood circulation, it also serves as an important transport route for immune cells.

We have quantified various aspects of lymphatic system pumping based on a multiscale modelling ap-
proach combined with a unique experimental skill set. In addition to the general insight on lymphatic
pumping, we have elucidated the phenomena by which the lymphatic system is able to generate sub-
atmospheric interstitial tissue pressures while still generating positive fluid flow out of those tissues.
These findings, in which computational modeling suggested a targeted set of experiments, resolve a
decades-old mystery of basic physiology.

Along the pathway back to the blood vessels, all lymph must pass through at least one lymph node.
These are highly compartmentalized structures in which leukocytes process antigens and tumor cells.
There are also specialized direct communication ports with the blood circulation in which fluid and
cells can traverse in either direction. Our studies of flow patterns and mass transport in lymph nodes
reveal that under basal conditions only about 10% of the incoming flow passes through the cortex,
or the innermost part of the node where the T and B cells reside. Upon antigen recognition, nodes
quickly adapt their flow resistance to send more of the flow through the cortex. These flow patterns
are also important for shaping chemokine concentration gradients.

The long term goals of this research include developing medical devices for treating fluid balance
disorders such as lymphedema (a common side effect of breast cancer surgery). More broadly, we aim
to contribute to the knowledge base of lymphatic function and dysfunction with the insight provided
by computational analysis and carefully coordinated experiments.

Key words: lymphatic system, multiscale modelling, mass transport
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PERSONALIZED COMPUTATION OF FRACTIONAL FLOW
RESERVE
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2Moscow Institute of Physics and Technology, Institutskii Lane 9, 141707, Dolgoprudny, Russia,
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SUMMARY
Atherosclerosis of coronary arteries is the most general disease. Its main medical treatment is the
invasive endovascular intervention (stenting or shunting). The contemporary gold standard of indi-
cation for the intervention at a particular location of the coronary vasculature is the fractional flow
reserve (FFR). FFR is defined as the ratio of the mean pressure distal to a stenosis and the mean
pressure in the aorta measured under vasodilating administration. The present methods of FFR mea-
surement are invasive (a non-reusable pressure gauge is delivered to coronary arteries) and expensive.
We have developed a non-invasive method of personalized evaluation of the FFR on the basis of a
computationally efficient numerical model of blood flow in the network of coronary arteries. The
network is reconstructed from CT and angiographic data.

Key words: fractional flow reserve, non-invasive numerical model
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SUMMARY
With increasing life expectancy, pathologies related to massive bone loss carry $10 billion financial
burden on the U.S. healthcare system. Successful techniques to repair massive tissue regeneration
can be however difficult and require the addition of functional materials. We propose to build in
vitro systems where human osteocyte progenitors are seeded in a previously decellularized human
bone tissue for more than fifteen months. The systems are compared to in vitro systems seeded
with mature osteocytes. To design successful cellularized implants it is essential to quantify the
relationship between in situ mechanical stimulation and the cell biological response at different stages
of their differentiation and to characterize the ECM formed by the seeded cells.

The bone-on-chip produced after 109 days an ECM of which the strength was nearly a quarter of
native bone, contained type I collagen at 256 days and was mineralized at 39 days. The cytoplasmic
calcium concentrations were higher in mature osteocytes than in progenitor cells and were maintained
constant under mechanical loading. The cytoplasmic calcium concentration variations seemed to
adapt to the expected in vivo mechanical load at the successive stages of cell differentiation.

Key words: tissue regeneration, in vitro systems
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SUMMARY

Cryosurgery is the controlled destruction of cancerous tissues by freezing. Cryosurgery of internal
organs is most frequently practiced as an image-guided minimally invasive procedure, using an
array of cooling probes in the shape of long hypodermic needles. Critical to cryosurgery success is
maximizing freezing damage within a confined target region, while minimizing cooling injury to its
surrounding tissues. To a large extent, planning of an effective cryosurgical procedure is associated
with geometrical matching of a planning isotherm to the shape of the target region. This matching
could benefit from a computer-assisted optimization process for the best cryoprobe layout, where
the planning isotherm shape is the outcome of a bioheat transfer simulation. Cryosurgery is an art
held  by  the  cryosurgeon,  which  predominantly  relies  on  experience  and  accepted  practices.
Unfortunately,  it  makes  little  to  no  use  of  computation  tools  and  information  technology.
Suboptimal  cryoprobe layout  and thermal  history may incompletely treat  the  cancerous tumor,
cause collateral damage, elongate the operation time, and lead to post-operation complications, all
of  which  affect  the  cost  and  quality  of  the  medical  treatment.  This  presentation  reviews
orchestrated efforts to provide the cryosurgeon with an array of computation tools for planning,
monitoring, and training. These tools include a real-time bioheat transfer simulator, an automated
cryosurgery planner, and an ultrasound simulator which integrates freezing artifacts. These tools
have been integrated to create the first prototype of a cryosurgery training software package, which
has been evaluated by medical residents and by engineering students having no formal education in
medicine.  Preliminary training  results  by medical  residents  display improvement  in  cryoprobe
layout planning from 4.4% in a pretest to 44.4% in a posttest over a course of only 50 minutes.
Comparing  those  results  with  the  performance  of  engineering  students  display similar  results,
supporting the notion that  planning of an optimal cryoprobe layout essentially revolves around
geometric considerations. While this presentation focuses on cryotherapy, many of the presented
computation tools and mathematical models are translational to other multifocal therapies, such as
brachytherapy, high frequency ultrasound (HIFU), interstitial photodynamic therapy (I-PDT), radio
frequency  (RF)  ablation,  irreversible  electroporation  (IRE),  and  thermal  ablation  using
nanoparticles. 

Key words: cryosurgery,  training software
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SUMMARY 

 

Non-response to cardiac resynchronization therapy (CRT) remains a relevant clinical problem. We 

used the CircAdapt model of the human heart and circulation to create a virtual CRT patient 

population by simulation of LV mechanical discoordination arising from different electrical and 

non-electrical substrates. These data were used to devise a novel diagnostic index, called the 

Systolic Stretch Index (SSI), specifically identifying the electromechanical substrate responsive to 

CRT. In a cohort of 191 CRT candidates, SSI successfully identified patients who benefited more 

favorably from CRT, including those with intermediate electrocardiographic criteria (Class II 

guideline indications), where most clinical uncertainty for CRT exists. 

 

Key words:  strain, pacing, deformation imaging, dyssynchrony, CircAdapt model 

 

 

1   INTRODUCTION 
 

Cardiac resynchronization therapy (CRT) is the most important advance in device therapy for heart 

failure (HF) patients with reduced left ventricular ejection fraction (EF) in the last two decades, 

improving symptoms, reducing HF hospitalizations and prolonging life [1]. Nevertheless, multiple 

large studies have shown that 30-50% of the patients treated with CRT do not benefit from this 

invasive and expensive therapy [2]. Largest clinical uncertainty for CRT utilization exists in HF 

patients with intermediate ECG criteria, i.e. QRS duration 120-149ms or without left bundle branch 

block (non-LBBB) morphology, which represent 30-50% of patients included in CRT clinical trials. 

A more integrated diagnostic approach that goes beyond the use of the ECG alone is required to 

improve patient selection for and effectiveness of CRT in this challenging subgroup of patients. 

Such an approach should characterize both electrical and contractile myocardial disease. 

 
Regional deformation patterns as measured by speckle tracking echocardiography contain 

important diagnostic information on electrical and non-electrical (i.e. scar) myocardial substrates 

that are known to affect CRT response [3, 4]. The CircAdapt cardiovascular system model was 

used to elucidate the pathophysiological mechanisms underlying the discoordinated myocardial 

deformation (strain) observed in CRT candidates. By introducing regional heterogeneities of 

ventricular activation delay and myocardial contractility only, CircAdapt simulated regional 

myocardial strain patterns that were similar to those observed in patients. Based on these previous 

studies combining computer simulations with patient data, we hypothesized that the 

electromechanical substrate responsive to CRT can be identified from strain characteristics.  

 

2  METHODOLOGY 
 

We tested our hypotheses in a three-part study. Firstly, a virtual CRT patient population was used in 

an in silico trial to determine how electrical and mechanical substrates influence discoordination 

and CRT response. Secondly, we used the simulations to identify strain signatures that specifically 

reveal the electromechanical substrate most responsive to CRT. This mechanistic knowledge was 
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used to devise a novel strain-based diagnostic index that quantifies the responsive 

electromechanical substrate and enables differentiation between responders and non-responders to 

CRT. Finally, we evaluated the association of this index with clinical outcome after CRT in a 

patient cohort with baseline LV radial strain quantified by speckle tracking echocardiography. 

 

2.1 The CircAdapt model 

 

CircAdapt is a closed-loop system model of the human heart and circulation that enables realistic 

and real-time simulation of cardiovascular system dynamics [5]. The ventricles are described by the 

TriSeg module [6], where the LV and right ventricular (RV) free walls are coupled with the septum 

in a common junction, forming LV and RV cavities mechanically interacting through force balance 

in the junction. Simulation of local differences in myocardial tissue properties within the 

ventricular walls and thereby simulation of dyssynchronous HF and pacing is enabled by the 

MultiPatch module. This module has been validated by quantitative comparison of simulated LV 

local strain patterns with animal experimental data obtained during three different pacing modes 

[7]. Cardiac myofiber mechanics are described by a phenomenological sarcomere contraction 

model, incorporating fundamental myofiber properties such as shortening velocity increasing with 

passive stretch and length-dependence of contraction strength and duration [6]. The ventricles are 

coupled to the atria by valves, modeled as flow ducts with inertia and Bernoulli pressure losses. 

The whole heart is encapsulated in an elastic pericardium, and connected with the aortic and 

pulmonary valves to the systemic and pulmonary circulations, respectively.  

 

 
 

Figure 1: Patient examples and CircAdapt simulations of mechanical discoordination resulting 

from an electrical left bundle-branch block (LBBB) substrate (A), a non-electrical hypocontractility 

substrate (B), and a non-electrical scar substrate (C). All three patients had intermediate ECG 

criteria. Patient A was a responder, whereas patients B and C were non-responders. Panel A 

illustrates how the systolic stretch index (SSI) is calculated by summing posterolateral systolic pre-

stretch (SPSPOST) and septal systolic rebound stretch (SRSSEPT). Figure adapted from Lumens et al. 

[8]. AVC, aortic valve closure; AVO, aortic valve opening. 
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2.2 In silico cardiac resynchronization trial 

 

Starting from a generic HF simulation (LV ejection fraction = 28%; heart rate = 71 bpm; cardiac 

output = 3.2 L/min), three pathophysiological tissue substrates causing contraction heterogeneity 

were simulated: 1) electrical substrate with LBBB-like ventricular activation patterns, Figure 1A; 

2) non-electrical hypocontractility substrate with a septal-to-lateral gradient of contractility, 

mimicking reduced posterolateral myocardial viability, Figure 1B; 3) non-electrical scar substrate 

by increasing passive stiffness in addition to the contractility decrease described above, mimicking 

fibrotic myocardial remodeling, Figure 1C. Several degrees and combinations of the 

abovementioned substrates were simulated, resulting in a diverse population of virtual CRT 

patients. CRT was simulated in each virtual patient by imposing a ventricular activation pattern 

mimicking simultaneous biventricular pacing at a paced AV delay of 120ms. Acute CRT response 

was defined as the %-change of LV stroke volume relative to the baseline virtual patient simulation.   

 

2.3 Systolic stretch index: definition and clinical evaluation 

 

Based on these simulations, we devised a novel systolic stretch index (SSI), defined as the sum of 

posterolateral systolic pre-stretch (SPSPOST) and septal systolic rebound stretch (SRSSEPT), which 

characterized the electromechanical substrate responsive to CRT. Figure 1A illustrates the 

methodology used to calculate SSI from both measured and simulated LV regional radial strain 

patterns. SSI was derived from the conventional mid-ventricular short-axis view with 6 segments. 

Conventional dyssynchrony indices such as interventricular mechanical delay (IVMD) and peak-to-

peak radial strain delay were also measured for comparison. 

 

Baseline SSI was measured in a consecutive clinical series of HF patients (n=191) with routine 

indications for CRT. We evaluated statistical associations of SSI with the combined clinical 

outcome variable of time to death, heart transplant or LV assist device (LVAD) implantation. We 

also performed a subgroup analysis to assess the association of SSI with treatment outcome in 

patients with intermediate ECG criteria where clinical benefit of CRT is uncertain.  

 

 

3  RESULTS AND CONCLUSIONS 

 

CircAdapt computer simulations were used to differentiate patterns of LV mechanical 

discoordination arising from electromechanical substrates that are responsive to CRT from 

discoordination patterns caused by non-electrical substrates unresponsive to CRT. SSI was 

designed to capture two key radial strain signatures of the electromechanical substrate responsive 

to CRT. First, SPSPOST reveals an activation delay of the lateral wall tissue, which is stretched by 

early-activated septal tissue. Second, SRSSEPT detects the mechanical effect of the forcefully 

contracting late-activated tissue on early-activated septal tissue. In our simulations, the 

electromechanical substrate represented by SSI related linearly to acute hemodynamic response to 

CRT. Importantly, in the presence of regional hypocontractility or scar, both SSI and acute CRT 

response were lower, while maintaining their linear relation. These results demonstrated that SSI 

properly integrates both electrical and non-electrical substrates affecting response to CRT. 

Simulations also demonstrated that peak-to-peak strain measures of dyssynchrony could 

ambiguously represent electromechanical and non-electrical substrates, which may explain the 

failure of these measures to predict response in patients with narrow QRS [9].  

Prospective application of echocardiographic SSI analysis to a consecutive series of CRT recipients 

showed that a baseline SSI ≥9.7% was associated with a more favorable response to CRT with 

respect to the clinical outcome measure of time to death, transplant or LVAD (Figure 2A). Unlike 

other indices of mechanical dyssynchrony, SSI was independently associated with more favorable 

clinical outcomes after CRT in patients with intermediate ECG criteria of QRS duration of 120-

149ms or non-LBBB morphology (Figure 2A). In the in silico as well as the clinical trial, SSI was a 

better predictor of CRT response compared to peak-to-peak radial strain delay or IVMD and better 

than QRS duration or morphology alone. The combination of our computational and clinical 

findings extends the understanding of confounding causes of LV mechanical discoordination in 

patients with systolic HF. 
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Figure 2: Clinical outcome in all patients (A) and in the patients with intermediate ECG criteria 

(B). Kaplan-Meier curves showing probability of freedom from death, transplant or left ventricular 

assist device after cardiac resynchronization therapy (CRT). *Baseline systolic stretch index (SSI) 

≥9.7% was associated with a significantly more favorable clinical outcome. Figure adapted from 

Lumens et al. [8]. 

 

In conclusion, an in silico clinical trial approach was successfully applied to identify the regional 

myocardial strain features representing the electromechanical substrate responsive to CRT, and to 

design the SSI that enables patient-specific quantification of this substrate. A clinical evaluation 

demonstrated that SSI enables the identification of patients who benefit more favorably from CRT, 

including those with intermediate ECG criteria where clinical uncertainty for CRT is largest. 
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SUMMARY
Models of blood flow in the left ventricle (LV) and aorta are an important tool for analyzing the

interplay between LV deformation and flow patterns. Using electromechanical (EM) models built
on first biophysical principles as drivers for hemodynamic analysis promises to provide predictive
value in therapies which alter ventricular afterload such as the replacement of aortic valves. Here we
report our recent advancements in developing an automated workflow for such modeling applications
which we applied to n = 16 pediatric patients suffering from aortic valve disease. Patient-specific
parameterization of all cases was performed to faithfully replicate clinically measured hemodynamic
data and additional datasets on strain and kinematics were used for an independent model validation.

Key words: personalization, computer model, hemodynamics

1 INTRODUCTION

Aortic valve disease (AVD) is a disorder characterized by pressure and/or volume overload of the left
ventricle (LV). Such overload conditions trigger a cascade of events referred to as remodelling which
entail maladaptive structural and functional alterations of LV and aorta. Ultimately, this condition,
if left untreated, may progress towards heart failure, a severe impairment of the heart’s pumping ca-
pacity. In more severe cases of AVD treatment is essential, but often the optimal timing and type of
treatment are difficult to determine in the clinical setting. Further, the guidelines are complex and
largely rely on gross parameters characterizing only global pump function, which may provide an
insufficient basis for diagnosing the state of disease and for planning an optimal therapy. Combined
biomechanical and fluid flow computer models of LV and aorta are considered an important tool
for analyzing the interplay between LV deformation, valvular anatomy and flow patterns. Typically,
image-based kinematic models describing endocardial motion or MRI-based flow measurements in
the LV outflow tract are used as an input to blood flow simulations. While such models are suitable
for analyzing the hemodynamic status quo, they are limited in predicting the response to interventions
that alter afterload conditions as both approaches assume that the heartbeat itself will remain unal-
tered. Mechano-fluidic models using biophysically detailed electromechanical (EM) models have the
potential to overcome this limitation, but may be more costly to build and compute.

In this study we report on our recent advancements in developing an automated workflow for the
creation of patient-specific EM models of LV and aorta which are suitable CFD ready kinematic
models to drive blood flow simulations. Since such EM models are based on first principles they
are considered a comprehensive representation of all physiological mechanism relevant to LV pump
function and blood flow. Models are custom-tailored to individual patients to ensure that the in silico
model replicates all clinical observations for a given patient.
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Since these models are mechanistic they can be used to probe the effect of different therapeutic options
and thus identify the therapy that yields the best post-treatment outcome. Models of AVD must
account for the biophysics governing pumping capacity. Essentially, this is the deformation of the LV
pushing the blood pool out of the LV into the aorta and the ensuing flow pattern which is influenced
by opening dynamics and geometric properties of the aortic valve.

2 METHODOLOGY

2.1 Patient Data

Data of 12 patients with AVD and clinical indication for aortic valve treatment, all preceding a cardiac
magnetic resonance study were used. AVD treatment indicators included valve area and/or systolic
pressure drop across the valve. In addition, data of 4 patients with clinical indication for catheteriza-
tion due to aorta coarctation (CoA) were included as additional invasive pressure measurements were
available for this patient group. CoA treatment indicators were an echocardiographic measured peak
systole pressure gradient across the stenotic region larger than 20mmHg and/or arterial hyperten-
sion. Data acquired include: anatomical 3D whole heart MRI scans; LV volume traces, end-diastolic
volume (EDV), end-systolic volume (ESV), stroke volume (SV) and ejection fraction (EF) based on
Cine MRI; invasive pressure traces for CoA patients and estimates of LV peak pressure based on
combined cuff pressure measurements and ultrasound-based pressure drops across the aortic valve;
tagged-MRI based measurements of circumferential and radial strains in basal, mid and apical LV
slice. All non-invasively recorded data were acquired also during clinical follow-up after AVD repair
or stenting of a coarctation.

2.2 Building Anatomical LV and Aortic Root Models

Finite element meshes of the LV anatomy were generated from 3D whole heart MRI acquired at
end diastole (ED) with 1.458 × 1.548 × 2mm resolution. Data were acquired at the German Heart
Center Berlin (DHZB). Multi-label segmentation of the LV myocardium and cavity, left atrium (LA)
and aortic cavities was performed at the DHZB using the ZIB Amira software (https://amira.zib.de/).
This segmentation was smoothed and upsampled to a 0.1mm isotropic resolution using a variational
smoothing method [1]. The wall of the aorta was automatically generated by dilation of the aortic
cavity with a thickness of 1.2mm, and the aorta was manually clipped just before the branch of
the brachiocephalic artery. The purpose of this clipped aorta was to provide physiological boundary
conditions for the mechanical problem which still allow a vertical movement of the left ventricular
base as it is observed in-vivo. The resulting high resolution multi-label segmentation was meshed
using CGAL (http://www.cgal.org/) with a target size of 1.25mm in the LV myocardium and 1mm
in the aorta wall. The various stages of the anatomical modeling workflow are illustrated in Fig. 1.

2.3 Electro-mechanical Model of the LV

Ventricular electrophysiology (EP) was represented by the tenTusscher-Noble-Noble-Panfilov model
of the human ventricular myocyte [4]. Activation sequences and electrical source distribution were
computed on the mesh representing the LV in its end-diastolic configuration using a coupled reaction-
eikonal model. Activation sequences were indirectly parameterized by varying location and activation
timings of the primary fascicles using the QRS complex of a given patient’s ECG as guidance [3].

Mechanical deformation was simulated using the equilibrium equations of finite elasticity. The same
discrete LV anatomy model with the same fiber architecture was used for both the solid mechanics
and the EP problem. The LV myocardium was characterized as a hyperelastic, nearly incompressible,
transversally isotropic material with a non-linear stress-strain relationship [5], where the orthonormal
material axes were aligned with the local fiber, sheet and sheet normal directions. Total stress was
additively composed from passive and active stresses. A phenomenological contractile model was
used to represent active stress generation where model parameters correspond to rate of activation,
active stress transient duration, peak stress and rate of relaxation [6]. This simplified model allowed
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Figure 1: A) Stages of the workflow developed for building patient-specific anatomical finite element (FE)
models of LV and aorta. B) Mechanical boundary conditions: Dirichlet boundary conditions were applied to
the terminal rim of the clipped aorta and to the bottom face of an elastic cushion (magenta). Neumann boundary
conditions were applied to the LV endocardium which were coupled to a Windkessel model during ejection.

efficient fitting to patient data as the parameters for peak stress and time constant of contraction are
intuitivelyrelated to the two clinical key parameters of interest, peak pressure and maximum rate of
pressure increase. Active stress generation was triggered with a prescribed delay when the upstroke
of the action potential crossed the −40mV threshold. Mechanical boundary conditions were applied
to remove rigid body motion by fixing the terminal rim of the clipped aorta (Fig. 1B). The apex of
the LV was stabilized by resting the LV on an elastic cushion which was rigidly anchored at its base.
A lumped 3-element Windkessel model was used to provide the pressure-flow relationship during
ejection. Details of the numerical approach were described previously [2].

2.3.1 Fitting of Mechanics and Hemodynamics Model

Using the ED geometry, default material parameters and the recorded or estimated ED pressure an
initial guess of the stress-free reference configuration was computed by unloading the model using a
backward displacement method .The unloading procedure was repeated with trial material parameters
to fit the end-diastolic pressure volume relation and stress-free residual volume to the empiric Klotz
relation [7]. During the isovolumetric contraction (IVC) phase the LV volume was held constant.
Rate of contraction and peak stress of the active stress model were adjusted to fit the maximum rate
of rise of pressure, (dP/dt)max, during the IVC phase. When the LV pressure exceeded the aortic
pressure, ejection was initiated by connecting the LV model with the lumped Windkessel model.
Recorded volume traces and estimated (AVD) or recorded (CoA) pressure traces of a given patient
during ejection were used as input to fit the parameters of the Windkessel model, which represents
flow resistance of the aorta as well as resistance and compliance of the systemic circulation.

2.3.2 Model Validation

Model validation was performed using additional independent datasets not used for model fitting.
Tagged MRI-based strains and various Cine MRI-based kinematic measures such as endocardial mo-
tion as well as LV rotation and torsion, calculated from tagged MRI taken at basal, mid and apical
cross sections of the LV, were used as a reference. In our models local strains were computed in
a scanner coordinate system to provide radial and circumferential strains which were averaged then
over the same short axis slice used to acquire the 2D tagged MRI sequence in that patient. These
averaged strains were plotted over time and compared against those strains determined from analysis
of the tagged MRI in a clinical tool, which evaluated strains using the Sine Wave Modeling approach
described by Arts et al. [8].
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3 RESULTS AND CONCLUSIONS

The developed workflows allowed us to efficiently model LV electro-mechanics of a larger number
of n = 16 patients. The goodness of fit was verified for all these models under the pre-treatment
scenario to ensure that all models replicate the clinical observations with sufficient physiological
fidelity. Fitting results are shown for cases with both low and high ejection fraction in Fig. 2 A).
Quantitive strain validation results and a qualitative comparison in kinematics is shown in Fig. 2 B).

So far the modeling performed considered only pre-treatment scenarios and the quantitative analysis
of model predictions has not been completed yet. However, the efficiency of the developed workflow
suggests that such biophysically detailed EM models are becoming a viable option as a driving model
for hemodynamic analysis for optimizing AVD replacement therapies. In particular, the overall time
spent on building, fitting and executing the final model was < 2 days which is in the same ballpark as
the numbers reported for image-based kinematic models (≈ 50 hours).

Figure 2: A) Shown are the endocardia of two AVD patient cases with high (top) and low (bottom) ejection
fractions in end-diastolic (ED) and end-systolic (ES) configuration along with the fitted pressure-volume loops.
B) Validation of strain and kinematics prediction of the model is shown for patient B1036-85.
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SUMMARY 

 

Heart failure affects around 15 million people around the world. For patients in whom electrical 

dyssynchrony is the primary etiology, a procedure known as Cardiac Resynchronization Therapy 

(CRT) can be used to restore function. However, up to 50% of those who receive CRT do not 

respond, highlighting an urgent need for a refined selection strategy. Clinical studies have identified 

metrics based on LV pressure (LVP) rates as predictive markers of CRT response; however, they 

can only be measured once CRT is implanted. In this work, we apply personalized computational 

modelling in order to estimate these markers in a prospective, fully-noninvasive manner. 

 

Key words:  personalized modelling, cardiac resynchronization therapy, clinical translation 

 

 

1   INTRODUCTION 
 

Heart Failure (HF) is a clinical syndrome affecting 15 million people in the world, and has a 5-year 

mortality rate of around 50%. Multiple clinical trials have generated evidence that Cardiac 

Resynchronization Therapy (CRT) is a safe and effective treatment that could lead to a restoration 

of function in appropriately selected patients with HF. CRT operates by implanting electrical leads 

in the ventricles in order to restore synchronous pacing of the myocardium. In the US, CRT is 

performed some 42,000 times a year. However, currently, up to 50% of the recipients of CRT do 

not exhibit an improvement in terms of volumetric reduction of the left ventricle (LV). 

 

1.1 Clinical Metrics for CRT Response 
 

The current patient selection for CRT follows the criteria set out in the clinical guidelines, in which 

general cardiac dysfunction including low LV ejection fraction, long QRS duration, abnormal QRS 

morphology and symptomatic categorization, are prioritized. These are broad and unspecific 

measures common to many heart diseases, and provide a poor means for identifying potential CRT 

responders, as demonstrated by the currently low response rate.  

 

Further clinical investigations have sought to link the contractile response of the myocardium upon 

pacing to the longer term outcomes such as volumetric remodeling, which is achieved by 

invasively measuring functional metrics during the implant procedure and performing follow-up 

assessments. Quantification of LV contractility has been at the center of these studies, and in 

particular, the maximum rate of rise of LV pressure (dpdtmax) was shown to correlate with a 1 year 

composite response and reduction in adverse outcomes
1
.  Other studies have focused on the relative 

change in dpdtmax rather than its absolute magnitude, and the percentage shift in dpdtmax upon 

pacing, termed the acute hemodynamic response (AHR), was proposed for patient selection based 

on its correlation with 6 month volumetric response
2
. 
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Furthermore, these pressure-based metrics can be used to identify the optimal pacing locations for 

the treatment planning itself. The degree of CRT response is improved by the site optimization, and 

it is hypothesized that the maximum acute response is associated with a beneficial long-term 

outcome. On the other hand, there is limited optimization that can take place in practice due to a 

prolonged procedure time and increasing risk. More importantly, all the pressure-based metrics 

require the CRT to be implanted in place already before any measurements can be collected, which 

reduces their scope for applications in prospective stratification. 
 

1.2 Computational Modelling of Cardiac Electromechanics 

 

As catalogued in recent reviews
3
, there are several well-established electromechanical models of 

the heart in the literature. Many employ bi/mono-domain equations to characterize the 

electrophysiology, coupled with cellular ionic models encapsulating broadly varying levels of 

biophysical complexity. The myocardial mechanics is most often modelled via continuum non-

linear hyper(-visco)elasticity, and several constitutive laws have been proposed specifically for the 

cardiac tissue. The EC coupling model interfaces the electrical and mechanical constituents of the 

model establishing a multiscale framework, which is commonly solved by the finite element 

method. 

 

Of the studies applying the above framework, personalized models have been created by combining 

multidimensional datasets of HF patients
4,5

. These works have demonstrated the potential of the 

role of modeling and laid the groundwork. In order to translate this approach to the clinical setting, 

two important challenges must first be overcome: 1) The dependence of the model characterization 

process on invasively-collected data, particularly on those that are not part of the standard clinical 

protocol, should be replaced by alternatives which are less risky and easier to collect 2) Current 

models take weeks or even months to tune for a single patient, and must be accelerated if they are 

to be used in prospective applications. 

 

Strongly related to the issue of the time spent tuning the model, is the method employed for the 

inverse fitting of the model to the clinical data, which are often patchy and contain non-trivial 

errors. The commonly applied approaches include data assimilation that employs Kalman filters, 

variational approaches which are based on adjoints, and manual tuning. The scope and suitability of 

a particular fitting method is not independent from the application itself, and thus, along with 

model design complexity, data robustness, and parameter identifiability are key considerations in 

striking a good balance. 

 

2  METHODOLOGY 
 

We have developed a personalized modeling workflow that is fully non-invasive and can process a 

patient dataset within an acceptable clinical timeframe (maximum two weeks). The proposed 

pipeline incorporates clinical data collection, image and data processing, personalization of the 

model and finally, predictive simulations of in silico CRT in order to estimate dpdtmax and AHR. 

The toolchain is largely automated for speed, however operator intervention points are built in at 

selected stages to allow quality control and adjustments. 

 

2.1 Clinical Data Collection 

 

The data collection protocol includes comprehensive cardiac MR (CMR) imaging (including high-

resolution anatomy, 3D tagged MR, late enhancement, and cine MR sequences), 2D and 3D 

echocardiography, electrocardiogram, 6-minute walk test and a questionnaire to assess HF 

symptoms. In addition, peripheral pressure is measured and systolic central pressure is estimated 

from it using a previously described algorithm
6
. The patients are invited to return after six months, 

and the full protocol excluding the MR imaging is performed again. 

 

Outside of the standard protocol, invasive LV pressure measurements were taken using an 

additional catheter during the implant procedure in selected patients, for validation purposes.  

 

2.2 Image and Data Processing 
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The full CMR images are co-registered in space and time and the anatomical segmentation is 

generated using an automatic template-based algorithm. Scar, if present, is also segmented from the 

late enhancement images. The segmentations are then post-processed into a high-quality tetrahedral 

mesh using a custom software based on VTK/ITK/CGAL. The tagged MR images are processed 

using a registration library (IRTK
7
), in order to extract the Lagrangian motion field of the LV 

myocardium. From the echocardiography images, the valve opening and closing times are 

extracted, and along with the LV cavity volume extracted from the images and a peak systolic 

pressure estimate, are used to reconstruct the PV-loop
8
.  

 

2.3 Model Personalization 

 

The EP and mechanics model are ‘weakly-coupled’ i.e. one-way coupled where the electrical 

activation drives the mechanics. Monodomain and Mitchell-Shaeffer models were chosen for their 

efficiency, and the parameters, in particular the conduction velocity, are recovered using first a 

nearest neighbor regression to an in silico training set, then refined. Healthy myocardium, scar 

region, and the endocardial surface containing the Purkinje fibres are allowed separate degrees of 

freedom, and optional conduction blocks are built into the model based on presence of left/right 

bundle branch block. 

 

The mechanics model is then personalized from the PV-loop, tissue motion field and the activation 

map, by using reduced-order Unscented Kalman Filter coupled to the FEM solver. A transversely 

isotropic version of the Holzapfel-Ogden constitutive law
9
 and the INRIA active contraction law

10
 

were used. A linear fibre angle distribution is assumed in myocardial walls, and parallel simulations 

based on various angles (±60˚, ±70˚, ±80˚) are maintained in the workflow to match the LV 

shortening. Since no data exists in the RV, a simulation sweep is used to match the observed 

volume over a cardiac cycle. The peripheral hemodynamics is represented by a lumped-parameter 

model completing the full-body circulation. All numerical work was performed in our in-house 

FEM solver, CHeart
11

. 

 

After the recovery of optimal parameters, forward simulations are performed to ensure the 

simulated baseline functional metrics approximate the measurements. 

 

2.4 CRT simulations 

 

Keeping the fitted parameters fixed, and switching the initial activation sites, several CRT pacing 

configurations are simulated in silico and the steady state pressure-based metrics, dpdtmax and AHR, 

are derived from the resulting model output.  

 

3  RESULTS AND CONCLUSIONS 

 

In a representative patient, a 67 year old female patient with left bundle branch block, we were able 

to 1) construct the personalized model in under two weeks 2) match the baseline dpdtmax to within 

1% 3) estimate the dpdtmax to within 8% error, and AHR to within 5%. These variations were, in 

typical cases, significantly smaller than the physiological/measurement-related variations found in 

the invasive data, and led to consistent clinical recommendations regarding whether the patient is a 

suitable candidate for CRT. In addition, the optimal ranking of different pacing sites, in terms of 

response magnitude, was consistent with the invasive results.  

 

In conclusion, we have constructed a personalized cardiac modelling workflow and validated its 

estimates of the acute CRT response metrics, including dpdtmax and AHR using invasive 

measurements. The proposed workflow overcomes the challenges of long processing time and the 

need for invasive data, and thus represents a major step forward for clinical translation of cardiac 

models. 
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SUMMARY
The accurate quantification of cardiac conductivities is crucial for extending computational electro-
cardiology from medical research to clinical practice. With this motivation, we investigate a novel
variational data assimilation approach for the estimation of cardiac conductivity parameters com-
bining available patient-specific measures with mathematical models. We regard the parameters as
control variables to minimize the mismatch between available measures and computed potentials.
By resorting to a derivative-based optimization method, we significantly improve the numerical ap-
proaches present in literature. The reliability of the methodology in presence of noise is demonstrated.
We provide a sensitivity analysis with respect to different possible experimental set ups.

Key words: electrocardiology, cardiac conductivity, variational data assimilation

1 INTRODUCTION

Among cardiovascular diseases, the leading causes of death worldwide, electrical dysfunctions of my-
ocardium, such as atrial or ventricular fibrillation, are particularly severe. These diseases, categorized
as cardiac arrhythmia, are triggered by abnormal initiation and (or) abnormal propagation of electrical
waves. Possible treatment therapies include synchronized electrical cardioversion, pharmacological
therapy, and catheter ablation of the underlying reentrant circuit. These therapies are generally effec-
tive, but they have side effects that would make patients suffer from extreme pain. Therefore, it is
necessary to develop new tools that allow better therapy planning.

Computational electrocardiology is becoming a formidable tool to deeply understand cardiac electro-
physiology and to be used in clinical practice. Computational methods have been continuously refined
and made closer and closer to clinical application. However, many popular models in computational
electrocardiology, such as the monodomain and bidomain models, have been shown to be strongly
sensitive to the cardiac conductivity parameters. Therefore, several research groups have tried to build
up experimental procedures to estimate the intracellular and extracellular conductivities, leading to
different ranges of possible values with no common agreement on the most accurate ones.

In this work, we consider the estimation of cardiac conductivity parameters obtained by a variational
data assimilation approach (introduced in [1]), which is based on the mathematical assimilation of
numerical simulations and data retrieved from experimental measures available at some sites on the
tissue. The parameters are considered as control variables to minimize the mismatch between the
computed and the measured potentials under the constraint of the bidomain equations. We resort to a
derivative-based optimization method: the gradient of the misfit functional to minimize is computed
through the adjoint equations of the bidomain system. Results are presented in both 2D idealized and
3D real geometries. We show that the procedure provides a reliable, robust and potentially practical
method for estimating the cardiac conductivities.

2 METHODOLOGY

The bidomain model is currently considered as the most physiologically founded description for
the dynamics of electric potentials, the transmembrane and the extracellular ones, at the level of
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cardiac tissue. In recent decades, the validation of the bidomain model in vitro and its ability to
reproduce cardiac phenomena make it a proper candidate for simulating action potential spreading in
the myocardium as well as electrocardiograms.

The bidomain model derives from the current conservation law
∇ · (σi∇ui) = βIm − Isi

∇ · (σe∇ue) = −βIm + Ise

Im = Cm
∂u

∂t
+ Iion

(1)

where ui denotes the intracellular electric potential, ue the extracellular potential, u = ui − ue the
transmembrane potential. σi and σe are the conductivity tensors. β is the surface-to-volume ratio
of the membrane, Cm the membrane capacitance per unit area, Im the membrane current flow and
Iion the total ionic current whose explicit form would be described by a coupled ionic model. Several
models have been proposed, we have tested in particular our solvers with the Rogers-McCulloch and
the minimal ventricular model, both for human and canine hearts (see [2]).

The resulting bidomain model reshaped in a parabolic-elliptic form reads

βCm
∂u

∂t
−∇ · (σi∇u)−∇ · (σi∇ue) + βIion = Isi in Q

−∇ · (σi∇u)−∇ · (σi + σe)∇ue) = Isi − Ise in Q

σi∇u · n+ σi∇ue · n = 0, σe∇ue · n = 0 on ∂Q

u(x, 0) = u0(x) in Ω

(2)

where Ω ∈ Rd (d = 2 or 3) is a bounded domain, [0, T ] a fixed time interval, Q = Ω × [0, T ] and
∂Q = ∂Ω × [0, T ]. A convenient way for representing the two conductivity tensors in 3D is to refer
to the cardiac fibers:

σi = σilalaTl + σitataTt + σinanaTn
σe = σelalaTl + σetataTt + σenanaTn

Here (al, at, an) are orthonormal vector fields related to the structure of the myocardium with al along
the local fiber direction, at orthogonal to the fiber direction in the fiber sheet, and an orthogonal to
the sheet. The symbol σil (σit) denotes the longitudinal (tangential) intracellular conductivity while
σel (σet) is the extracellular counterpart, and their values could depend on space. The symbol σen
(σin) denotes the normal extracellular (intracellular) conductivity. We assume the tissue to be axial
isotropic (i.e. σin = σit and σen = σet). Notice that ue is uniquely determined by an additional
condition

∫
Ω ue(x) dx = 0.

Let the admissible domain for the control variables be

Cad = {σ = (σil, σel, σit, σet) ∈ (L∞(Ω))4 : σ(x) ∈ [m,M ]4,∀x ∈ Ω} (3)

where m and M (m < M ) are positive constants. The problem we investigate reads: find σ ∈ Cad

minimizing the misfit functional

J (σ) =
1

2

∫ T

0

∫
Ωobs

[
(u(σ)− umeas)

2 + (ue(σ)− ue,meas)
2
]
dxdt+

α

2
R(σ), (4)

subject to the bidomain equations (2). umeas and ue,meas denote the experimental data measured on
the observation domain Ωobs ⊂ Ω. The term R denotes a Tikhonov-like regularization term and α
is the regularization coefficient, used to weight the impact of the regularization in the minimization
procedure. For instance, R could be taken as

∫
Ω ‖σ − σ̂‖ dx, where σ̂ is an average of available

conductivity values from the literature and ‖·‖ denotes the Euclidean norm.
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σinitial σil σel σit σet # fwd | bwd
(5,5,3,3) 3.36350 1.20955 0.59114 0.80093 27|16
(2,2,1,1) 3.36997 1.18705 0.59954 0.82652 28|17

Table 1: Minimal model, 10% noise, # sites = 100, σexact = (3.4, 1.2, 0.6, 0.8).

To solve the problem, we introduce the Lagrangian functional

L(u, ue,w,σ, p, q, r) = J (σ)

−
∫ T

0

∫
Ω
q(βCm

∂u

∂t
−∇ · (σi∇u)−∇ · (σi∇ue) + βIion − Isi) dxdt

−
∫ T

0

∫
Ω
p(∇ · (σi∇u)−∇ · (σi + σe)∇ue − Isi + Ise) dxdt

−
∫ T

0

∫
Ω

r · (dw
dt

+ g(u,w)) dxdt,

(5)

where q(x, t),p(x, t) and r(x, t) are the Lagrange multipliers and g(u,w) function related to the spe-
cific ionic model. Following a standard procedure, setting the partial derivatives of L with respect to
u, ue, w equal to zero, we obtain the so-called adjoint equations, whereas differentiating with respect
to the Lagrange multipliers leads to the Bidomain state equations. Finally, differentiation with respect
to the entries of the conductivity tensor gets the so-called Karush-Kuhn-Tucker (KKT) system, whose
solution provide the estimate of the conductivities.

As for time and space discretization, a backward differentiation formula (BDF) method of order 2
is used for time discretization, whereas we use a P1 finite element method (FEM) for the space
discretization.

3 RESULTS AND CONCLUSIONS

All the 3D simulations have been performed using LifeV, a parallel finite element library based on the
Trilinos software (see www.lifev.org). So far, we have performed synthetic tests, by generating
data with numerical solutions and considering the results as true data. We present some test cases
out of many we considered. The computational domain is a real left ventricular geometry. The
cardiac fiber structure is retrieved from SPECT images. We added Gaussian noise to avoid inverse
crimes. Synthetic data was generated with the conductivity parameters σil = 3.4 mS/cm, σit = 0.6
mS/cm, σel = 1.2 mS/cm, σet = 0.8 mS/cm with 10% of noise. We solved the inverse problem on
a mesh with 22470 degrees of freedom. ∆t was chosen as 0.05 ms and T was 30 ms. Four stimuli
of Isi = Ise = 105µA/cm3 were applied on the domain for a duration of 1 ms. Finally, we used
minimal ventricular model and we computed the misfit functional over 100 measurements sites of the
domain.

By looking at Table 1, the result shows that the variational procedure captures the conductivities
with good accuracy with a reduction of the computational costs with respect to methods present in
literature. Moreover, the procedure is robust with respect to different choices of the initial guess of
the parameters.

We tested the sensitivity of the conductivity estimation procedure by using inexact fiber direction and
ionic model parameters. These tests were conducted on a slab Ω = [0, 5]× [0, 5]× [0, 0.5] ⊂ R3 with
24272 mesh nodes. The synthetic measurement data was generated with a constant fiber angle θ =
−48◦ and 10% noise was then added to the measured potentials. The conductivity estimation process
is reported in Figure 1. Even though we slightly loose accuracy on the σil parameter, the optimization
algorithm still provides reliable results, especially in consideration of the accurate estimations of
σel, σit and σet.

In addition, we tested the sensitivity of the estimation procedure with respect to uncertainty on the
position of the measurements sites. Indeed, in experimental setting, it may occur that the observation
points {xobsj }Jj=1 ∈ Ωobs, where J is the number of measurements sites, are not known a priori.
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Figure 1: Left: fiber angle θ = −53◦ and ionic model parameters have 1% noise. Right: fiber angle is spatial
dependent with 10% noise and ionic model parameters have 1% noise.
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Figure 2: Left: u measurements sites are deterministic and equally spaced, whereas ue measurements sites
follow a uniform distribution over Ω. Right: Both u and ue measurements sites follow a uniform distribution
over Ω.

Therefore, we assume that they are realizations of i.i.d. random variablesX1, . . . , XJ ∼ U(Ω), where
U(Ω) denotes the uniform distribution over Ω. Figure 2 shows the result of two of the test cases we
considered. We notice that, even though uncertainty induced by the distribution of the measurements
sites seems to cause a slight loose of accuracy of the estimation of σil, the variational data assimilation
approach is able to capture the correct values of the parameters. Using around 40 observation points
or more, the optimization algorithm features good reliability, especially in the estimation of σel, σit
and σet.

To sum up, the derivative-based approach we adopt is accurate and more effective than other methods
present in the literature. The estimation is reliable regardless of the presence of noise and uncertainty
induced by random measurement sites. Robustness with respect to uncertainty is crucial to perform
validation with in vitro experiments.

This is a joint work with Alessandro Veneziani (Emory University), Huanhuan Yang (Florida State
University), Flavio Fenton (Georgia Institute of Technology) and Alessio Gizzi (University Campus
Bio-Medico of Rome). This work has been supported by the NSF Project DMS 1412973/1413037
”Collaborative Research: Novel data assimilation techniques in mathematical cardiology - develop-
ment, analysis and validation”.
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SUMMARY
A model for patient-specific cardiac mechanics simulation is introduced, incorporating a 3-dimensional
finite element model of the patient specific ventricular part of the heart which is coupled to a reduced-
order 0-dimensional closed-loop vascular system, heart valve and atrial chamber model.
We treat the 3D solid-0D fluid interaction as a strongly coupled monolithic problem which is consis-
tently linearized with respect to 3D solid and 0D fluid model variables to allow for a Newton-type
solution procedure.
A novel efficient strategies for calibrating active contractile and vascular resistance parameters to
experimental left ventricular pressure and stroke volume data gained in porcine experiments is pre-
sented. The parameter calibration to the specific individual and cardiovascular state at hand is carried
out using a 2-stage nonlinear multilevel method.
The proposed model and multilevel calibration method are cost-efficient and allow for an efficient
determination of a patient-specific in silico heart model that reproduces physiological observations
very well. Such an individual and state accurate model is an important predictive tool in intervention
planning, assist device engineering and other medical applications.

Key words: heart modeling, cardiovascular mechanics, 3D-0D coupling, parameter estimation

1 ABSTRACT

The main motivation of heart modeling is predicting circumstances and producing insights which are
not or only hardly assessable via experiments. Thus, models can help improving the understanding
of pathologies and can assist or guide therapy planning.

Especially the mechanics and physiology of the heart as the central driving organ of the cardiovascular
system pose high demands on modeling techniques on the one hand and numerical solution algorithms
on the other.

From a mathematical modeling point of view, the cardiovascular physics can be considered as a cou-
pled, nonlinear electrophysiological-fluid-structure-contact problem. However, an overall integrative
modeling approach, including the 3-dimensional resolution of all fields involved (electrophysiology
and cell chemistry, fluid and structural mechanics, valve contact) is not feasible in many cases and
would also lack efficiency in addressing specific questions at hand [2, 3, 4, 5, 6, 7, 8, 9]. Therefore,
numerous reduced models of different grades of complexity and with focus on different aspects have
been proposed in the literature to date.

The focus of the model presented here [1] is in computational ventricular solid mechanics as a tool
to describe, predict and understand the heart’s function, its diseases (e.g. myocardial infarction and
chronic left and right ventricle insufficiency), diseases progression and impact of medical treatment
thereof.

The ventricles are treated as 3-dimensional anisotropic nonlinear elastic solid, governed by a passive-
active constitutive law. In order to mimic the electrophysiological input to the contractile muscle

34



R̃`
v,out

�R,2
0

Csys
arCsys

ven

Rsys
ar

Lsys
ar

Rsys
ven

Lsys
ven

⌦0
Er

at

R̃r
v,in

R̃r
v,out

�R,1
0

Cpul
ar Cpul

ven

Rpul
ar Rpul

ven

Lpul
ar Lpul

ven

E`
at

R̃`
v,in

ppul
ven

qsys
arqsys

ven

pr
at

qr
v,in

qr
v,out

q`v,in

q`v,out

p`at

qpul
ar qpul

ven

psys
ven

p`v

pr
v

�0D,`
0

�0D,r
0

Systemic circulation

Pulmonary circulation

Zsys
ar

Zpul
ar

psys
ar

ppul
ar

⇡sys
ar

⇡pul
ar

Figure 1: 3D solid-0D fluid problem setting: red quantities representing oxygenated and blue quantities deoxy-
genated blood (characterized by pressures p, π and fluxes q) [1].

cells, a prescribed time-controlled active stress generation along a generic muscle fiber direction is
used.

The atrial chambers, the heart valves as well as the arteries and veins are considered reduced-dimensional
lumped-parameter models in order to significantly reduce complexity and computational cost without
loss of sophisticated consideration of the load the heart faces during the cardiac cycle.

We use a closed-loop cardiovascular model similar to [10, 11, 12] capable of generating venous return
by assuring conservation of blood volume throughout multiple cardiac cycles, see Fig. 1. We achieve
a settled periodic state response of the heart model where left and right ventricular output (stroke
volume) per cycle coincide − a necessary property of the cardiovascular system at healthy state.

Patient-specific personalization of cardiac models by calibrating parameters to clinically observed or
experimentally measured data is crucial, since models only may exhibit reliable and thus predictive
character if an observed physiological state can be represented.

We put our emphasis on calibrating the model to experimentally measured pressure and stroke vol-
ume data, gained through experiments on porcine hearts. Exemplarily, we consider two states of
cardiovascular condition, namely after application of beta blockers with vasodilatory effects as well
as after injection of phenylephrine which acts as vasoconstrictor. For this purpose, we concentrate
on estimating key parameters like overall contractile properties of the ventricles and the resistance of
the vascular system. For the beta blocker case the 3D heart deformation as well as calibrated model
pressure over time curves in comparison to measurements are given in Fig. 2.
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SUMMARY
Personalised models of cardiac mechanics have demonstrated significant potential in quantifying my-
ocardial mechanical properties. However, unique and accurate parameter estimates are a prerequisite
for the potential clinical translation of patient-specific modelling. In this work, we present a model
personalisation protocol, focusing on the need for reliable parametrisation. Important model uncer-
tainties are systematically examined on a group of healthy volunteers and dilated cardiomyopathy
(DCM) patients, with the aim of improving model accuracy. Satisfactory model errors are combined
with unique passive and active parameters for all cases, allowing for an assessment of change in
stiffness and active tension in DCM hearts.

Key words: cardiac mechanics, patient-specific modelling, parameter estimation

1 INTRODUCTION

Dilated cardiomyopathy is a chronic cardiac condition characterised by the progressive deterioration
in the heart’s pumping efficiency. The poor survival rates associated with DCM (50% mortality rate
over five years [1]) along with its multi-factorial nature suggest the need for further study of the dis-
ease and highlight the necessity for tailored treatment strategies. The wealth of medical imaging data
available nowadays have significantly facilitated the disease diagnosis, as kinematic characteristics
of DCM (increased cavity volumes, decreased ejection fraction) are easily recognisable from images.
However, structural alterations that could be vital in explaining the development of the condition in
individual patients and indicating appropriate treatments are not as straightforward to infer solely
from images. In particular, changes in tissue structure which often manifest as increased passive stiff-
ness can not be identified from imaging data. Similarly, interdependent abnormalities in the systolic
function such as reduction in contractility, delay in activation and dyssynchrony [2, 3] are challenging
to decipher from medical data alone.

Filling this gap, patient-specific modelling has emerged as a powerful tool for studying heart function.
Combining anatomical and kinematic data derived from medical images with fundamental laws of
physics, patient-specific modelling creates a link between images and intrinsic tissue properties such
as stiffness and contractility. In particular, model parameters related to tissue characteristics can
be quantified using cavity volumes and pressures, tissue displacements and strains. However, the
potential clinical translation of patient-specific modelling depends upon the reliable estimation of
medically relevant model parameters. Firstly, a fundamental requirement for meaningful estimated
parameters is ensuring their uniqueness [4, 5]. At the same time, parameter identifiability relies on a
model that sufficiently describes the function of individual hearts [5]. However, as the choice of model
is restricted by the available clinical data, important model attributes – such as the fibre distribution,
material law, reference configuration – often remain unknown, inevitably hindering the ability for
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accurate parameter estimation. Accordingly, assessing the effect of model uncertainties provides a
critical step in improving model accuracy and allowing for reliable parametrisation.

With these concerns in mind, we have developed a model personalisation and parameter estimation
pipeline for whole-cycle cardiac mechanics. Patient-specific models were based on non-invasive
state-of-the art clinical data acquired from a cohort of healthy volunteers and a cohort of DCM pa-
tients. Building on previous works [4, 5], the passive and active material laws were chosen to ensure
unique parameters and sufficient model fidelity based on the data at hand. Important model un-
certainties including the fibre distribution and appropriate boundary conditions were systematically
examined on all volunteer and patient cases [5]. Satisfactory model errors were combined with unique
parameter estimates for all cases, allowing for comparison of passive and active parameters between
the volunteers and DCM patients. Further differences between the two groups were sought by consid-
ering heterogeneous parameter distributions, as regional variations in DCM hearts have been reported
for stiffness, wall motion as well as activation and relaxation times [3].

2 METHODOLOGY

Figure 1: Workflow followed for the creation of personalised whole-cycle heart models. Initially image
registration was performed, followed by the creation of an LV mesh from segmentations of end-diastolic cine
images. Motion extracted from 3D tagged MRI was then propagated onto the mesh throughout the cardiac
cycle. Cavity volume was extracted from these data, while the pressure trace was reconstructed based on an
empirical curve and personalised values. The reference geometry was divided into AHA regions. Models
were driven by the cavity volume trace, while data-driven boundary conditions were applied on the basal and
epicardial boundaries. Finally, passive and active parameter estimates were obtained through minimisation,
allowing for whole-cycle simulations.

The process followed for the creation of personalised left ventricular (LV) models consisted of both
data processing and model development steps, as summarised in figure 1.

2.1 Data processing

Clinical data was collected from a group of healthy volunteers and a group of DCM patients. Imaging
data included cine, 3D tagged and 4D phase contrast MRI. Peripheral pressure measurements were
recorded throughout the MRI scans, using a CENTRON device 1.

All images were spatially registered using the Image Registration Toolkit (IRTK) 2, to enable their
1http://www.centrondiagnostics.com.
2http://www.doc.ic.ac.uk/dr/software.
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consistent use in model personalisation. End-diastolic segmentations of cine images were used for
the creation of a tetrahedral mesh using Cubit 3, which was divided into 17 AHA regions to allow for
heterogeneous parameter distributions. Myocardial wall motion was extracted from 3D tagged MRI
using a non-rigid registration in IRTK and applied onto the mesh.

Cavity pressure throughout the cycle was approximated using an empirical curve and was person-
alised based on the available data [4].

2.2 Personalised cardiac mechanics model

Following our previous works [4, 5], all cardiac mechanics problems were solved by finding the
critical point of an energy potential, expressed as a sum of the internal and boundary-based energies of
the myocardium. Briefly, the passive behaviour of the myocardial tissue was modelled using a reduced
form of the Holzapfel-Ogden law [6], which accounts for the different response of the tissue along
the fibre direction. The two-parameter (a and af ) variant of the material law was found to balance
model accuracy and parameter identifiability in in silico and in vivo studies based on 3D tagged MRI
[4, 5]. Similarly, the active characteristics were modelled using a length-dependent constitutive law
with a time-dependent active tension parameter (α(t)) [7] which can be uniquely identified at each
time step using 3D tagged MRI and cavity pressure measurements [4]. Whole-cycle simulations were
driven using the cavity volumes of the extracted motion [4]. Data-derived constraints were applied on
the basal boundary as well as on the LV / RV junction on the epicardial boundary, which were set to
follow the 3D tagged MRI extracted motion.

The end-systolic mesh was employed as the reference configuration for all models. Due to the absence
of personalised fibre data, a rule-based circumferentially symmetric fibre distribution was generated
for each case.

All cardiac mechanics problems were solved using the finite element method, in CHeart [8].

2.3 Parameter estimation

Passive parameters were estimated over the diastolic part of the cycle whereby active effects are
negligible. Initially, the ratio γ = a/af was estimated by minimising the difference between data-
derived and simulated displacements. Absolute values of both passive parameters were obtained by
scaling by the ratio between data-derived and simulated end-diastolic pressure [5]. Subsequently,
the active tension α(t) at each time step was computed as the minimiser of an objective function
accounting for the difference between data and model in both displacement and cavity pressure [4].
Both global and regional values were estimated for the active tension at each data frame.

2.4 Model fidelity and parameter identifiability

With the objective of achieving parameter reliability, the effects of principal model uncertainties on
both model accuracy and parameter identifiability were systematically assessed. In particular, three
fibre distributions were employed, with the maximum fibre angle θ = {50◦, 60◦, 70◦}. Similarly, two
epicardial boundary conditions were considered. The presented pipeline was executed with perturba-
tions of these modelling aspects on all volunteer and patient cases, to allow for a careful assessment
of their influence on model accuracy and outcomes. Parameter estimation was performed through
sweeping over the parameter space, enabling the characterisation of parameter identifiability. Fi-
nally, heterogeneous active tension distributions were considered, allowing for further improvement
in model accuracy.

3 RESULTS AND CONCLUSIONS

Focusing on the need for reliable parametrisation, in this work we have examined modelling aspects
which can improve model accuracy while ensuring uniquely identifiable parameters. The tests consid-
ered demonstrated that the employed boundary conditions and fibre distribution are key contributors

3https://cubit.sandia.gov/.

39



to model accuracy. Specifically, a fibre angle of θ = 50◦ was found to result in a lower model er-
ror during the diastolic part of the cycle. When employed during systole though, non-physiological
longitudinal motion was observed, while θ = 60◦ and 70◦ lead to physiological shortening. Addi-
tionally, the assumed fibre distribution affected the parameter estimates, highlighting the necessity
for personalised fibre distributions such as from Diffusion Tensor MRI. Furthermore, an epicardial
boundary condition accounting for the RV motion markedly decreased model errors while also im-
proving parameter identifiability. Satisfactory model errors were observed for all volunteer and patient
cases, suggesting the suitability of the selected modelling assumptions. The low model errors also
demonstrate the robustness of the employed model personalisation pipeline, considering the notable
variability in data quality and quantity between cases.

Sufficient model accuracy was combined with unique passive and active parameters for all cases,
enabling parameter comparisons between the two groups. Both passive parameters were increased
in the DCM group compared to normals, indicating elevated stiffness in DCM hearts. The peak
active tension was also increased in DCM, along with the relative time for peak active tension, both
indicative of the deteriorated systolic function. The carefully designed parameter estimation protocol
followed combined with the comprehensive clinical data used, yield confidence in the findings of
increased stiffness and active tension in DCM hearts.

Allowing for heterogeneous active tension enabled a better match between model and data-derived
displacements. Additionally, it highlighted systolic dyssynchrony in DCM cases, along with notable
regional variations in active tension. Systolic dyssynchrony has been correlated with worsening sys-
tolic function [3], while pacing devices have been shown to be most effective when applied on the
region of greatest conduction delay [2]. As the estimation of regional parameters could be clearly ben-
eficial for DCM diagnosis and treatment, future research developments in patient-specific modelling
could be directed towards providing reliable heterogeneous parameter distributions.
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SUMMARY
It is difficult to predict the remodelling process of the left ventricular (LV) after an acute ST-segment
elevation myocardial infarction (STEMI). There is a growing recognition that novel biomechanical
parameters that are more closely representative of myocardial contractility have potential to have
greater diagnostic value than the LV ejection fraction (LVEF). In this research, we have developed
advanced mathematical models for the dynamic human left ventricle using the in-house developed
immersed boundary method with finite element extension and cardiac magnetic resonance (CMR)
imaging. Eleven patients post STEMI and 27 healthy controls underwent CMR. Subject-specific
constitutive parameters were obtained by matching the LV geometry to CMR scans. We found that,
compared with healthy controls, patients with STEMI exhibited increased LV active tension when
normalized by systolic blood pressure. Our results might suggest that the functional myocardium
in these patients was overcompensated to preserve stroke volume. In other words, they might have
to recruit more contractility reserve. However, the sustained high active tension might bring short-
term solution, but potentially lead to terminal heart failure. We also observed a linear relationship
between the required myocardial contractility and the changes in LVEF at six months from baseline
(r = −0.79, p = 0.003). The clinical and prognostic significance of these biomechanical parameters
merit further study in larger patient cohorts.

Key words: left ventricular modelling, myocardial infarction, immersed boundary-finite element
method, contractility

1 INTRODUCTION

Although early survival left ventricular (LV) post ST-Elevation Myocardial Infarction (STEMI) is im-
proving, the longer term risk of heart failure remains persistently high [1]. Global measures of LV
pump function are simplistic [2], such as LV ejection fraction (EF), as compared to biomechanical
parameters of pump function, such as the myocardial contractile property and stiffness. There is a
growing recognition that computational approach for ventricular biomechanics, when used in con-
junction with clinical images, can provide insights into heart dysfunction and remodelling process.

The loss of functional myocardium after acute MI results an abrupt changes of working conditions of
the LV. Therefore, estimating myocardial contractile function in the remote region (non-infarct region)
and its reserve after acute MI provides invaluable prognostic information. Modelling of diseased
hearts have received great interest [3, 4] in recent years. However, the lack of a case-controlled
study of the myocardial mechanical modelling between the healthy and diseased LV makes it hard to
identity the links between the biomechanical characteristics, i.e. myocardial contractility, and the MI
pathologies. In this study we carried out an extreme case-control study of in vivo LV biomechanical
behaviour using an immersed boundary-finite element (IB/FE) method for a patient group who had
acute STEMI and a control group without history of cardiovascular diseases to identify the potential
biomechanical markers.

41



2 METHODOLOGY

The study was approved by the National Research Ethics Service and all participants provided written
informed consent. 11 acute STEMI patients were chosen for the MI group, and 27 volunteers without
history of cardiac diseases were enrolled as the healthy control group. CMR imaging was performed
on a Siemens MAGNETOM Avanto (Erlangen, Germany) 1.5-Tesla scanner with a 12-element phased
array cardiac surface coil. Patients and healthy volunteers underwent the same imaging protocol
except that the healthy volunteers < 45 years did not receive gadolinium. Cuff-measured pressure
was recorded during the CMR scans.

In-house developed MATLAB code was used to extract the endocardial and epicardial surfaces of
the LV at early diastole when the LV pressure is lowest. In the MI group, CMR scans at 2 days
after acute MI were chosen for model construction. Short-axis slices from the LV base to apex,
and three long-axis slices were chosen for manual segmentation, shown in Fig. 1(a). Short- and
long-axis late gadolinium images were combined with the cine images to identify the infarct region,
shown in Fig. 1(b). The segmented LV boundaries from short-axis and long-axis cine images were
imported into SolidWorks, and fitted with B-spline surfaces (Fig. 1(c)). A rule-based myocardial fibre
generation method [4] was used to describe the fibre and sheet architecture of the myocardium.

(a) (b) (c)

Figure 1: LV model construction for one MI patient: (a) segmented LV boundaries; (b) MI region
identification from CMR images, indicated by the arrows; (c) reconstructed LV geometry, blue to red
stands for the MI extent from 0 to 1

The immersed boundary method with finite element extension (IB/FE) [5, 6] was employed to model
the fluid-structure interaction (FSI) of the ventricular dynamics at end-diastole and end-systole, in
which an incompressible ventricle is immersed in a viscous incompressible fluid. The myocardial
stress tensor (σs) was modelled as the summation of the active (σa) and passive (σp) stress terms, i.e.

σs = σp + σa, (1)

and the passive response (σp) in functional myocardium was described using an invariant-based strain
energy function introduced by Holzapfel and Ogden [7].

The active tension was computed as
σa = Taf̂ ⊗ f̂ , (2)

in which Ta is determined from an active contraction model introduced by Niederer et al. [8], f̂ =
f/|f | is the normalized myofibre direction in the current configuration. In brief, myocardial active
tension Ta is a function of the fibre stretch λf , stretch rate ∂λf/∂t, intracellular calcium transient
Ca2+, and contractility Treq. The contractile force Ta is generated by cross-bridge cycling between
the thin and thick filaments, and calculated from a fading memory model [8],

Ta = Treq
(
1 + β0(λf − 1)

) z

zmax


1+α

∑3
i=1Qi

1−
∑3

i=1Qi
if
∑3

i=1Qi ≤ 0,

1+(2+α)
∑3

i=1Qi

1+
∑3

i=1Qi
otherwise,

(3)

where Treq is the required maximum active tension generated by myocardium at resting state (the
required contractility), z is the available fraction of actin binding sites, zmax is the maximum fraction
of actin binding sites at given sacromere stretch (λf ), β0 is a constant, α is a measure of the curvature
of the force-velocity relationship, Qi(i = 1, 2, 3) are calculated as

dQi
dt

= Ai
dλf
dt
− αiQi, (4)
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in which Ai and αi are constant parameters.

In the LV with MI model, the passive and active myocardial response is different in the remote and
the infarct regions. Hence, we assumed that the MI passive response was 50 times stiffer than the
functional myocardium in the unaffected region [4]. We modelled LV dynamics at end-diastole and
end-systole as in our previous study [4]. Material parameters for the passive and active material mod-
els were determined so that the simulated LV dynamics were in good agreement with corresponding
CMR measurements.

3 RESULTS

Figs. 2 (a) and (b) are the simulated LV geometries from a healthy subject at end-diastole and end-
systole superimposed on CMR cine images, and Figs. 2 (c) and (d) are from one MI model. The
simulated LV geometries from both the healthy and MI LV models agree well with CMR cine images.

(a) (b) (c) (d)

Figure 2: The simulated LV geometry for one healthy volunteer at end-diastole (a) and at end-systole
(b), and one MI patient at end-diastole (c) and at end-systole (d). Coloured by displacement related
to the reference state, early-diastole.

By only determining one parameter Treq, we can reproduce the measured end-systolic volume and sys-
tolic circumferential strain in the healthy group, and the systolic difference in the remote myocardium
is less than 1% in the LV with MI models compared to CMR measurements. The average Treq in the
healthy group is 157±25kPa, and 156±27kPa in the MI group. No significant difference is found in
Treq for the two groups. Similar results can be found for Ta and systolic myofibre stress σf . We then
introduced a normalized active tension, defined as T norm

a = Ta/SBP , denoting the active tension per
mmHg pressure increase. The average T norm

a in the healthy group is 0.45 ± 0.06 kPa/mmHg, which
much lower compared to the value in the MI group (0.55 ± 0.07 kPa/mmHg, p < 0.01) as shown in
Fig.3(a).

LVFE at six months were calculated using the follow-up CMR scans for all the MI patients. Although
there is no difference in Treq between the healthy and MI groups, we observed a moderate linear
relationship between Treq at baseline and LVEF change at six months within the MI group, as shown in
Fig.3(b). This might suggest that with a lower Treq, the MI patient could have a better LV EF recovery
after 6 months. Thus, we hypothesize that the lower Treq might indicate that the myocardium uses less
contractility reserve to maintain the pump function after acute-MI. Since the maximum myocardial
contractility is limited, a less usage of contractility reserve ensures a potential long-time resilience.

(a) (b)

Figure 3: The comparison of the normalized active tension between the healthy and MI groups (a)
and the association between Treq and LVEF change at six months within the MI group
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4 CONCLUSION

We have simulated LV dynamics at end-diastole and end-systole based on CMR imaging for a group
of patients with acute STEMI and a control group without prior history of cardiovascular disease.
The model constitutive parameters, in particular the one associated with the required contractility,
are inversely estimated by matching the simulated LV model to CMR measurements. Our results
show that the active tension per mmHg in the acute-STEMI group is much higher compared to that of
the control group. Furthermore, on an individual basis, the augmented contractile demand may have
negative long term consequences for LV function and remodelling post-MI, since a lower required
contractility corresponds to a higher contractility reserve. We conclude that the required contractility
and normalized active tension have potential clinical values for prognostication on LV remodelling
post-MI.
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SUMMARY 

 
Intracranial aneurysm (IA) is a disease of the vascular wall resulting in abnormal enlargement of the 
vessel lumen. IA evolution is hard to predict and intricate medical decision. Criteria used to recommend 
IAs treatment are subject to controversies as they remain unsatisfying to predict the risk of rupture 
accurately. The goal of our AneuX project is to use the IA 3D-shape to characterize disease status. Our 
results show that the IA wall prone to rupture presents a lower smooth muscle cell and collagen content, 
independently of the wall thickness, and a higher content in macrophages. 

 
Key words:  intracranial aneurysms, rupture, vascular wall composition 
 
 
1   INTRODUCTION 
 
Intracranial aneurysm (IA) is a disease of the vascular wall corresponding to a local outpouching of the 
artery [1]. Its prevalence is approximately 2-3% of the general population [2]. IA are mostly quiescent 
and asymptomatic, but their rupture leads to severe brain damage or even death [3]. Presently, physicians 
lack adequate tools to safely determine whether an IA is at risk of rupture [4]. The ultimate goal of our 
project is to use the aneurysm 3D-shape to characterize disease status. Here, we report the first structural 
results on human IA domes.  
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2  METHODOLOGY 
 
IA domes, ruptured (N=18) or not (N=31), have been collected in the framework of the AneuX project 
at the Geneva University Hospitals. Domes were fixed in Formol, embedded in paraffin, sectioned and 
stained for smooth muscle cells (alpha-smooth muscle actin), macrophages (CD68), collagen (Masson’s 
trichrome staining and Sirius red staining) and elastin (Victoria blue staining) [5, 6].  Results are 
expressed as median (interquartile range) or in percentage. Comparisons of medians or percentages have 
been performed using non-parametric Mann-Whitney U test or Fisher’s exact test, respectively.  
 
 
3  RESULTS AND CONCLUSIONS 
 
Patients characteristics (age, gender, hypertension, smoking, multiple aneurysms, positive familial 
history) are not different between ruptured and unruptured IAs. 
 
Based on radiology images, IA location, aspect, collar size, maximal diameter and volume are also not 
different between the 2 groups. 
 
Histological analysis of aneurysmal wall composition revealed that ruptured IAs have a higher content 
in macrophages (3.05% (1.05-6.25) vs. 0.40% (0.00-1.10), p<0.001) and a lower content of smooth 
muscle cells (16.25% (10.05-25.50 vs. 24.00% (15.20-33.10), p<0.05). This difference in cellular 
composition is associated with a lower content in collagen (total collagen: 15.25% (7.17-41.38) 
vs. 37.40% (24.40-61.90), p<0.05; collagen type I: 8.56% (3.28-23.09) vs. 34.20% (2.06-51.15), 
p<0.001; collagen type III: 10.40% (3.32-17.60) vs. 16.52% (8.16-36.50), p<0.05) in the vascular wall 
of ruptured IAs whereas the elastin content is not affected (33.90% (11.55-49.05) vs. 41.60% (27.90-
56.00), ns). Interestingly, the collagen content in the aneurysm wall of ruptured IAs is not affected by 
the thickness of the wall.  
 
In conclusion, our results show that the IA wall prone to rupture presents a lower smooth muscle cell 
and collagen content, independently of the wall thickness, and a higher content in macrophages. 
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SUMMARY 

 

The paper discusses clincal outcomes from a single-institution retrospective study of a new 
minimally-invasive technique for intracranial aneurysm clipping using a frontoorbital craniotomy. 

 

Key words:  intracranial aneurysm, eyelid craniotomy, minimally invasive 
 

 

1   INTRODUCTION 
 

Minimally invasive neurosurgical techniques for treatment of intracranial aneurysms have been 

gradually evolving in the past 3 decades [15,18]. The supraorbital frontal craniotomy approach was 

developed to approach most common intracranial aneurysm of the anterior circulation 
[3,4,6,7,12,14,16]. The eyebrow approach was introduced first in the 1990s and has already been 

proven to be a versatile tool for management of many intracranial aneurysms 

[3,4,5,6,8,9,14,15,16,17,18]. This technique has been popular for its small incision length and 
concealment within the eyebrow. However, many clinical outcome series in the literature have also 

reported cosmetic complicatiions characterized by eyebrow alopecia and visible scarring from 

wound healing issues due variations in both incision placement, surgeon experience, and wound 

clsoure methods  
 

We created the eyelid incision based on extensive experience in the existing oculoplastic surgical 

field [1]. This method takes advantage of the natural, anatomical concealment of the incision with 
the supratarsal folds to minimize visibility of the final outcome, and maximize patient satisfaction 

with their surgery site healing [1,2,11,13]. Due to the placement of the incision below the eyebrow, 

there is no risk of eyebrow depilation, and a similar supraorbital craniotomy can be achieve that 
provides comparable access to various proximal anterior circulation aneurysms. 

 

2  METHODOLOGY 
 
Retrospective chart review of all eyelid incision vascular craniotomy surgeries from August 2007 

through April 2016. Primary outcome variables include aneurysm obliteration post-operative 

incision healing and longterm overall appearance. We also examined the rates of various post-
operative complications including intracranial hemorrhage, ischemic stroke, infection, or 

pseudomeningocele complications. 

 

3  RESULTS  
All operations involve joint effort of neurosurgery and neurophthalmology team. Initial skin 

opening, soft tissue dissection, and frontoorbital exposure as well as final wound closure after 

replacement of the craniotomy bone flap is performed by the neurophthalmology team. Intracranial 
portion of the procedure begins with a one-piece frontoorbital craniotomy that is approximately 

2.5cm vertical height [1]. Extracranial drilling of grater sphenoid wing exposes the frontal and 
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temporal dura as well as periorbita. Following dural opening, access to the anterior cranial fossa 

from contralateral to ipsilateral oculmotor nerve is achieved.  

 

82 patients with 89 aneurysms were operated on from 2007 through 2016. The vast majority of 
aneurysms (83) were unruptured with 5 ruptured aneurysms being treated. The ruptured aneurysms 

(5) low grade Fisher and Hunt-Hess severity scales with exception of 1 patient who presented as a 

high-grade rupture and survived with good outcome to ultimately return home and underwent 
aneurysm surgery several months later. Male-female ratio was 1.3. Age ranged from 28 to 75 years 

old with a median age of 56. 

 
All aneurysms were anterior circulation, which includes 39 ACOM, 27 PCOM 17 ophthalmic-ICA 

aneurysms. 8 patients (9.8%) experienced major complication events including hemorrhage or 

stroke post-op causing permanent deficits or deep wound infection requiring surgical I&D. 15 

patients (18%) encountered minor complications including post-operative seizure, small 
hemorrhage or stroke without significant neurologic deficit, cosmetic incisional scarring, or 

superficial infections. 85 aneurysms were clipped with 81/85 (95%) obliteration rate on post-op 

vascular imaging. 3 aneurysms were wrapped during surgery and all were stable at 1 year follow-
up study. 98.7% patient experienced excellent wound healing and appearance at 1 year follow-up 

with a single patient who experienced significant scarring as well as some temporalis atrophy. 

 

4  CONCLUSIONS 

 

Eyelid incision for MIS supraorbital craniotomy patient enjoy high cosmetic satisfaction rates and 

good surgical outcomes after their aneurysm clipping. Various post-craniotomy complication rates 
are comparable or superior to other MIS or open techniques. Our extensive experience with this 

technique for both vascular and neoplastic intracranial lesions have proven this approach to be a 

reliable and worthwhile method in treating many common intracranial aneurysms. 
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Khaled Aziz5, Juan R. Cebral4, Juhana Frösen6, Riikka Tulamo7, Ronald Fortunato1, Fady

Charbel8, and Sepi Amin-Hanjani8
1Department of Mechanical Engineering and Materials Science, University of Pittsburgh, Pittsburgh, PA, USA

rbertson@pitt.edu
2Biotechnology HPC Software Applications Institute, Washington D.C., USA dxj1984@gmail.com

3Department of Bioengineering, University of Pittsburgh, Pittsburgh, PA, USA,
{spm54,jrt57}@pitt.edu

4Department of Bioengineering, George Mason University, jcebral@gmu.edu
5Department of Neurosurgery, Allegheny General Hospital, kaziz@wpahs.org

6Department of Neurosurgery, Kuopio University Hospital, Kuopio, Finland juhana.frosen@kuh.fi
7Department of Vascular Surgery, Helsinki University Hospital, Helsinki, Finland

riikka.tulamo@hus.fi
8Department of Neurosurgery, University of Illinois at Chicago, {fcharbel,hanjani}@uic.edu

SUMMARY
Intracranial hemorrhage following rupture of a cerebral aneurysm has high mortality and disability
rates. Here, we introduce a methodology for exploring the possible role of calcification in wall vul-
nerability for a case study of an unruptured cerebral aneurysm. High resolution, micro-CT studies
identified a substantial region of calcification in the dome. Using a custom mechanical testing system,
subfailure was seen to initiate at the edge of the calcification and propagate along its boundary. A
computational simulation of the in vitro testing identified a stress concentration in that region and
similar failure pattern, providing a framework for understanding the source of wall vulnerability.

Key words: cerebral aneurysm, calcification, wall failure

1 INTRODUCTION

Intracranial aneurysms are believed to exist in approximately 3% of the adult population. While
rupture is relatively rare, intracranial hemorrhage due to rupture has devastating effects with high
mortality and disability rates. Since risks associated with aneurysm treatment can exceed the natural
risk of rupture, there is an urgent need for a reliable method to identify fragile aneurysms at risk
of rupture from those that can be safely monitored. In order to better understand rupture risk, it is
valuable to consider the wall prior to rupture, since substantial biological, geometric and structural
changes can occur after rupture, and possibly even days or even weeks prior to rupture. Earlier work
introduced a classification system for dividing unruptured cerebral aneurysm tissue into robust and
vulnerable groups [1]. Here, we build on this work and introduce an approach for exploring wall
vulnerability using micro-CT imaging, mechanical testing, and computational studies. We consider a
case study of an unruptured cerebral aneurysm and explore the source of wall vulnerability.

2 METHODOLOGY

2.1 Tissue Harvest

The dome of a 6mm MCA aneurysm was harvested following surgical clipping at Allegheny General
Hospital. The aneurysm was incidentally found in a 59 year old consented female patient with a
family history of cerebral aneurysms. The patient presented with multiple previously undiagnosed
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aneurysms. The protocols for patient consent, handling of patient data, tissue harvest, and analysis
were approved by the institutional review boards (IRB) at both the Allegheny General Hospital and
the University of Pittsburgh. Following harvest, the tissue was stored in 0.9% (w/v) saline solution
and transported to the University of Pittsburgh and tested within 48 hours.

2.2 Micro-CT imaging and Mechanical Testing

To visualize the regions of calcification, the tissue sample was mounted on saline soaked gauze, en-
cased in a polyethylene tube and sealed with plastic wrap to avoid dehydration. It was then imaged
at 8um/voxel resolution in a high resolution Skyscan 1272, 11Mp micro-CT scanner (Bruker Corpo-
ration) following protocols previously described in [2]. Following micro-CT imaging, the aneurysm
sample was tested in a custom uniaxial loading system following the protocol used in [1]. First, a
rectangular strip was cut from the sample with long axis aligned in the meridional direction. It was
then clamped in the mechanical grips within a bath of 0.9% (w/v) saline at room temperature and
subjected to uniaxial extension in the meridional direction at a speed of 20 µm/s. A CCD camera, lo-
cated above the uniaxial system, was used to image the failure process. Displacement was controlled
by a linear actuator (ANT-25LA, Aerotech, PA) and force was recorded with a 5 lb load cell (MDB-5,
Transducer Techniques, Rio Nedo Temacula, CA). Force versus displacement curves were obtained
after five cycles of preconditioning to 0.3 N.

2.3 Computational Modeling

A solid modeling program (Autodesk Inventor 2014, Autodesk, Mill Valley, CA) was used to create
a domain consisting of two regions: uncalcified aneurysm tissue and the calcified inclusion. The
uncalcified tissue was modeled using an embedded fiber finite element method [3] where a fiber
network (composed of 1D bar elements) was embedded within a non-fibrous matrix. The fibers
represented the dense collagen network seen in the walls of cerebral aneurysms [1]. The fiber network
was generated from a Voronoi tessellation with the fiber diameter and areal density governed by
published data [4]. The constitutive response of the aneurysm tissue was given by the following
strain energy function

ψ = ψm + ψf (1)

where ψm is the contribution of the matrix and ψf is the contribution of the collagen fibers. The
matrix was modeled with a nearly incompressible neoHookean material. The fibers were modeled as
linear elastic material with fiber stiffnessEf after the recruitment stretch λr was exceeded, while they
had zero fiber stiffness below λr, including under compression. Inclusion of the recruitment stretch
represents the fact that the fibers do not bear any load when they are wavy. To account for fiber failure,
axial tensile stress in all fibers was checked during each load step. Any fiber exceeding the fiber failure
stress (σmax) bore no load for the remainder of the simulation. The region of calcification was fiber
free and modeled as a neoHookean material. The calcified tissue was taken as 10 times stiffer than
the normal tissue and the strength of individual collagen fibers was chosen as 5 MPa. Perfect bonding
was assumed between the calcified region and the normal tissue. The final domain consisted of 6,000
6-noded hexahedral elements (7900 nodes) and 30,000 collagen fiber segments. Rollers were placed
on the radial face and an applied strain of 25% was applied in the circumferential direction over 1000
load steps. For comparison a soft inclusion with one tenth the stiffness of the normal tissue was also
considered.

3 RESULTS

3.1 Micro-CT imaging and Mechanical Testing

The resected aneurysm dome, Fig. 1(a), was heterogeneous to the naked eye in both color and thick-
ness. Under micro-CT, high density calcified regions were found, Fig. 1(b), including a dense central
region and other smaller regions scattered throughout the sample. The central dense calcified region
was also visible in the mounted sample, Fig. 1(c). When the sample was loaded to failure, subfailure
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tearing was seen to initiate below the calcified region and propagate across the edge of the calcified
region (red arrow in Figure 1(d)). The ultimate Cauchy stress for the sample was 0.42 MPa with a
corresponding failure stretch of 1.07.

Figure 1: Images of aneurysm sample showing a) Dome of aneurysm after tissue harvest, b) Top view of Micro-
CT scan of the sample showing high density regions (yellow), c) Aneurysm sample mounted in mechanical
grips for uniaxial testing, d) Image of tissue sample during mechanical testing showing enlargement of region
of tear and interface with calcified region (red arrow).

3.2 Modeling Failure

Results for the 3D finite element study of the in vitro mechanical testing are shown in Fig. 2. The
aneurysm tissue was modeled as a hard calcified inclusion (yellow) embedded in an uncalcified ma-
terial composed of a planar collagen fiber network (brown), Fig. 2(a). The aneurysm sample was
subjected to increasing uniaxial loads, Figure 2(b-d). In particular, simulated evolution of deforma-
tion and failure of the uniaxial test specimen are shown at applied stretches of 1.06, 1.07 and 1.085.
The stress concentration caused by the inclusion and subsequent tear can be seen. Fibers with lower
stress are colored blue, while intermediate and highly stressed fibers are green and red, respectively.
Onset of failure occurs at a stretch of 1.0625 in the vicinity of the inclusion where high stress concen-
tration occurs. With increasing stretch, the tear moves along the edge of the inclusion with a gradual
widening of the failure zone. Tear propagation is slow and stable. This is consistent with the failure
mode seen in the physical experiments.

Figure 2: Computational study of subfailure damage during in vitro mechanical testing of aneurysm sample
showing (a) computational domain with fibrous region (brown) and calcified region (yellow). In (b)-(d), stress
concentration in region neighboring the hard inclusion results in a tear generated in 3D fiber model (red arrow)
that moves along the edge of inclusion with increasing stretch.

The mechanical loading curves in Fig. 3 show the experimental data for the sample as well as results
for the computational simulation demonstrating the diminished strength due to the inclusion.

4 CONCLUSION

A prior study of the mechanical properties of unruptured aneurysms identified a robust population
with ultimate Cauchy stress ranging from 1.2 MPa to 2.2 MPa, (average of 1.6 ± 0.36 MPa). In
the vulnerable population, the ultimate Cauchy stress was less than 0.75 MPa. The aneurysm wall
considered here was even weaker than the vulnerable population in [1] and therefore classified as
vulnerable. Subfailure damage was seen to occur at the edge of a substantial region of calcification.
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Figure 3: Cauchy stress (MPa) versus stretch for experimental data and simulated uniaxial test shown in Figure
2. For comparison, results without the inclusion and with a softer inclusion are also shown.

Computational modeling of the role of the calcified inclusion demonstrated high stress concentrations
in this region. These simulations predicted the subfailure tears at the edge of the inclusion that were
seen in the experiments and supported the calcified inclusion as the source of wall vulnerability.

From a biomechanics point of view, calcified deposits and lipid filled regions in the vascular wall are
inclusions in a fibrous media. It is well established that inclusions of this kind drastically alter the
distribution of stresses within the wall and can lead to failure in the material at lower loads than for a
tissue without the inclusion [5] and is of great relevance to vascular diseases [5, 6, 7]. In the proposed
program, we build on this work and also take advantage of advances in the field of computational
biomechanics that enable us to model both the inclusions and the fibers in and around the inclusions.

Further studies using this combined experimental and computational approach are now underway in
our group to better understand the modes of failure in cerebral aneurysms. Of great importance for
this work is the comprehensive data we have on aneurysm samples, enabling us to move beyond
parametric studies to actual patient specific studies of the failure process.
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SUMMARY 

 
Traditional engineering perspectives on pressure vessels suggest that wall thickness of aortic and 
cerebral aneurysms is an important parameter in its susceptibility to failure. On the contrary, a case 
is made that it is actually a red herring – a distraction – for failure analysis of aneurysms. A 
framework for defining aneurysm rupture independent of variables normalized by wall thickness is 
provided. Specific arguments are made and justified within the context of experimental and 
computational studies and the fibrous microstructure of aneurysms. Wall thickness of aneurysms – 
despite its seeming importance – serves more to confuse than clarify our understanding of 
aneurysm tissue mechanics. 

 
Key words:  aneurysm, thickness, mechanics 
 
 
1   INTRODUCTION 
 
Wall thickness is a key determinant of resistance to failure for man-made conduit-like structures 
such as boilers, water or oil pipes and pressurized balloons. A common failure analysis approach is 
to calculate and compare the stress in the wall of these structures against some allowable threshold. 
The wall stress has an inverse relationship to wall thickness – thinner the wall, greater the stress 
and consequently, greater the risk of failure, all else being the same. It is understandable then that 
when researchers studied the rupture of aortic and cerebral aneurysms from a mechanical 
engineering perspective, the seemingly indispensable role of wall thickness appears to have carried 
over. In both ex vivo experimental investigations of the mechanical properties of aneurysm tissue 
and computational investigations of wall stress in aneurysm structures, variables normalized by 
aneurysm wall thickness (stress, strength, elastic parameters, etc.) are reported and used for 
assessing rupture risk as is done in man-made pressure vessels [1-4]. But does wall thickness 
actually play a key role in its failure even in pathology-driven biological soft tissue structures under 
pressure such as aneurysms? At the outset, it may seem as if wall thickness should hold the same 
place of importance in biological structures as it does in man-made synthetic structures. This report 
makes the case that wall thickness of aneurysms is actually a red herring – a distraction and that a 
focus on wall thickness and its dependents only serves to confuse rather than clarify our developing 
understanding of aneurysm biomechanics. Further, a framework for defining aneurysm rupture 
independent of variables normalized by wall thickness is provided. 
 
 
2  METHODOLOGY 
 
It is first acknowledged that in most common man-made non-fibrous pressure-vessel structures, the 
use of thickness-normalized variables (stress, strength, elastic parameters, etc.) for failure analysis 
is justified. However, in the context of biological soft tissue structures, there are fundamental 
differences related to purpose, availability of information and microstructure that require that we 
alter some aspects of our approach to failure analysis. Specifically, there are a few key reasons to 
view the role of wall thickness differently in aneurysm mechanics than is commonly done. 
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2.1 Experimental investigations of aneurysm tissue mechanical properties 
 
In experimental studies seeking to document the mechanical properties of aneurysm tissue, it is 
common to measure wall thickness of the specimen followed by tensile tests to elucidate its force-
displacement behavior. Results are often reported as stress-strain curves, mathematical models of 
stress-strain relationships and/or failure strengths and elastic parameters [1-3]. For uniaxial 
extension tests – to take one common example, stress is defined as force normalized by cross-
sectional area (product of width and thickness) and strain as displacement normalized by specimen 
length. For the study of common synthetic materials – say, steel or rubber, this only makes sense. 
The dimensions of the steel or rubber specimen (length, width and thickness) are experimental 
parameters that need to be normalized out so that our interpretations about the behavior of steel or 
rubber is independent of choices on specimen dimensions made by the experimenter. Thus, two 
experimenters choosing to study different specimen sizes of the same material may reach the same 
interpretation or insight about the material. But this rationale is not applicable entirely for the case 
of aneurysm specimens. Unlike length and width, wall thickness of the specimen is not an 
experimental parameter left to the choice of the experimenter, but rather a manifestation of 
pathology [5]. Thus, it is important that the measures used to document aneurysm tissue properties 
and our interpretations of it include – not normalize out – the role of wall thickness. Consequently, 
reporting of experiment-derived results on aneurysm mechanical properties should confine to 
reporting variables that are not normalized to wall thickness – that is, stress resultant or tension 
(force per unit width) instead of stress (force per unit [width x thickness]), the membrane elastic 
parameters such as membrane modulus (slope of tension-strain curve) instead of Young’s modulus 
(slope of stress-strain curve) and failure tension (maximum stress resultant before ‘failure’) instead 
of failure stress (maximum stress before ‘failure’). These proposed metrics document accurately 
the mechanical caliber of the aneurysm tissue that was studied rather than some contrived idea of 
an aneurysm tissue ‘material’. For example, consider the variable, failure tension versus its 
conventional counterpart, failure stress. The former captures accurately, the specimen’s 
susceptibility to failure precisely because it is not normalized to thickness compared to failure 
stress which would be artificially elevated in a very thin specimen. In an ex vivo study of aortic 
aneurysms, the author and colleagues [6] observed that calcified regions were significantly thicker 
than non-calcified regions. However, the force at failure under uniaxial extension for the few 
specimen strips with such calcified regions was no different than those strips without calcified 
regions but of the same length and width. This means that failure tension would be same between 
the groups while failure stress will be lower for the calcified group because it is normalized by a 
higher thickness. This observation was unreported because of the small number of calcified 
samples tested and hence not conclusive. But for argument sake, let us take the finding at face 
value. In that case, if failure tension is reported as the metric of wall caliber, it would lead to the 
valid inference that calcified regions do not elevate susceptibility to aneurysm rupture. But if 
failure stress is reported instead in the absence of specimen-specific thickness, it will lead to the 
mistaken inference that calcified regions make the tissue weaker and hence do in fact elevate 
susceptibility to rupture. Underlying this rationale is the simple notion that there is nothing called 
‘aneurysm wall material’, but rather only something called ‘aneurysm wall’. Let us be cautious not 
to confuse the intrinsic properties of a material that doesn’t exist in reality with the properties of the 
structure that does. This underscores the need for deviating from best practices used in the study of 
synthetic man-made conduit structures made from materials such as steel or rubber where the 
parsing of the ‘material’ property from its thickness indeed made sense only because each may be 
independently controlled. 
 
2.2 Aneurysm rupture: stress versus stress resultant 
 
A common refrain in aneurysm tissue mechanics is that rupture occurs when stress breaches failure 
stress (for argument sake, we stick to a simplistic failure model here), an idea historically espoused 
by this author [1,4] as much as any other [7]. But is this true? Stress can vary along the thickness of 
the wall and so, it is plausible for stress to reach strength at one point along the thickness, but not at 
others points. Such a scenario would cause a crack (in hard materials) or fraying (in soft materials) 
at that portion of the wall thickness. Again, for assessing failure of a steel or even rubber structure, 
this failure criteria (that stress breaches strength) only makes sense. A crack will inevitably 
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propagate through the entire thickness (or have the propensity to propagate) to a complete failure. 
But what about an aneurysm rupture? To address this question, it is important to consider what 
aneurysm rupture exactly is. Aneurysm rupture is the complete tear along the entire thickness of the 
arterial wall so that blood may escape out of the circulatory system causing internal bleeding. But 
stress breaching failure stress would simply imply a partial thickness tear, not a complete thickness 
tear. Unlike say a steel structure, a partial thickness tear in an aneurysm with its fibrous wal 
structure and capability for remodeling does not at all imply an inevitable rupture. Indeed, in a 
study of whole aortic aneurysms excised from cadavers [5,6], we found that the arterial wall of 
unruptured aortic aneurysms do contain many small partial thickness tears without propagating to 
rupture. For a complete thickness tear, it would require that the stress integrated along the wall 
thickness breaches the strength integrated along the wall thickness. In other words, aneurysm 
rupture is better framed as occurring when the aneurysm wall stress resultant or tension breaches its 
failure tension. Computational finite element analysis of aneurysms reporting wall stress would be 
more insightful if they report wall tension instead. Historically, most studies on computational 
analyses of aneurysms [3,4,7] report wall stress but assuming uniform wall thickness. In such 
cases, researchers are essentially already reporting wall tension except they are scaled by a constant 
pre-chosen value. Reporting and interpreting computed wall tension instead of wall stress would be 
the equivalent of dispensing with the presumed scaling factor (wall thickness) without adversely 
impacting the interpretation made. 
 
2.3 Wall thickness is useful only when it is transmurally homogeneous or of known 
heterogeneity 
 
Wall thickness of a steel walled pipe or a pressurized balloon is inherently meaningful and speaks 
to its mechanical caliber precisely because it is man-made using pre-determined material(s) and 
with transmural homogeneity or of known heterogeneity. This is not the case for an aneurysm wall. 
Indeed, our ability to assess, document and interpret the wall structural content lags far behind our 
ability to measure its wall thickness. As a result, knowing that one subject’s aneurysm wall is much 
thicker  than another subject’s or for that matter, the posterior (aortic aneurysm) or dome (cerebral 
aneurysm) portion of a subject’s aneurysm wall is thicker than the anterior or ostium of that same 
subject does not – indeed should not – lead to any usable insight about the tissue mechanical 
susceptibility to rupture because we also do not simultaneously have adequate information on the 
differences in their wall structural content. In a retrospective analysis of data collected during an 
autopsy study of aortic aneurysms [5], we found that the wall thickness of specimen strips taken 
from aneurysms had little correlation with its failure tension (i.e., its mechanical caliber and hence 
susceptibility to failure) or for that matter with its failure stress despite their formulaic relationship 
(see Figure 1). This suggests that aneurysm wall thickness can be increased due to poorly 
understood structural/biological characteristics (e.g., inflammation) that need not necessarily 
translate into an equivalent effect on its mechanical caliber. 
 

  
 
Figure 1. The relationship between wall thickness and failure properties under uniaxial extension 
in 66 longitudinally oriented aneurysm wall specimen strips cut from 11 infrarenal aortic 
aneurysms wholly harvested from cadavers. A unique marker represents each AAA. If there was a 
universal aneurysm tissue ‘material’, increasing wall thickness should have resulted in a 
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proportional increase in failure tension and a non-changing failure stress, neither of which is the 
case, be it for the whole dataset or on a AAA-specific basis (retrospective analysis of data reported 
in Raghavan et al. 2011 [5]). 
 
Overall, it is entirely plausible to construct a self-consistent framework for assessing aneurysm 
rupture risk using only variables not normalized with wall thickness, thus dispensing off with the 
use of wall thickness in both experimental and computational investigations. Wall thickness 
measurements may still be valuable, but as an independent variable in itself that may start to have 
meaning when accompanied by an accurate assessment of transmural wall structural content. And 
in computational models of aneurysm growth, thickness-normalized quantities such as stress may 
have value for mathematically defining perturbations to mechanical homeostasis. But ultimately, 
when physically meaningful interpretations are made with regard to rupture, it would be prudent to 
stick to quantities that are not normalized with wall thickness – tension, failure tension and 
membrane elastic parameters rather than stress, failure stress and elastic moduli respectively. Fields 
such as textile mechanics – where planar fibrous soft tissues, albeit man-made, are studied – 
already follow such thickness-free approaches and aneurysm mechanics would do well to follow 
suit. 
 
3 CONCLUSIONS 
 
The use of aneurysm wall thickness and all its derivative variables during experimental and 
computational investigations do not clarify, but rather confuse our understanding of tissue 
mechanics in this disease. Mechanical engineering best practices developed for man-made pressure 
vessels to deal with wall thickness are not directly applicable for aneurysm mechanics because we 
seek to study aneurysm wall and not a contrived aneurysm wall ‘material’. Aneurysm rupture is 
better framed as occurring when wall tension breaches some allowable failure tension. It is not the 
author’s case that aneurysm wall thickness should be entirely ignored. Perhaps it is a useful 
parameter that should be measured and documented for independent insights. It is just that, in the 
context of aneurysm rupture mechanics investigations – be that experimental or computational - 
wall thickness is a red herring and the use of variables that are normalized to it unnecessarily cloud 
our understanding. 
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SUMMARY

We developed models using fractional-order PDEs to investigate the viscoelastic aneurysm walls.

Effective numerical methods are designed for fractional-order PDEs, and for the first time employed

to simulate fluid-structure interactions for patient-specific brain aneurysms, where the aneurysm wall

model is derived from a loading test in [17]. More realistic deformation distribution is observed when

comparing against the results from healthy arterial configurations. Furthermore, we obtained fitted

fractional parameters for more samples in [17]. The results suggest that the fractional order has the

potential to serve as a structural integrity index which can classify the low risk and the high risk

aneurysms.

Key words: brain aneurysm, fractional differential equations, fluid-structure interaction

1 INTRODUCTION

The arterial wall is a heterogeneous soft tissue with complex biomechanical properties, which may

vary over space and the temporal states of deformation. Typically, integer-order differential equations

are used to model the stress-strain relations for arterial walls [1]. A family of integer-order models

can be derived using Fung’s theory of quasilinear viscoelasticity [1], and one of its simplest examples

is the Kelvin-Zener (Standard Linear Solid or SLS) model [2]. The SLS model accounts for creep,

hysteresis and stress relaxation phenomena, and it can be described as a parallel combination of a

spring with a spring and a dashpot in series. In the one-dimensional (1D) SLS model, the axial stress

σ(t) is related to strain ǫ(t) as:

σ(t) + τσ
dσ(t)

dt
= E

(

ǫ(t) + τǫ
dǫ(t)

dt

)

, (1)

where E is the Young modulus of the wall, and τσ, τǫ are the relaxation parameters. However,

although the integer-order model can capture the time-dependent response of the arterial wall, in [3]

it was reported that this model’s viscoelastic response is very sensitive to the relaxation parameters.

In arterial simulations, these relaxation parameters vary significantly among patients and anatomic

locations, which makes the estimation of these parameters a challenging task and hinders the use of

the integer order model. Therefore, in [4, 3] fractional time derivatives [5] are introduced to describe

the layered structure of arterial walls and capture the continuous relaxation spectrum of soft tissue.

In this new model, the arteries’ non-local behavior in time is highlighted, i.e., the current behavior

of the arterial wall has a strong dependence on its deformation history. To be specific, in the 1D

case the integer-order SLS model (1) has been generalized by employing the so-called spring-pot

element, which interpolates between the purely viscous and elastic behaviors, and can be interpreted

as a parallel combination of a spring with a spring in series with a spring-pot. The constitutive law

becomes

σ(t) + τασ
dασ(t)

dtα
= E

(

ǫ(t) + ταǫ
dαǫ(t)

dtα

)

. (2)
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Here we use the Riemann-Liouville definition for the fractional derivative
dαf(t)
dtα

of order α (0 ≤ α <

1)

RL
a D

α
t f(t) =

1

Γ(1− α)

d

dt

∫ t

a

(t− υ)−αf(υ)dυ, (3)

which is a non-local operator that depends on the history of function f(t). The Γ function is defined

as Γ(r) =
∫

∞

0 e−ttr−1dt. To investigate the interaction of this 1D model with blood flow, one-

dimensional FSI arterial models were studied numerically in [6], and the simulation results indicated

that the fractional order models are less sensitive to the material parameters employed compared with

the integer-order-based models.

The 1D model is relatively simple but it fails to provide shear stress distributions, which strongly

depend on the viscoelastic properties of the arterial wall. More importantly, it cannot represent the

patient-specific geometries which are clinically important in the diagnosis and treatment of several

vascular diseases [7]. Therefore, 3D studies are required. To this end, 3D fluid-structure interaction

simulations have served as an effective tool in studying hemodynamics [8, 9, 10, 11, 12]. However,

to the authors’ best knowledge, no work has been done on the 3D study of fractional-order models

for arterial walls.

2 METHODOLOGY

In this work, we introduced fractional-order viscoelasticity in complicated arterial geometries, such

as patient-specific aneurysms. To overcome the excessive memory and computational requirements

from the nonlocal operator in (3), we developed and implemented efficient and accurate numeri-

cal schemes for solving fractional-order PDEs by combining the spectral element method [13] for

spatial discretization with the multi-patch fast convolution method of [14, 15]for the time-fractional

derivatives. The fast convolution method of [14, 15] achieves at most second-order accuracy in time

regardless of the time integration algorithm being used, because of the linear interpolation employed.

In [16] the convolution integration was approximated by the Runge-Kutta method hence achieving

higher-order convergence rates. Here, we made use of the derivative estimations calculated in the

high-order BDF methods, and propose a multi-step fast convolution method by constructing high-

order interpolation. This method does not degrade the time convergence rate while estimating the

convolution integrations, but instead achieves high-order accuracy.

We employed the developed numerical scheme, and for the first time applied the fractional-order

aneurysm wall model in fluid-structure interaction simulations for patient-specific aneurysm geom-

etry. To obtain a fractional-order model for the aneurysm wall, with the stress-stretch loading test

results for one of the aneurysm samples in [17] we calculated the fractional and elastic parameters

(α, τǫ, τσ, E) = (0.115, 5.6(s), 3.5(s), 1.2(MPa)) via L2 fitting for the 1D fractional-order model

(2). The results are displayed and discussed in the next section. Moreover, we have also studied

the fractional-order viscoelastic model for the other aneurysm and healthy artery samples in [17].

Using uniaxial experiments, the aneurysm samples were classified into two sub-classes: vulnerable

aneurysms and strong aneurysms. We estimated the fractional and elastic parameters (α, τǫ, τσ, E)
via L2 fitting for the 1D fractional-order model, and compared the fractional order α for different

subclasses of samples.

3 RESULTS AND CONCLUSIONS

Results and Discussions: The fluid-structure interaction simulations results from the aneurysm-

specific wall model are compared with the results from existing models where the wall mechanical

properties are taken based on existing healthy arterial wall models. Here we refer to the aneurysm

sac wall-specific fractional-order model as “FOV-SLS3”, and displays the simulation results in Fig-

ure 1. The displacement distribution for FOV-SLS3 aneurysm wall model at the systolic peak is

displayed and compared with the distribution for existing healthy arterial wall models (referred to as

case “Literature”). The displacement magnitude distribution patterns at the systolic peak are dramat-

ically different: only the aneurysm-specific model has predicted the largest deformed location at the

furthest point on the aneurysm pole, where rupture usually occurs [18].
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Figure 1: Comparison of displacement magnitude (in mm) distributions at the systolic peak in patient-specific aneurysm

geometry. Left: existing model (marked as “Literature”). Right: the patient-specific model (marked as “FOV-SLS3”).

The low fractional order α = 0.115 in the previous fitted aneurysm model may have indicated a

low-level smooth muscle activity comparing with the healthy arterials for which α = 0.1 − 0.8
were recorded [6]. To further investigate the meaning of the fractional order α, in Table 1 we list

the estimated α for three groups of samples in [17], namely, the vulnerable aneurysm, the strong

aneurysm and the normal artery. Here different colors represent the corresponding samples in the

Figure 1 of [17]. The results suggest smaller fractional orders α ≤ 0.11 from the vulnerable aneurysm

samples, and larger fractional orders from most of the strong aneurysm and healthy artery samples

(α ≥ 0.18 for all samples, and the average α = 0.63). Therefore, α might serve as a good indicator

for the strength of the two sub-classes of aneurysm samples: the smaller α, the more vulnerable

aneurysm wall.

sample α

CA-1 (Strong aneurysm) 0.8914

CA-11 (Vulnerable aneurysm) 0.0577

CA-12 (Strong aneurysm) 0.9910

CA-15 (Vulnerable aneurysm) 0.1012

CA-25 (Strong aneurysm) 0.1844

CA-26 (Strong aneurysm) 0.1850

CA-39 (Strong aneurysm) 0.9760

CA-46 (Strong aneurysm) 0.4346

ICA (normal artery) 0.7193

BA (normal artery) 0.6493

Table 1: Fractional-orders α via L2 fitting, from Figure 1 of [17].

Conclusions: In this work, we have developed an accurate and efficient numerical method for the 3D

fractional-order standard linear solid (SLS) model. To sustain the high-order accuracy of the back-

ward differentiation formula (BDF), we designed a high-order fast convolution method and verified

its third-order convergence rate in time using the third-order three-step BDF method on problems

with fabricated analytical solutions. The N log(N) operation count was also verified.

As an example of long-term large-scale simulations, we have investigated the performance of this

fractional aneurysm model on a complex patient-specific geometry. We used the parameters obtained

from the loading tests and developed a fractional-order aneurysm model. The simulation results

suggest a phase delay in the time traces of displacement magnitudes, and the displacement magnitude

distribution patterns from this model has predicted the largest deformed location at the aneurysm pole,

where rupture usually occurs. Moreover, we have investigated more fitted fractional parameters for

the aneurysm and healthy artery samples in [17]. The results suggest that the fractional order α has

the potential to serve as a structural integrity index which can classify the low risk (with larger α) and

the high risk (with lower α) aneurysms.
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SUMMARY 
 

We propose a novel structurally based finite element modeling approach for the simulation of 
constitutive response of the aortic media tissue. The model directly incorporates the architecture 
information of the collagen fiber network as determined from multiphoton microscopy. In addition, 
material properties of elastin and collagen act as input parameters for the model. The model is 
capable of capturing local stress fluctuations within the tissue that may arise from structural 
heterogeneities. The performance of the model is demonstrated through the simulation of uniaxial 
constitutive response of aortic media tissues. We also show that high stress concentration can arise 
near the collagen fiber discontinuities that may result in localized tissue remodeling. 

 
Key words:  Embedded Fiber Finite Element Method, Structural Model 
 
1   INTRODUCTION 
 
The biomechanical behavior of the aortic wall is a critical factor in the understanding of 
pathophysiology of the ascending thoracic aorta (ATA). The primary load-bearing constituents of 
the aortic media are a network of collagen networks and the elastic lamellae separated by a non-
collagenous matrix of elastin, glycosaminogylcans, and vascular smooth muscle cells. Due to this 
complex microstructure, medial wall tissue is highly anisotropic and heterogeneous in nature. A 
number of structural models have been proposed in the literature to capture anisotropic 
biomechanical behavior of the aortic media tissues [1,2]. All these models include the tissue 
structure in an average sense using additional terms in the strain energy function, and thus can only 
predict homogeneous mechanical response of the tissue specimen. However, stress concentrations 
arising from heterogeneities in the aortic media microstructure can be an important contributor 
towards localized wall tissue rupture which cannot be predicted using these structural models. We 
have recently developed a finite element based modeling approach [3] that can embed discrete 
fibers in a continuum matrix assuming affine deformation of the fiber and the surrounding 
continuum matrix. Such modeling approach directly incorporates image analysis derived fiber 
architecture with all local features into the three-dimensional representative model of the aortic 
media. In this article, we will provide computational and implementation details of this modeling 
framework. We will demonstrate that our model can simulate typical J-shaped uniaxial response of 
the aortic media. We will also show that local stresses within the tissue arising from the fiber-
matrix interaction can be significantly higher than the average stress magnitude obtained from 
biomechanical experiments on a tissue specimen.  
 
2  METHODS 
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We have developed an embedded fiber finite element method wherein fiber segments, represented 
by 1D rod elements, interact with the 3D elements of the finite element mesh through virtual nodes 
situated within or on the surfaces of the 3D elements. This allows for arbitrary placement of any 
number of fibers within a 3D continuum. The virtual nodes (the endpoints of the 1D rod element) 
were kinematically constrained to the 3D element and were represented in terms of isoparametric 
coordinates (  ξ,η,ζ ) on the 3D element. Determination of the isoparametric coordinates from the 
global position of the virtual nodes (  X* ) was performed by solving the residual equation 
 

     
R(ξ,η,ζ) := X* − NaX

a

a
∑ = 0  

where   Xa  and   Na  are the nodal coordinates and shape functions of the 3D element, respectively. 
Perfect bonding was assumed between the virtual nodes and the bulk element so that assumption of 
affine deformation of the fibers and the surrounding matrix was fulfilled. Thus, the isoparametric 
coordinates of the virtual nodes remained constant through the entire course of the simulation. 
Displacements of the fiber endpoints,   u1

*  and   u2
* , were related to the nodal displacements of the 

embedding 3D element  u  as 

 
     

u*{ } :=
u1

*

u2
*

⎧
⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫
⎬
⎪⎪⎪

⎭
⎪⎪⎪

= P(ξ,η,ζ)⎡
⎣

⎤
⎦ u{ }  

 P  in the above equation is a projection tensor containing the nodal shape functions of the solid 
element evaluated at (  ξ,η,ζ ). Contributions from the fibers were included in the element stiffness 
matrix,  K , and nodal force vector,   Rint , through an additive decomposition 

    

Rint = Rint
b + Rint

f

K = Kb + Kf
 

with the superscripts  b  and  f  denoting the 3D 
bulk material and fibers, respectively.  
 
Collagen fibers were modeled using a bilinear 
constitutive response 

    

σ =
0 if λ < λr

Ef λ−λr( ) if λ ≥ λr

⎧
⎨
⎪⎪⎪

⎩
⎪⎪⎪

 

where  λ  is the fiber stretch,   λr  is the recruitment 
stretch of the fiber, and 

 
Ef  is the elastic modulus 

of the fiber. All fibers were modeled with a 
diameter of 3 µm as determined by multiphoton 
microscopy based image analysis of the aortic 
media [4]. The non-collagenous matrix component 
was modeled as a one-parameter isotropic 
incompressible neoHookean material with the 

strain energy function 
    
Ψ =

µ
2

I1 − 3( ) , with  µ  

the shear modulus and   I1  the first invariant of the 
right Cauchy-Green deformation tensor. 

Ascending thoracic aortic media 
comprises of about 50 repeating lamellar units 
(LU) composed of elastic lamellae (dense elastin 
networks) enclosing an interlamellar (IL) space. 
The IL space primarily consists of vascular 
smooth muscle cells and glycosaminogylcans with 
collagen networks directly below the lamellae. For 

the finite element modeling of the aortic media, we created a representative volume element (RVE) 
based on one lamellar unit (LU) (Figure 1a). The non-collagenous matrix was composed of 22,500 
8-noded hexahedral elements (Figure 1b). The collagen fiber network was constructed of 860 fiber 
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Figure 1: (a) The lamellar unit is composed 
of an interlaminar space surrounded by 
elastin lamellae. VSMCs and collagen 
networks reside within the IL. Half of the 
LU is taken as the RVE. (b) The RVE 
(250μm × 250μm × 6.25μm) was modeled 
with hexahedral elements. The EL is shown 
in green and the IL in red. The fiber 
network (yellow) is situated directly below 
the elastin. A 75μm × 75μm × 6.25μm  
section of the mesh is shown. (c) The OD of 
the fiber network matches the experimental 
[5]. (d) The final network is composed of 
860 fiber segments. 
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segments residing in the CIRC-LONG plane directly below the lamellar sheet (Figure 1d). To 
construct the network, an initially isotropic Voronoi tessellation was constructed from randomly 
placed seed points. The network was then modified through a series of affine transformations as 
well as addition and deletion of individual fibers until a network statistically equivalent to the 
published orientation distribution (OD) [5] of the aortic media was obtained (Figure 1c). A two-
sample chi-squared test (   p ≤ 0.05 ) was used to ensure equivalence between the experimental and 
simulated ODs. 

The RVE was loaded to    λ = 1.5  in both the CIRC and LONG directions to simulate 
uniaxial tests. The positive CIRC or LONG faces were subjected to applied displacements while 
the negative CIRC, LONG, and RAD faces were on rollers. The positive RAD face was free. 
 
3  RESULTS 
 
The material parameters from our previous paper [3] were used for the collagen fibers and the non-
collagenous matrix: 

   
Ef = 80  MPa and     λr = 1.25  for the collagen fibers and    µ = 170  kPa as shear 

modulus of the matrix. These values provide a good fit between the experimental data and the 
simulation (   R2 = 0.996 , Figure 2). 
 

We next show the stress-state in the IL space due to uniaxial 
stretch in the CIRC direction. The stress field in the loading 
direction was homogenous under low stretches (less than λr) 
and heterogeneous at strains above the fiber recruitment stretch 
(Figure 3a,b). The coefficient of variance in the IL element 
stresses at λ=1.1 was 0.1 while at λ=1.5 was 1.25. Levene’s 
test showed no difference in the standard deviation of the stress 
below λ=1.25 but a significant difference above λ=1.25 
(p<0.01). Fibers gradually began to bear load starting at 
λ=1.25, with 90% of the total fibers bearing load at the end of 
the simulation. The fibers in the networks reoriented under the 
applied stretch (Figure 3c,d) with most of the reorientation 
occurring in fibers initially oriented within 30° of the CIRC 

direction. Fibers orthogonal to the loading direction (±15° to the LONG direction) changed 
orientation by less than 1% over the course of the simulation. Low stretches (less than λr) yielded 
no fiber stress while high stresses revealed significant fiber stress. The fiber stress was not 
homogenous. Fibers aligned in the loading direction experienced the maximum stress while fibers 
orthogonal to the loading direction were unloaded over the course of the simulation. Continuous 
“stress paths” spanned the domain and were a result of the initial network architecture and gradual 
reorientation of the network over the course of the analysis. Disruptions in the fiber network such 
as loss of connectivity and areas of decreased fiber density were found to be colocalized with stress 
concentrations in the IL stress (white arrows in Figure 3). Magnitude of the peak stress in the non-
collageneous matrix and collagen fibers for an applied stretch of 1.5 were 5 and 15 MPa, 
respectively. As a comparison, uniaxial testing of the tissue specimen provided an average stress of 
1 MPa at this stretch level.  

 
Figure 3: Local variation in the CIRC component of the non-collageneous matrix stress in the deformed 
configuration at (a) λ=1.1 and (b) λ=1.5. The fibers are represented by white lines. Corresponding fiber 
stresses are shown in the same locations at (c) λ=1.1 and (d) λ=1.5. Matrix stress is shown in greyscale for 
comparison. The white arrows show regions of network disruption.  
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4  DISCUSSION 
 
We have presented a model for the ascending thoracic aortic media tissue taking into account its 
lamellar structure as well as microstructural features of the collagen network. The collagen network 
was constructed from multiphoton microscopy based imaging data presented in [5]. Our novel 
computational framework incorporated the collagen fibers as discrete 1D elements within a 3D 
continuum, and thus enabled the study of microscopic stress fluctuations arising from fiber-matrix 
interaction. The model relied on two sets of input parameters: the first set being the geometric 
features of the fiber network while the second set was the material properties of individual 
constituents of the tissue, namely collagen fibers, elastic lamellae, and interluminal non-
collageneous matrix. With a combination of a one-parameter incompressible neo-Hookean solid 
and a linear elastic fiber material model, the characteristic stiffening behavior of the aortic tissue 
under uniaxial loading was captured. This was possible due to accurate simulation of fiber 
recruitment and fiber rotation enabled by our embedded fiber finite element method. All the fibers, 
with the exception of fibers oriented almost orthogonally to the loading direction, tried to rotate and 
orient in the loading direction giving rise to nonlinear toe region of the stress-stretch curve. 

A direct improvement over continuum models of the aorta available in the literature is the 
ability to predict the microscopic stress state in the tissue. In addition to the macroscopic stress-
stretch response, this model allows for study of the stress-state at the level of the collagen fibers. 
We have shown that the local stresses are in excess of the macroscopic stress in the tissue. While 
the stress-stretch curve showed a CIRC stress of 1 MPa at    λ = 1.5 , the local stresses at the same 
stretch reached 5 MPa. Such variations could lead to localized remodeling of the tissue due to the 
mechanosensitive nature of vascular smooth muscle cells.  

One limitation of the model presented is our disregard for failure and post-failure behavior 
of the tissue. A current research topic in our group is inclusion of this mechanism. We have also 
focused upon the media only. The adventitia is also a major load-bearing component of the aortic 
wall. Both of these limitations will need to be addressed to reach our goal of a multiscale model of 
the aortic wall. 
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SUMMARY 

 

Study on cerebral aneurysm growth mechanism have been practiced to establish the better 

diagnosis index for rupture prediction. Some aneurysms are known to contain thin translucent walls 

and it is thought that thinning of aneurysm walls are related to rupture. However, the cause of such 

thinning in aneurysm wall remain unknown. This study compared the hemodynamics, 

intraoperative appearance, and histological analysis of unruptured human cerebral aneurysm to 

investigate the thinning mechanism in aneurysm walls. 

 

Key words:  Cerebral Aneurysm, Hemodynamics, Pathology, Wall thickness 

 

 

1   INTRODUCTION 
 

Cerebral aneurysm ruptures are known as the top cause of subarachnoid hemorrhages (SAH) and the 

fatality rate of SAH are reported to be as high as 66.7% [1]. To predict and prevent patients from 

having SAH, aneurysms were diagnosed based on the patient’s background and geometrical 

information obtained from medical images. Despite the recent evolution of the medical technologies, 

the annual rupture rate of aneurysms is reported to be about 1% [2] with lifelong rupture rate of 30% 

[3]. One of the main problem for precise aneurysm rupture prediction is the difficulty in obtaining 

the pathological information before operations. The medical images from computed tomography 

(CT) or magnetic resonance imaging (MRI) contain information of the artery and aneurysm luminal 

geometries, but due to not enough spatial resolutions, information on aneurysm walls cannot be 

obtained. 

 

Studies on the relationship between aneurysm appearance and hemodynamics reported that the 

impingement flow was located at thin-walled region [4] and stagnant flow was located at the 

atherosclerotic lesion of the aneurysm [5]. These reports represented that the aneurysm pathology is 

associate with the local hemodynamic stress. However, the causal relationship between 

hemodynamic stress and thinning or thickening of the aneurysm wall remain unknown. Therefore, 

this study compared the hemodynamics and pathological analysis of unruptured human cerebral 

aneurysms, aiming to elucidate the thinning mechanism of aneurysm walls. 

 

2   METHODOLOGY 

 

21 samples from 19 patients, with average age of 63, were harvested after clipping. Hemodynamics 

of all 19 patients were analyzed. Arterial geometries were constructed based on the medical images 

from XA angiogram (spatial resolution of 0.2 mm) and analyzed using the hemoscope (EBM Corp.). 

The results of flow patterns, wall shear stress (WSS) magnitude, and pressure magnitude were used 

in this study. The flow patterns were determined by the direction of the WSS vector. Each aneurysm 

wall thickness was measured using μCT and divided into groups of blood blister-like (thickness less 
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than 80 µm), transition (thickness between 80 µm to 100 µm), and hyperplasia (thickness more than 

100 µm) lesions. Ten aneurysms were fixed in paraformaldehyde, embedded in paraffin, and serial 

sectioned for observation of smooth muscle cell (SMC) densities. The inspection regions for cell 

density analysis was set by dividing the luminal surface into 200 μm segments. Each inspection 

region was cut into luminal side and abluminal side at the center point of the wall thickness and only 

luminal side was used for cell density analysis. At each inspection region, adhesion of thrombus was 

also counted by scoring 1 for with adhesion of thrombus and 0 for without any adhesion of thrombus. 

Six aneurysms were fixed in glutaraldehyde solution and embedded into epoxy solution for 

transmission electron microscope (TEM) analysis. The observed SMC were graded into four damage 

levels according to the previous report [6]. The four grades were Grade I as normal cells, Grade II as 

damaged cells, Grade III as contracted cells, and Grade IV as necrotic cells as shown in Fig.1. 

 

3   RESULTS 

3.1 Hemodynamic analysis 
 

The hemodynamic analysis results of flow patterns, WSS, and pressure magnitudes were compared 

with the intraoperative appearance of each aneurysm. The sensitivity and specificity of the flow 

patterns and lesions of blood blister-like and hyperplasia were derived. The blood blister-like lesion 

showed highest sensitivity and specificity of 76.2% and 95.5% with the diverging flow. The 

hyperplasia lesion also showed highest sensitivity and specificity of 94.1% and 69.2% with the 

parallel flow. The sensitivity and specificity of WSS magnitude against appearance were highest at 

low WSS versus blood blister-like with 52.4% and 50.0%, and medium WSS versus hyperplasia 

with 47.1% and 76.9%.  

 

3.2 Histological analysis 

 

The average cell density at blood blister-like, transition, and hyperplasia lesion [averagestandard 

deviation] were 643192 cells/mm2, 795348 cells/mm2, and 1103317 cells/mm2, respectively. 

The average cell density at blood blister-like lesion were significantly less than the hyperplasia 

lesion (Tukey-kramer p<0.05). Fig. 2 represents the rate of thrombus attachment at each lesion. The 

thrombus attachment at blood bilster-like, transition, and hyperplasia lesions were 0.9, 10.2, and 

12.5%, respectively. The blood blister-like lesion had the significantly least amount of thrombus 

attachment (Tukey-kramer p<0.01)  
 

3.3 Ultrastructural analysis 
 

Fig. 3 shows the TEM observation results of two example cases. The structure of the aneurysm walls at all 

blood blister-like, transition, and hyperplasia lesions was organized in the alternating orders of fiber layer and 

cell layer. The average number of layers at blood blister-like, transition, and hyperplasia lesions 

were 3.7, 4.0, and 4.7, respectively. There were no significant differences between each lesion in 

terms of layer numbers. The thickness of each layer was thinner in the blood blister-like lesion than 

the hyperplasia lesion. The damage level of SMC did not show significant difference between 

blood blister-like and hyperplasia lesions, but the less damaged SMC were located near the lumen 

and necrotic cells were located near the albumen side of the wall. Fig. 4 shows the relationship 

between layer numbers and SMC damage level. Layer 1 indicate the top layer at the lumen and 

increase in the layer number represent displacement in the abluminal side of the aneurysm wall. 

The correlation between the depth and SMC damage levels were 0.738.  

 

 

Fig.1 Cell property grading of smooth muscle cells in cerebral 

aneurysm walls(5) 

Grade I Normal Grade II Damaged Grade III Contracted Grade IV Necrotic 
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4   DISCUSSION 

 

This study showed that blood blister-like lesion was exposed to impingement flow with 

significantly less SMC densities, where at transition and hyperplasia lesions were exposed to 

parallel flow with higher SMC densities than the blood blister-like lesion. In the previous study on 

lesion-dependent endothelial cell observation, the results showed that the endothelial cells were 

displaced at the blood blister-like lesion and damaged at the hyperplasia lesion [7]. The relationship 

between intraoperative appearance and hemodynamics has been reported by Suzuki et al. that the 

study reported that the thin-walled region of cerebral aneurysms is associated with the 

impingement flow [4]. Impingement flow is also known to associate with the rupturing of 

aneurysms [8]. Histologically, the ruptured aneurysms are known to contain regions of thin 

hypocellular walls [9, 10]. These results indicate that the impingement flow may damage both 

endothelial cells and smooth muscle cells and cause thinning of the aneurysm wall, which may 

induce rise in the rupture risk. 
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In the present study, the SMC damage level was lowest near the lumen and the damage level 

increased along with the depths. The number of layers constructing the aneurysm wall did not show 

significant difference between the thickness of the wall. The attachment of thrombus was 

significantly lower at the blood blister-like lesion than the hyperplasia lesion. Platelets inside the 

thrombus are known to contain cytokines of platelet-derived growth factor (PDGF). A study on the 

relationship between PDGF and smooth muscle cells showed that the PDGF induces vascular SMC 

proliferation and migration [11, 12]. These evidences suggest that the aneurysm walls increase its 

wall thickness by formation of new layer by SMCs near the lumen, and attachment of thrombus 

may induce migration of SMCs into both blood blister-like and hyperplasia lesions. However, the 

blood blister-like lesions have less proliferation rate than hyperplasia lesion due to lesser amount of 

PDGF present at the location. In view of these studies, the impingement flow prevents the 

attachment of thrombus on the aneurysm surface and decreases the migration and proliferation 

ability of the SMCs. This cause degeneration of wall thickening ability and results in creating thin 

layer thickness, where areas with parallel type of flow have higher migration and proliferation rate 

and result in thick layer thickness. 

 

5   CONCLUSION 
 

The study showed that the thinning of cerebral aneurysm walls is caused by the impingement of blow 

flow. The results suggested that the lack of thrombus attachment caused by impingement flow may 

result in interception of migration and proliferation of SMCs which may cause the thin aneurysm 

wall to stay thin. 
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SUMMARY
Thrombosis and embolisms are strongly influenced by blood flow and hemodynamic loading, and
resolving this connection is a challenge. Discrete particle methods, in conjunction with image-based
modeling and computational fluid dynamics, provide viable avenues to address this. We present
two specific case-studies for elucidating particle based models for thrombosis and embolus transport.
We first illustrate a one-way coupled fluid-particle framework for investigating the role of cerebral
artery anatomy on embolus transport. Thereafter, we describe a fictitious domain, discrete particle
framework for modeling flow around and within a clot. Using these examples, we demonstrate the
utility and efficacy of particle-based modeling techniques for thrombotic and embolic phenomena.

Key words: thrombosis, embolism, stroke, particles

1 INTRODUCTION

Thrombosis and embolisms comprise the primary cause of several major cardiovascular diseases in-
cluding stroke and heart attack. In addition, embolic events during surgery, and medical device in-
duced thrombosis, often cause serious complications and adversely affect patient health and recovery.
These phenomena are intimately related to blood flow and hemodynamic forces. However, predictive
understanding of the interaction of an arbitrarily shaped clot (thrombus) or an embolus with complex
hemodynamics within real human anatomy poses challenges. The interaction of a floating embolus
with unsteady flow structures characteristic of large arteries is complex, and often chaotic. This ren-
ders difficulty in predictively identifying locations where the embolus is transported to. Correspond-
ingly, realistic thrombi in large arteries have arbitrary aggregate morphology and microstructure,
often varying with time. Evaluation of flow structures around, and hemodynamic loading on, such
an aggregate geometry comprises a challenging task. Computational tools devised using a combina-
tion of image-based modeling, computational fluid dynamics, and discrete particle methods provide
a suitable alternative to address these challenges. In prior works, we have employed such methods
for understanding the transport of emboli along arteries [1], and embolus distribution to the cere-
bral arteries for stroke [2]. Here we provide two specific computational case-studies, that further
establish the utility and efficacy of these models in addressing the aforementioned challenges, and
answering key questions pertaining to stroke and thrombosis. First, using a combined fluid-particle
simulation framework, we illustrate evidence on the role of cerebral artery anatomy and topology in
affecting embolic stroke risks. Second, we evaluate flow around and within a thrombus with varying
microstructure using a fictitious domain discrete-particle method, which circumvents the difficulties
in resolving and meshing arbitrary geometries and microstructures typical of realistic thrombi.

2 METHODOLOGY

2.1 Computational fluid dynamics

Image data was used to generate the model for a computational domain. For the embolus transport
case-study, this was achieved through image segmentation and lofting operations based on patient
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computed tomography (CT) scans. For the thrombus case-study, fluorescent microscopy data was
used to identify the thrombus boundary and potential locations of platelets within the thrombus [3],
and a 2D thrombus was reconstructed within a channel. Once created, the respective computational
domains were discretized into meshes comprising linear triangular (for 2D) and tetrahedral (for 3D)
elements. The incompressible Navier-Stokes equation for momentum, and the continuity equation,
were then solved using a Petrov-Galerkin stabilized finite element formulation [2]. For the patient
arterial hemodynamics simulations, inlet flow boundary conditions were assigned based on measured
inflow profile at the aortic inlet presented in literature. For all arterial outlets, lumped resistor outflow
boundary conditions were employed. Blood density was assumed to be 1.06 g/cc, and viscosity 4.0
cP. The resistance values for the six major cerebral arteries were tuned to achieve average flow rates
obtained from measured MR data. Outflow resistor values at all other arterial outlets were chosen by
dividing the remainder flow in proportion to their cross-sectional areas. The patient hemodynamics
simulations were run for three successive cardiac cycles for convergence, and the final cardiac cycle
flow-data was assumed periodic thereafter for subsequent particle transport calculations [2]. For
the thrombus case-study hemodynamics simulations, the inflow boundary condition consisted of a
specified parabolic velocity profile, and a standard constant pressure outflow boundary condition was
employed. The fluid was assumed to be plasma with density 1.025 g/cc, and viscosity 1.7 cP. The flow
around the thrombus was computed for a few time-steps for velocity and pressure fields to achieve
convergence, and the converged velocity was compared across various thrombus microstructures.

2.2 Dynamics of embolic particles

For the embolus transport case-study, embolic particles were assumed to be spherical, and their dy-
namics was modeled using a one-way coupling scheme based on a modified form of the Maxey-Riley
equation [4, 2]. An ensemble of 5,684 emboli were released from locations sampled on the inlet plane
at the ascending aorta - each representative of an individual sample of a cardiogenic thrombo-emboli
(density: 1.10 g/cc) of diameter 1.0 mm. These sampled emboli trajectories were simultaneously
integrated, without any collisional interactions between them (independent samples). Collisional in-
teraction between each embolus and artery wall was handled using a modified elastohydrodynamic
collision model. In this model, collisional velocities were obtained as a function of normal and tan-
gential restitution coefficients, which were derived assuming pairwise viscoelastic collisions, and
modified further to account for additional energy dissipation due to increased pressure loading from
the lubrication layer of fluid in the contact region. The embolus dynamics was computed for 10
cardiac cycles, based on looped flow-data from the final cardiac cycle of the patient-specific arte-
rial flow simulations as described above. The final particle distribution to each outlet was extracted,
and divided by the ensemble size to get distribution fractions (which correspond to probability of an
embolic event at locations following the outlet).

2.3 Fictitious domain discrete element method for thrombus

Evaluation of hemodynamics around a thrombus requires resolving the influence of the thrombus
on the flow. Efficient mesh or lattice based descriptions of the arbitrary thrombus geometry and
blood-thrombus interface, that can grow or shrink with time, is difficult. Resolution of thrombus
internal microstructure for understanding intra-thrombus transport renders added complications. Here
we devised an alternative strategy where the arbitrary shape and micro-structure of the thrombus is
handled by representing it using a collection of mesh-free, off-lattice, discrete elements or particles.
Each discrete element was modeled as a superquadric geometry object, whose shape and size can
be parametrically varied, and which are characterized by an analytical level-set function classifying
the mesh or quadrature points inside/outside of an element. The influence of this discrete element
aggregate was then included within the stabilized finite element formulation mentioned in Section
2.1 by (i) replacing the separate blood and thrombus domains with a single, continuous, and simpler
‘fictitious domain’ computational mesh, (ii) embedding the discrete element representation of the
thrombus within this fictitious domain, and (iii) incorporating the interaction of the thrombus with the
flow using a penalty term added to the stabilized variational form within the thrombus domain. The
penalty formulation imposes the fluid flow velocity at any point to take up the corresponding local
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velocity of the thrombus subdomain, thereby coupling the two domains.

3 RESULTS AND CONCLUSIONS

3.1 Influence of Circle of Willis anatomical variations on embolic occlusion risks

Figure 1: Illustration of variations in embolus transport to the six major cerebral vasculature regions across
six topological variations in Circle of Willis anatomy. Panel a denotes the topologies obtained by removing
anterior communicating artery (AcoA), left/right communicating arteries (L/R.Comm), and left/right posterior
connecting segment (L/R.P1). Corresponding embolus distribution fractions are denoted in panel c (within
square brackets), and variations in embolus distribution are compared with flow distribution in panel b.

Data from a collection of 25 research articles reporting the frequency of the various observed anatom-
ical variations of the Circle of Willis (CoW) were compiled. By using ranking statistics to categorize
and order this data, the five most common anatomical variations were selected (see Fig:1, panel a).
Embolus distribution fractions to the six major cerebral arteries for the complete CoW topology, and
the selected five incomplete topologies created by iteratively detracting vessels from the complete
topology, were then compared and contrasted. The distribution fractions (in terms of percentage of
total emboli reaching the CoW) have been presented in Fig:1, panel c. Panel b compares the coeffi-
cient of variation (ratio between standard deviation and mean) for the flow distribution and embolus
distribution to each of the six cerebral arteries, across all the six CoW topologies considered. Since
the boundary conditions for all the anatomical models were tuned to the same cerebral artery outflow
data, and all other factors barring the CoW anatomy were held fixed, we observe minimal variations
in flow distribution. However, significant variations in embolus distribution are observed, being about
5 times or higher compared to flow distribution for most cases. With all other factors being controlled
for, these differences can be attributed to the variations in CoW anatomy. Embolic particles, owing
to their inertia, do not follow flow distribution exactly, and are likely to be rerouted differently across
the different arterial topologies of the CoW - thus affecting embolus transport and embolic stroke
risks. Further analysis of flow through the communicating arteries of the CoW may elucidate how
blood flow reroutes itself to maintain specific flow to each cerebral vascular bed, and explain how
they correspondingly influence inertial embolic particles to reroute and travel to these vascular beds.

3.2 Extra-thrombus and intra-thrombus flow

For this second case-study, the system described in [3] was employed as the model system, with a
thrombus obtained from an injured mouse cremaster muscle, and reconstructed using discrete ele-
ments with planar aspect ratio 1:0.6. For an inlet flow with peak centerline velocity of 2 mm/s, the
flow field obtained using the devised fictitious domain approach (Section 2.3) has been presented in
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Figure 2: Results for flow around and within a clot with platelets represented as discrete elements. Base
clot model, created based on experimental data, is modified to generate clots with varying microstructure.
Intra-thrombus flow is orders of magnitude less than extra-thrombus flow, and governed by morphology and
microstructure of the clot.

Fig: 2 (left). The observed peak extra-thrombus flow velocity is 3.2 mm/s, while peak intra-thrombus
velocity is around 3.29 µm/s. These observations, along with the spatial flow pattern around the
thrombus and within the thrombus interstices, are in excellent agreement with the reported results
in [3], obtained from numerical simulations performed by explicitly meshing the clot (no embedded
domains). Thrombi with varying microstructures were then generated by using the parametric discrete
element shape definitions to methodically vary the shape and/or size parameters for each individual
element representative of a platelet. This has been illustrated for three different variations in clot
morphology (relative to the original morphology) in Fig: 2 (M1-M3, right). Intra-thrombus velocity
is observably influenced by pore space size as well as pore connectivity. In particular, morphology
M2 is more porous as compared to the remaining three (including the original), enabling higher flow.
Variations in microstructure and porosity were also observed to have small but noticeable influence on
extra-thrombus flow. This was observed, for example, by comparing peak extra-thrombus velocities,
which is highest for morphology M3 (3.33 mm/s), and lowest for M2 (3.26 mm/s) with a velocity dif-
ference of about 70 µm/s, that is likely to increase for higher incoming flow at the inlet. These results
and observations clearly indicate that not only does the devised fictitious domain discrete-element
method resolve the appropriate flow characteristics around a thrombus, but it also enables flexible
representation of thrombus morphology information and rapid analysis of influence of microstructure
variations on flow and intra-thrombus transport.
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SUMMARY 

 

A coupled chemo-fluidic computational model is applied to a small set of patient-specific cases to 

investigate the effects of blood flow patterns on thrombogenesis in the left ventricle. Four-
dimensional kinematic models of patient-specific left ventricles are generated by a multi-modality 

image-based reconstruction method using both 4D dynamic CT scan and Doppler 

echocardiographic data. The simulations for a total of four patient-specific cases are performed by a 
sharp-interface immersed boundary method. The simulation results show the near infarct residence 

time (NIRT), a hemodynamic metric that measures flow stasis in the vicinity of the infarct, 

correlates well with the risk of left ventricular thrombosis.    

 
Key words: cardiovascular flow, coagulation, immersed boundary method 

 

 

1   INTRODUCTION 
 

A thromboembolic event associated with left ventricular thrombosis (LVT) is one of the most 

feared complications for the patients with myocardial infarction (MI)[1], and it has been shown that 
left ventricular (LV) flow patterns play an important role in the LVT formation. After an MI, 

abnormal LV motions (akinesia/dyskinesia), LV remodeling, and the changes in ejection fraction 

(EF) combine in a complex way to affect LV flow patterns and increase the risk of LVT[1]. The 
high degree of nonlinearity associated with the flow dynamics, makes it difficult to find direct 

correlation between the above LV abnormalities and the resulting LVT risk. Therefore, the direct 

assessment of LV flow for the identification of abnormal flow patterns[2] or the identification of 
metric(s) associated with LV flow[3] that could serve as reliable indicators for LVT risk[4], offer 

the best options for diagnosis of this condition.  

 

In our previous study[5], we proposed a coupled chemo-fluidic computational model to investigate 
the quantitative correlation between intraventricular flow and thrombus formation in modeled LVs. 

Intraventricular blood flow is simulated by solving the incompressible Navier-Stokes equations 

using the immersed boundary method[6] and this is coupled to biochemical modeling of the 
coagulation cascade[7], fibrin polymerization[8] and platelet activation[9]. The computational 

results for canonical models of the LV clearly showed that the washout quality near the infarcted 

LV wall affects the LVT formation. We also found that the flow metric, near infarct residence time 
(NIRT), correlated well with the accumulation of coagulation factors and thus the LVT risk[5]. 

 

In the present study, the coupled chemo-fluidic computational model is applied to real patient-

specific cases to further verify the correlation between the NIRT and the LVT risk. Medical 
imaging data of patients with a history of LVT was obtained from the database at Johns Hopkins 

Hospital. 4D kinematic models of patient specific LVs are generated by a multi-modality image-

based reconstruction process. In this study, we have performed the simulations for four patient 
specific cases. The detailed LV flow patterns and their connection to the LVT formation are 

investigated using the simulation results. 

 

2  METHODOLOGY 

78

mailto:First@affil1
mailto:Second@affil1


2.1 Multi-modality image-based patient-specific LV modeling 

 

The image-based computational modeling of blood flow in LV can be done using high resolution 

4D CT images (20 phases per cycle). The CT images have very high spatial resolution (~0.5 mm) 
and ideal to extract detailed geometry of the heart. However, due to low temporal resolution it may 

not be adequate to model the motion of the heart. More importantly, since the volume flow rate 

through the heart is determined by the time derivative of the cardiac volume, low temporal 
resolution may induce uncertainty and error in the cardiac flow modeling. In order to resolve this 

issue, we developed a multi-modality approach using both 4D CT images (Fig. 1A) and ultrasound 

Doppler images (Fig. 1B). The Doppler ultrasound provides a time profile of blood flow velocity 
through the mitral valve and the outflow tract with high temporal resolution. In this approach, 4D 

CT images were segmented to extract the blood volume in LV from the mitral inlet to the ascending 

aorta. Each of these phases is registered to its subsequent phase using the large deformation 

diffeomorphic mapping method, (LDDMM)[10] (Fig. 1C). At the same time, the time profile of 
inflow/outflow through the LV is modeled based on the Doppler ultrasound image (Fig. 1D), and 

the volume change profile is obtained by integrating the flow profile. The registered models 

obtained from the CT are then interpolated in time using the volume profile extracted from the 
Doppler ultrasound. By combining both CT and ultrasound imaging data, a more realistic and 

reliable temporal motion of the heart can be obtained. 
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Figure 1. Multi-modality image based cardiac modeling. A: 4D CT image, B: Doppler ultrasound 
for the mitral inflow. C: Segmented and registered left ventricle model. D: Modeled flow rate 

profile for the left ventricle 

 

2.2 Hemodynamic modeling 

 

For the hemodynamic simulation, the surface body model of a 4D kinematic LV constructed from 
the medical imaging data is immersed into the non-body conformal Cartesian volume grid, and the 

flow simulation is conducted by solving the incompressible Navier-Stokes equation using a sharp-

interface immersed boundary method(IBM)[6]. For cardiac hemodynamics, blood can be assumed 

to be a Newtonian fluid and thus, its dynamics are governed by the incompressible Navier-Stokes 
equations. The discretized equations are solved on the non-body conformal Cartesian grid and the 

complex, moving boundaries are treated by a sharp-interface immersed boundary method as 

described in Ref. [6]. The LV and mitral valve motions are prescribed based on the patient-specific 
imaging data. The NIRT is calculated by solving the Eulerian transport equation for the residence 

time[5] of which source term is non-zero only in the proximity of the infarction wall.  

 

2.3 Biochemical model of coagulation 
 

For the modeling of blood coagulation and thrombus formation in infarcted LVs, the bio-chemical 

reaction models used in the previous study[5] are applied. In this model, it is assumed that the 
blood coagulation in the LVs with MI is initiated by the exposure of tissue factor (TF) at the 

infarcted ventricle wall. Once TF is exposed to the blood stream, it initiates the coagulation cascade 
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(CC). The reactions between coagulation factors in CC are modeled as proposed by Biasetti et 

al.[7]. This reaction model contains a total of 16 reactions between 18 bio-chemical species. Since 

these biochemical species are transported by the blood flow, we solve the convection-diffusion-

reaction (CDR) equations to predict the evolution of their concentration.  
 

As a result of the CC, thrombin, which plays an important role in the thrombus formation, is 

generated. Thrombin polymerizes fibrinogen in the blood plasma into fibrin and also promotes the 

activation of platelets. Both fibrin and activated platelets are key components of blood clots. The 
fibrinogen conversion into fibrin by thrombin is modeled by the CDR equation proposed by Neeves 

et al.[8], and the platelet transport and activation are modeled by using the evolution equations of 

the platelet number density proposed by Leiderman and Fogelson[9]. More details about the 

complete biochemical modeling procedure can be found in Ref. 4. 
 

Table 1. LV parameters for patient specific cases. EDV: end diastolic volume, ESV: end 

systolic volume, SV: stroke volume, EF: ejection fraction. 

Case EDV (mL) ESV (mL) SV (mL) EF (%) 

A 178 94 84 47 

B 334 200 134 40 

C 417 256 161 39 

D 296 199 97 33 
 

3  RESULTS AND CONCLUSIONS 

 

By employing the multi-modality image-based modeling, we have performed coupled 

hemodynamic and coagulation simulations of patient-specific LVs. Both 4D CT and ultrasound 
sound Doppler images for four different patients with a history of LVT were obtained at the Johns 

Hopkins Hospital. The LV parameters for these four patients are summarized in Table 1 and it can 

be seen that the patients present a large variation in LV volume and EF, both factors that are 

implicated in LVT. The computational LV models for the hemodynamic simulations are generated 
by using the aforementioned, multi-modality image-based modeling. The mitral valve model is 

based on the ultrasound imaging data. The hemodynamic simulations are performed by employing 

up to 9 million computational grid points to investigate the detailed blood flow patterns in those 
pathologic LVs. 

 

A B C D 

    
Figure 2. Averaged flow patterns and coagulation factor accumulations for cases A-D. Stream 

traces are colored by the velocity magnitude. The iso-surfaces are plotted for the thrombin 

concentration.    
 

Results from the coupled chemo-fluidic simulations are presented in Fig. 2 where the time 

averaged flow patterns and the spatial distributions of thrombin are shown. One can see that the 

size and shape of LVs are very different from case to case. Each case shows distinct hemodynamic 
flow pattern, which is caused by the combination of LV geometry and parameters (Table 1). For 

Case A, which has a nearly normal EF, most of incoming blood flow from the atrium turns back in 

the middle of the ventricle and is then ejected through the aorta. This results in weak flow near the 
infarcted wall at the apical region and consequently, a high residence time and thrombin 

concentration. For cases B and C, the LVs are significantly dilated but the simulations indicate a 

large-scale swirling flow inside the LV with the incoming blood traveling all the way down to the 
apex. Therefore, the apical region is relatively well washed out and this limits the accumulation of 

thrombin in this region. Case D has a slightly lower EF than other cases and an intermediate EDV, 

and the simulations shows that the blood flow does not propagate to the apex. The incoming blood 

80



flow mostly reside in the basal region, and thus the flow strength near the apical infarction region is 

extremely weak. This results in poor apical washout and higher thrombin concentration.  

 

The maximum near-infarct residence time (NIRT) and thrombin concentration for all four cases are 
summarized in Table 2. Due to the LV flow pattern described above, cases A and D show high 

NIRT and thrombin concentrations, and this is indicative of high LVT risk. On the other hand, cases 

B and C have relatively low NIRT and thrombin accumulation, and thus lower LVT risk is expected. 
The results show a clear positive correlation between the NIRT and thrombin concentration. Over 

the infarcted LV wall surface, we also calculated the spatial correlation coefficient between the 

NIRT and thrombin distributions. The correlation coefficients are relatively high (except case B), 
which indicates that the NIRT, which could be obtained from echo-PIV or cardiac MR, is a good 

hemodynamic metric to estimate the LVT risk. The present simulation results for the patient-

specific cases agree well with the previous results obtained with the canonical LV models[5].  

 
Table 2. Maximum NIRT and thrombin concentration on the LV wall and the spatial correlation 

coefficient between them.  

Case NIRT (sec) Thrombin (mol/m3) Correlation coefficient 

A 0.83 3.2e-2 0.64 

B 0.43 3.8e-4 0.35 

C 0.49 1.4e-5 0.78 

D 1.28 1.4e-2 0.84 
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SUMMARY 
 

Adherent thrombus forms in all blood contacting centrifugal pumps, even with therapeutic anti-
coagulation. The location of thrombus in the Sorin Revolution centrifugal pump appears to start at 
the metal bearing pin located at the inlet.  Thrombus may form from static blood with coagulation 
(Virchow), or pathologically high shear conditions leading to platelet accumulation. We quantified 
the blood flow in the centrifugal pump to distinguish whether early thrombus was in a zone of 
stasis or high shear. The 3-D flow field was simulated for rotary flow using ANSYS CFX. The 
shear strain rate around the metal shaft was pathologically high with an initial value of 2,500s-1, 
and then increased to over 5,000s-1 as a simulated thrombus grew on the axis.  In contrast, the 
regions of low shear strain rate are found at the bottom-center of the pump not associated with 
gross clinical thrombi. 

 
Key words:  ECMO, centrifugal pump, thrombus, blood clot, CFD 
 
 
1   INTRODUCTION 
 
Patients with acute cardiac or pulmonary failure can be treated with Extracorporeal Membrane 
Oxygenation (ECMO) to provide both cardiac and respiratory support. One of the main 
components in the ECMO system is the pump that circulates the blood in the circuit [1]. There are 
mainly two types of pumps used in ECMO: roller and centrifugal pumps. The recent clinical trend 
shows a transition from the roller pump to the centrifugal pump. There are several pumps in this 
market, for instance: The Revolution (Sorin), the Rota flow (Maquet) and the Centrimag (Thoratec). 
 
A major complication of ECMO circuits is the formation of blood clots within the circuit. These 
clots may block blood flow or embolize to cause strokes in the patient. In a survey of system 
components, Hastings et al [2] found that the large connectors that surround the pump are major 
sources of thrombi. The small step at the 3/8-inch tubing-connector junction accounts for 80% of 
the clots in the system, with the roller pump tubing being thrombus-free. These connector clots 
were fibrin rich and contained few platelets. The red connector clots correlated well with very low 
shear rate zones at the forward- and backward-facing steps as quantified by computational fluid 
dynamics (CFD). 
 
Recently, clinical usage changed to centrifugal pumps. In addition to the connector thrombus, 
thrombi formed consistently within the pump [3]. Hastings et al [3] found a thrombus focused at 
the inlet for every centrifugal pump collected from the clinic. The thrombi were platelet-rich and 
surrounded the cone of the pump head, especially around the metal shaft exposed to the blood. 
They hypothesized that high shear around the metal shaft might be one of the reasons causing the 
localized thrombus. Alternatively, some criticize centrifugal pumps for a potential hemolysis risk 
of high shear stress causing lysis of erythrocytes [4-6]. 
 
This fluid mechanics study is designed to quantify the local shear rates within a continuous flow 
centrifugal pump with a bearing pin where conventional studies have mainly focused on hemolysis 
and vane areas [7-9]. Gross thrombosis has been generally noted to occur under two specific 
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pathologic hemodynamic situations: stagnant/very low shear rate (Virchow) or very high shear 
rates (e.g. Casa et al [10]). The aforementioned thrombi found at the connectors are consistent with 
fibrin clotting at shear rates less than 50s-1. Shear strain rate is one of physical properties that is 
difficult to measure. However, it is relatively easy to quantify by using CFD technique. In this 
study, the flow through the Sorin revolution pump is modeled and calculated using ANSYS CFX, 
to quantify the hemodynamic conditions at the site of thrombosis. 
 
2  METHODOLOGY 
 
A 3D computational model of the Sorin Revolution-TM centrifugal blood pump head was 
generated from actual pump heads and photographic images available in the public domain.  The 
pixel mesh was scaled and illustrated in Figure 1. The mesh was composed of 5 million cells and 
inflation cells were placed on the tip of vanes where high velocity is expected. ANSYS CFX and 
Windows OS on a computer with 6 CPUs were used for the computation. Blood was modeled as a 
Newtonian fluid and boundary conditions were taken from clinical data and in vitro experiment 
data. A Moving Reference Frame (MRF) method was used to reflect the rotational effect of the 
vanes. A summary of relevant parameters is shown in Table 1. 
 

   
Figure 1. Sorin revolution pump (Left: Real, Center: Model, Right: Mesh) 

 
Table 1. Pump parameters 

Software Ansys CFX Inlet boundary condition 85 mmHg 
Hardware Dell, 6CPU Outlet boundary condition 2.4 lpm 
Time dependency Steady flow Rotational speed 2,000 rpm 
Turbulence k-epsilon Blood density 1,050 kg/m3 
Rotation analysis MRF Blood viscosity 4 cP 
 
 
The endpoint calculated was the wall shear strain rate in the entire pump head. Further 
investigation was made around the metal shaft with the simulation of an adherent growing 
thrombus.   
 
3  RESULTS 
 
Shear rate was quantified for steady flow in the centrifugal pump housing.  Certain areas had 
pathologically high shear rates exceeding 2,000s-1, whereas others exhibited regions of very low 
shear rates <50s-1.   
 
3.1 Shear strain rate at housing and inner part 
 
Calculation results of the shear rate at the housing (the transparent part in Figure 1) and the inner 
part (white part in Figure 1) are shown in Figure 2. The shear rates in the curved entrance tube were 
physiologic with values about 240s-1. As flow entered the cone shaped entrance to the pump, a 
band of high shear greater than 1,220s-1 was seen on the transparent housing in Figure 2 (left). 
Shear rates on the white pump head reached values greater than 2,000s-1 shown in Figure 2 (right). 
Shear rates at the bearing pin exceeded 1,220s-1. Note that the metal bearing pin is subjected only to 
high shear stresses without a zone of stagnant blood. Then as the flow exits the vanes, the tips 
exhibited high shears of >2,000s-1.  
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Figure 2. Shear strain rate at part interface (Left: Housing, Right: Inner part) 

 
Figure 3 shows an iso-volumetric view of the regions of low shear rate <50s-1 (left) and those of 
high shear rate >1,000s-1 (middle, right). As seen on the left, areas of low shear <50s-1 form in the 
valleys of the vanes at the bottom-center of the pump. Conversely, high shear rate regions are 
concentrated at the vane tips. Figure 3 (right) shows a close iso-volumetric view around the shaft 
over 1,000s-1. The high shear rate region occurs on the shaft surface facing inlet blood flow and the 
cone tip. For scale, the length of the exposed pin is about 1.5 mm. Thus, the pump head subjects the 
blood to both very high shear rates and very low shear rates at artificial plastic surfaces, while the 
metal pin is exposed to high shear rate blood flow. 
 

    
Figure 3. Iso-volume view with high/low shear rate  

(Left: Under 50s-1, Center: Over 1,000s-1, Right: Close view of over 1,000s-1) 
 
3.2 Shear strain rate around the shaft respect to radius change 
 
As thrombus accumulates around the bearing pin, the growing thrombus will change the 
dimensions of the shaft. We modeled the thrombus growth as an increase in shaft diameter. The 
shaft radius was changed from 1.6mm to 2mm and then 3mm to quantify the difference in shear 
strain rate around the metal shaft and the cone tip. Figure 4 shows the simulation result with the 
legend ranging from 50s-1 to 2,000s-1. Blood flows from upper right corner to left bottom and path 
lines are colored with velocity 0m/s to 1m/s. The cone tip region shows the highest shear strain rate 
over 2,000s-1. With the increase of the axis radius, the surface area of high shear rate around the 
shaft increases. The maximum shear rate on the shaft appears at the surface facing the blood flow 
for radius 1.6mm and 2mm, but the maximum area shifts to upper side of the shaft as the radius 
reaches 3 mm. The shear rate around the metal bearing shaft is 2,500s-1, but reaches over 5,000s-1 if 
the shaft becomes thicker. 
 

 
Figure 4. Simulation result with varying shaft radius (Left: 1.6mm, Center: 2mm, Right: 3mm) 
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3.3 Conclusion 
 
The shear rate in the Sorin Revolution centrifugal pump was calculated using CFD with a 3D 
computational model. One can compare these shear rates with thrombus location in the Sorin 
Revolution pumps used for pediatric ECMO as described by Hastings et al. [3]. Clinically, gross 
thrombus uniformly originates at the metal bearing pin, but is absent in the deep valleys of the 
vanes or the tips of the vanes. Thus, thrombus is strongly associated with high shear rates at the 
metal pin, but not associated with the high shear rates at the vane tips with a plastic surface. As the 
clinical thrombi have a platelet-rich appearance, high shear rates are a likely contributor to the 
thrombus formation [10]. Surprisingly, in contrast to some hypotheses, clinical thrombus is not 
associated with regions of very low shear rates in the valleys of the vanes or areas of normal shear 
rate throughout the centrifugal pump. The results indicate that pathologically high shear rates are 
not a sufficient condition for thrombosis, but may require a permissive surface for initiation. Here, 
such a permissive surface may be the metal bearing pin. This study does not test the possibility that 
thrombus forms from the metal at only very high shears or that it might form on metal even with 
normal or low shears. Nonetheless, the CFD results combined with the clinical gross pathology 
results suggest that thrombosis may be reduced by reducing the high shear rates at the pump 
entrance or by replacing the metal surface. We will explore these modifications in future work.      
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SUMMARY
Thrombosis is a major concern in blood contacting medical devices. Contact activation, which is the
initial part of the coagulation cascade, is not taken into account in current predictive models. The
present study investigates the role of the contact system in device related thrombosis. Coagulation
reactions are coupled with a fluid solver to account for convective and diffusive transport. Preliminary
results align well with experimental regions prone to thrombosis.

Key words: Thrombosis, medical devices, contact system

1 INTRODUCTION

Thrombogenic performance of blood coated medical devices remains an issue in clinical practice.
Thrombus formation has been observed in cathethers [1] or in ventricular assist devices [2]. In general
thrombus production may lead to device malfunction, thromboembolism or haemorrhagic stroke due
to anti-coagulant therapy. Preventive strategies like material adhesion inhibition, materials coatted
with anticoagulants or anticoagulant therapy are commonly use [3]. Recently CFD models have been
used to predict thrombus growth in vivo [4]. These types of models include the extrinsic part of the
coagulation cascade, platelet activity and in some cases fibrin formation. In blood contacting medical
devices, flow properties and platelet activity have been considered in CFD predictive models [5, 6].
While flow properties and platelets have an important role, other major players like the complement
and contact systems must be studied as pointed out by Gorbet and Sefton [7]. To the knowledge
of these authors, only two models have considered the contact system [8, 9]. These mathemathical
models consider an idealized version of the flow or reduced kinetic schemes. In parallel a chemical
model that considers the contact system has been developed by Chatterjee et al. [10] to predict
thrombin production times in quiescent blood samples. In the present study we use the chemical
model of Chatterjeee in a CFD code to relate the contact system with more realistic flow conditions.

2 METHODOLOGY

An in-house CFD software YALES2BIO (http://www.math.univ-montp2.fr/yales2bio/)
is used to compute the incompressible Navier Stokes (NS) equations. YALES2BIO has massive par-
allel capabilities and uses high order finite volumes schemes to solve NS equations on unstructured
meshes [11].

2.1 Biochemical reactions

The contact system kinetic model is implemented in YALES2BIO. The use of this particular model
allows to predict thrombin production in the absence of tissue factor by initiating the cascade of
reactions at the artificial wall. Only the part concerning the contact system is considered without
taking coagulation inhibitors into account. The reactions that are taken into account are the following:

XII
k1 XIIa {1}

86

http://www.math.univ-montp2.fr/ yales2bio/


XIIa + XII
k2
k3

XIIa/XII
k4 XIIa + XIIa {2}

XIIa + PK
k5
k6

XIIa/PK
k7 XIIa + K {3}

XII + K
k8
k9

XII/K
k10 XIIa + K {4}

PK + K
k11 K + K {5}

XIIa + XI
k12
k13

XIIa/XI
k14 XIIa + XIa {6}

XIa + XI
k15
k16

XIa/XI
k17 XIa + XIa {7}

The first reaction {1} of the model is applied as a wall boundary condition where the diffusive flux
of species XIIa is equal to the reaction source term. In this set of reactions, Prekalikrein (PK) and
Kallikrein (K) are involved in the activation of factor XIIa. The overall set of reactions that are taken
into account leads to the production of factor XIa. The source terms Ri in the convection-diffusion-
reaction equations are computed accordingly,

∂Ci

∂t
+∇ · (Ciu) = ∇ · (Di∇Ci) +Ri (1)

where Ci are the coagulation factors concentrations, Di the diffusion coefficient of the i species and
u is the velocity flow field.

2.2 Code validation

Several test cases were developed in order to validate the implementation of Eq. 1 in YALES2BIO.
0D simulations were compared against analytic solutions to validate reactions of the type Michaeles
Menten as well as first and second order reactions. In addition, a simple test case involving both
volume and surface reactions was developed. This calculation allowed us to assess the diffusion and
reaction terms interacting at the same time. Figure 1 shows the setup of the case, where the species A
reacts in the volume to form species B and on the bottom surface to form species As. The boundary
condition at the upper wall y = h is A = α. The time evolution at the lower wall is also shown in
Fig. 1 where numerical and analytic results are compared.

A(h) = α

A→ B

A→ AsReactive wall

Periodicity

Figure 1: Set up of the numerical case. Surface rate of reaction ks = 1.0× 10−4 s−1, volume rate of reaction
kv = 1.0 × 103 s−1, species A concentration at the upper wall α = 1.0 µM, initial concentration of all the
species is 0, diffusion coefficient of species DA = DB = 1.0× 10−2 m2 s−1, channel height h = 0.01 m

2.3 Application: Backward Facing Step (BFS) configuration

The kinetic model of Chatterjee (reactions {1} - {7}) is used in a 2D (BFS) geometry inspired from
the experimental configuration of Taylor et al. [5]. These authors measured the topographic evolution
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of a thrombi formed by circulating bovine blood throw the step. The BFS configuration allows to
study flow separation which is common among medical devices and has been related to thrombosis.
The computational domain use in the simulations is shown in Fig. 2.

No slip (reactive) wall

Inlet Outlet

hs = 2.5 mm

L = 200 mm

H = 10.0 mm

P1 P2 P3

Figure 2: Backward Facing Step simulation set up. Pi are the local probes on which data is recorded over time

The parameters that are needed for the simulations, namely the diffusion coefficients and the reaction
rates, were taken from the literature [12, 10, and references therein]. Inlet velocity was set toUx = 0.2
m s−1 to mach experimental upstream velocity. The inlet conditions for the coagulation factors are
taken form Chatterjee (XII0 = 0.34 µM, XI0 = 0.031 µM , PK0 = 0.45 µM) which matched
normal physiological concentrations. A 4th-order central scheme in space and a 4th-order Runge-
Kutta scheme in time were used to solve the Eq.1 and also to advance the fluid equations. The time
step was calculated from the species Fourier number which was smaller than Foi = Di∆t

∆x2 < 0.3
to ensure stability. The simulations were run until a steady state concentration of the coagulation
factors is reached. The upstream Reynolds number of Re = 430 is used to validate the length of the
recirculation region against a BFS numerical benchmark of Kim and Moin [13].

3 RESULTS AND CONCLUSIONS

A steady state solution was obtained as shown in Fig. 3. The steady concentration of activated factor
XI was attained after t = 20s. In contrast the steady state solution for the fluid was reached after
t = 1s illustrating the computational cost of including coagulation reactions into the model. Note that
the initial condition inside the BFS showed no influence on the steady state solution.

Figure 3: Point probes time evolution of factors XIa and XIIa. The position of the probes is shown in Fig. 2

Figure 4 shows that Factor XIa is formed with a higher concentration in the recirculation zone. This
can be explained by longer residence times in this region which enhance the cascade of reactions that
results in the production of Factor XIa. Even though the current results do not include coagulation
inhibitors or the rest of the coagulation cascade, the zone with activated factor XIa matched qualita-
tively the clot zone observed experimentaly [5].

In conclusion current CFD models that predict thrombotic performance in medical devices do not
consider the contact system. This first study showed that the initiation of thrombosis using the contact
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system aligns well with the experimental zone prone to thrombus formation. 3D computations and
simulations including the extrinsic part of the coagulation cascade are under progress and will be
presented at the conference.
ACKNOWLEDGMENTS: We are grateful to the CONACyT, Mexico scholarship and the LabEx
Numev (convention ANR-10-LABX-20) for their financial support.

Figure 4: Normalized concentration of factor XIa by XI= 0.031 µM
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SUMMARY
Platelet aggregation is a fundamental process involved in hemostasis. Growing evidence suggests that
platelets can aggregate beyond the initial collagen-bound layer prior to activation. In this study, we
extend our previous continuum model of platelet deposition and aggregation under flow which allows
platelets to cohere transiently before activation. Results from the updated model are compared to
results from our previous model and show that platelet cohesion before activation leads to significantly
larger platelet aggregates.

Key words: platelet aggregation, blood clotting, mathematical biology, fluid dynamics

1 INTRODUCTION

Platelet aggregation and blood coagulation are two intertwined subprocesses that occur in response to
vascular injury. When such an injury occurs, collagen becomes exposed to blood, enabling adhesion
of nearby platelets to the site of injury. Concurrently, tissue factor also becomes exposed and initiates
the biochemical reactions of blood coagulation. Thrombin, the major product of coagulation, triggers
several positive feedback loops that further propagate clot formation by activating additional plasma
proteins involved in coagulation and activating platelets to become procoagulant and support coagu-
lation reactions on their surfaces [2]. Finally thrombin cleaves fibrinogen into fibrin, stabilizing the
platelet aggregates, leading to the cessation of bleeding.

Growing evidence suggests that platelets aggregate beyond the initial collagen-bound layer prior to
activation[3, 8]. The mechanism for this is the attachment of GPIb receptors on the transient, unacti-
vated platelets to von Willebrand factor molecules on the bound platelets. The attachment slows the
platelets down, increasing the time of exposure to activating agonists at the injury site. In addition,
platelets can be activated in different ways and thus may have different activation states; activation
leads to release of their granules that contain molecules such as ADP, but only some activated platelets
display a procoagulant surface [2]. Fully procoagulant platelets have either been directly exposed to
collagen and/or high concentrations of thrombin (≈ 20 nM) [1].

To date, only a few mathematical models have considered platelet aggregation before activation under
flow. These models vary in their type, i.e., discrete, continuum or hybrid models of platelet aggre-
gation. Two of said hybrid models use dissipative particle dynamics to represent platelets as small
volumes of discrete particles [6, 7]. Platelet activation in these models is purely mechanical and
does not consider any biochemical agonists to initiate the different activation states. Our previous
continuum models assumed that platelets were either unactivated or fully activated by either ADP or
thrombin; cohesion was only allowed for the activated ones [4, 5].

Here, we propose an update to our previous continuum model of platelet aggregation to allow for
aggregation before activation. We introduce a new species of unactivated platelets that can transiently
bind to a bound-platelet aggregate. The new model tracks five species of platelets as a system of dif-
ferential equations, subject to flow modeled by the incompressible-Navier-Stokes equations. Platelet
aggregation is coupled to the fluid flow by incorporating a Brinkman term, which treats the aggregate
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as a porous matherial to limit flow where there are bound platelets. We use our model to explore
platelet aggregation without coagulation whereby the platelets are either activated by ADP released
from nearby bound, activated platelets or due to direct adherence to collagen. Results from the up-
dated model are compared to results from our previous model and show that platelet cohesion before
platelet activation leads to significantly larger platelet aggregates.

2 METHODOLOGY

In this study we simulate platelet aggregation under flow in a two-dimensional channel that is ap-
proximately 60 µm in diameter and 120 µm in length. There is a portion along the bottom boundary,
about 75 µm long, upon which platelets adhere to collagen. In time, we track the number densities of
five species of platelets, denoted by Pm,u, Pm,s, P b,s, P b,u and P cb,a, which are mobile unactivated,
mobile sticky, platelet-bound sticky, platelet-bound unactivated, and, collagen-bound activated, re-
spectively. The ‘sticky’ attribute represents a state of partial activation whereby the platelets have
been stimulated with ADP and can cohere with other platelets. The bound, sticky platelets will re-
main bound after cohering to an aggregate in contrast to the bound, unactivated platelets that can be
released back into the surrounding fluid. The equations that describe the evolution of the five classes
of platelets are as follows:

∂Pm,u

∂t
= −∇ ·

{
W (φT )

(
u Pm,u −D ∇Pm,u

) }︸ ︷︷ ︸
Transport by advection and ‘diffusion’

+ koffP
b,u︸ ︷︷ ︸

Release of P b,u

(1)

− kadh(x)
{
Pmax − P cb,a

}
Pm,u︸ ︷︷ ︸

Adhesion to exposed collagen

− {A([ADP])}Pm,u︸ ︷︷ ︸
Partial activation by ADP

− kcoh g(η) Pmax P
m,u,︸ ︷︷ ︸

Cohesion to bound platelets

∂Pm,s

∂t
= −∇ ·

{
W (φT )

(
u Pm,s −D ∇Pm,s

) }
− kadh(x)

{
Pmax − P cb,a

}
Pm,s (2)

+ {A([ADP])}Pm,u − kcoh g(η) Pmax P
m,s,

∂P b,s

∂t
= −kadh(x)

(
Pmax − P cb,a

)
P b,s + kcoh g(η) Pmax P

m,s +A([ADP])P b,u, (3)

∂P b,u

∂t
= −kadh(x)

(
Pmax − P cb,a

)
P b,u + kcoh g(η) Pmax P

m,u −A([ADP])P b,u (4)

− koffP
b,u,

∂P cb,a

∂t
= kadh(x)

(
Pmax − P cb,a

)
(Pm,u + Pm,s + P b,s + P b,u), (5)

where φT is the volume fraction of all platelet species. The function W (φT ) = tanh (π(1− φT ))
multiplies the mobile platelet flux terms to represent a hindrance due to the fact that platelets have
size and may not move as readily as fluid through a region that is already partially occupied by bound
platelets. Details about this function, the spatially-varying adhesion function kadh(x), the cohesion
function kcohg(η), and the activation function A([ADP ]) can be found in [4]. We assume that ADP
is released from a platelet over a period of 1-5 seconds after activation and that ADP can activate
platelets if its concentration reaches approximately 1 µM. The equations describing the evolution of
ADP in space and time is

∂[ADP ]

∂t
= −∇ ·

(
u [ADP ]−D ∇[ADP ]

)
+ σrelease, (6)

91



where σrelease is the source term due to ADP released from platelets defined in detail in [4]. Finally,
the fluid motion is described by the Navier-Stokes-Brinkman equation

ρ(ut + u · ∇u) = −∇p− µ∆u− µα(φB)u, (7)

∇ · u = 0, (8)

where α(φB) represents the frictional resistance to the fluid motion due to the presence of bound
platelets via their volume fraction, φB , and is in the form of a second-order hill function. A Poiseuille
velocity profile with 500/s shear rate is prescribed for the upstream boundary condition with a ho-
mogeneous Neumann condition downstream and no-slip conditions on the top and bottom walls. We
solved our model equations using the same methods described in [4]. Briefly, we used finite-difference
methods on a uniform mesh and employed a second-order projection method for the fluid equations
and a fractional-step method for the advection-diffusion-reaction equations.

3 RESULTS AND CONCLUSIONS

In Figure 1, we show the spatial distribution of bound platelets (top), mobile platelets (middle), and
ADP (bottom) for the cases where platelets can (right) or cannot (left) transiently bind to other ad-
herent platelets before being activated, after 500 seconds of activity. The plots on the right show that
the transient binding of P b,u allows for more platelets to become partially activated and thus they be-
come more firmly bound leading to a larger, stable aggregate. Without the transient binding of P b,u,
platelets must first come into contact with ADP before cohering. Because of the finite-time release of
ADP (only for 1-5 seconds), without adding more activated platelets to the mass to become activated
and release more ADP, there is only a short period of time in which unactivated platelets will have
a chance of activation and thus the aggregate doesn’t grow much beyond the initial collagen-bound
layer. In contrast, with transient binding of P b,u, the population of P b,s increases on the the aggregate
and can release more ADP; we see this in Figure 1 after 500 seconds where there is still a substantial
amount of ADP present in and around the aggregate.

Figure 1: Volume fraction of bound platelets (top), unactivated, mobile platelets (middle), and concentration of
ADP (µM) (bottom) after 500 seconds. All plots on the left show the case where activation must occur before
aggregation and on the right, aggregation may occur prior to activation.
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In this study, we introduce an updated mathematical model of platelet aggregation. Our results show
that to get substantial platelet aggregation under flow in the absence of coagulation reactions (throm-
bin), platelets must first transiently bind to increase their chances of becoming activated so they may
firmly adhere to the growing platelet aggregate. In future studies, we will consider how these new
subpopulations of platelet species, in combination with coagulation, change the clotting response to
vascular injury.
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SUMMARY 

 

We present a predictive multiscale framework for simulating flow-induced platelet activation by 

coupling DNS-DPD-CGMD-MD. Direct Numerical Simulations will be employed for devices and 

shear flows; Dissipative Particle Dynamics for viscous flows around platelets; Coarse Grained 

Molecular Dynamics for a biomechanical-based platelet model; Molecular Dynamics for filopodia 

formation and microtubular rearrangements. A vast range of spatiotemporal scales is covered to 

model macroscopic devices, mesoscopic fluids and microscale platelets. We validated the platelets 

properties by correlating simulations with in vitro experiments. This model can be used to predict 

platelets activation leading to thrombus formation in prosthetic cardiovascular devices and vascular 

disease processes. 

 

Key words:  Predictive Multiscale Modeling, Platelet Activation, Dissipative Particle Dynamics, 

Coarse Grained Molecular Dynamics 

 

 

1   INTRODUCTION 

 

The coagulation cascade of blood may be initiated by flow-induced platelet activation, which 

prompts clot formation in prosthetic cardiovascular devices and vascular disease processes. Upon 

activation, platelets undergo complex morphological changes. Activated platelets polymerize 

fibrinogen into a fibrin network that enmeshes red blood cells. Continuum methods fail to capture 

the molecular mechanisms such as filopodia formation during platelet activation, while utilizing 

molecular dynamics is computationally prohibitive. A multiscale approach offers a means to bridge 

the gap between macroscopic flow and the cellular scales. 

 

We’re expanding an existing predictive multiscale model to incorporate a continuum-based 

approach by combining Direct Numerical Simulations (DNS) with immersed boundary (IB) 

method for mesoscale blood flow and organs or devices; and a Dissipative Particle Dynamics (DPD) 

model of viscous flow that interfaces with Coarse Grained Molecular Dynamics (CGMD) model of 

mechanobiology-based platelets, to simulate their activation via mechanotransduction pathways. 

This model bridges the gap between macroscopic transport flow-induced platelet activation scales 

and the ensuing molecular events. Fig. 1 shows the range of multiple spatiotemporal scales in this 

multiscale computational model. Platelets dynamically change their shapes in viscous shear flows 

and synergistically activate by a biomechanical transductive linkage chain. The DNS model 

captures the complex flow field in the macroscale and yields the velocity and pressure profiles that 

are converted to time-dependent adjustable body forces for the DPD model. The CGMD platelet 

model is embedded in the DPD blood flow model, with macroscopic dynamic stresses interactively 
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transferred to the platelet model. Hemodynamic stresses that lead to platelet activation and 

filopodial formation are mapped on the membrane and simultaneously transmitted to its 

cytoskeleton. Upon activation, platelets with intracellular constituents evolve as they lose their 

quiescent discoid shape and form filopodia. Actin filaments that are exposed to the highest stresses 

undergo filopodial formation. Model predictions are correlated with in vitro results. 

 

 

Fig.1 A range of multiple spatiotemporal scales that are covered in the multiscale computing 

framework for simulating flow-induced platelets activation by using DNS-DPD-CGMD-MD 

 

 

2  METHODOLOGY 
 

Our multiple spatiotemporal methods employ DNS to describe the complex blood flow at the 

organ/device scale with integrated boundary-fitted curvilinear grids and sharp interface IB [1], 

DPD to describe viscous blood flow in the cases of stenosis and microchannels [2], and CGMD to 

model the intra-platelet constituents [3]. Spatially, the DPD-CGMD interface was established by 

imposing a hybrid force field [4]. A 4-level multiple time-stepping (MTS) scheme was used [5] as 

an efficient and ultra-scalable numeric solver on top supercomputers [6]. Fig. 2 showed the 

schematic of the multiscale models for simulating flow-induced platelet activation. 

 

 

Fig.2 A schematic of the multiscale computing framework 

 

In the mesoscale, we enhanced the conventional DPD formula by adding a Morse-based repulsive 

term for favorably producing Poiseuille flow of an incompressible fluid through a stenosis where 
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the compressibility becomes a problem for DPD [2, 7]. We conducted a comparative study to 

investigate the fluid flow properties of DPD-Morse and DPD fluids through a 67% stenotic 

microchannel. Our DPD-Morse can extend the conventional DPD to sustain large compression 

caused by a stenosis. 

 

In the nanoscale, we built a mechanobiology-based platelet model by describing key constituents 

and biophysical properties [3, 8]. We modeled a bilayer membrane, ellipsoid based discoid shape, 

rigid filamentous core, gel-like cytoplasm using the Morse potential [7], and filamentous actin. An 

α-helix structure was used to mimic a protrusible actin filament. 

 

We validated our numerical method by correlating numerical simulations and model predictions 

with in vitro platelet activation experiments. Purified platelets [8] were prepared from whole blood 

obtained from consenting healthy donors of both genders. Platelets were exposed in a 

Hemodynamic Shearing Device to different shear stress-exposure time combinations up to 50 

dyne/cm
2
 and 4 min, respectively. Platelet samples were fixed with 2% glutaraldehyde, mounted on 

poly-L-lysine coated glass slides, and dehydrated through an ethanol series prior to imaging with 

scanning electron microscopy. We particularly examined the average number of visible filopods per 

platelet, circularity of activated platelets, and the position, length and the aspect ratio of the 

filopods. 

 

  
Fig 3: Mechanotransduction of the hemodynamic stresses 

and filopodial formation for flow-induced activated platelets 

in shear flows (2 filopods for activated platelet) 

Fig 4: Morphological comparison 

between numerical model (a) and 

in vitro results (b-d) [9, 10].  

 

 

3  RESULTS AND CONCLUSIONS 

 

Our multiscale model describes the biophysical properties for platelets down to the nm-length and 

ps-time scales [3]. Membrane Young’s modulus is 31.2 µN/m and shear elastic modulus is 

33.0±9.0 µN/m. Cytoplasm viscosity is 4.1 mPa·s. Actin filament stiffness is 56.3±1.0 pN/nm. 

 

Using this model, we simulated the flow-induced platelet activation (Fig. 3). We assessed shear 

stress accumulation for flowing platelets during a flipping period. When platelets were flipping in 

the viscous blood flow, dynamic stresses were mapped on the membrane and transmitted to the 

cytoskeleton, with simultaneous accumulation of the mapped stresses over the period. This 

emulated the effect of mechanotransduction process of dynamics stresses in platelets. Filopodial 

formation is applied to actin filaments that are exposed to the highest stresses. 

 

We correlated the morphological changes for activated platelets between the numerical simulations 

(A) and the in vitro results (B-D) (Fig. 4). The morphological details of our platelet model is shown 

in Fig. 4A. Fig. 4B is an SEM image for cytoskeleton reorganization, while Fig. 4C is the surface 

of activated platelets [9]. Fig. 4D is the rendered view of a tomographic volume for a filopod [10]. 
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We correlated our numerical results for flow-induced platelet shape change with in vitro results. We 

counted the average number of visible filopods per platelet, the circularity of activated platelets, 

and the position of filopods of varying lengths. The in vitro results show that the average number of 

visible filopods is 2-3 per platelet, and their lengths ranged between 0.5 to 1.0 μm. The long 

filopods grew mostly on the edge of a platelet, while the filopods on the center were short. The 

majority of activated platelets preserved their ellipsoid shape and their circularity had no significant 

change. Our model assembled 44 actin filaments so it was capable of imitating enough visible 

filopods. In addition, our model also agreed with the preservation of the discoid shape and reflected 

the position of the short and long filopods. 

 

Our simulations do not only agree with the in vitro results but also suggest new testable predictions. 

Our results reveal that (i) decreasing membrane stiffness plays an essential role in promoting the 

formation of long filopods. In addition, (ii) increasing numbers of longer filopods, for highly 

activated platelets, strongly correlates with microstructural rearrangement and mechanical 

properties. We show that a platelet needs to sustainably increase its protrusive force to grow a 

longer filopod and requires a stronger cytoskeleton to support more filopods growing radially 

outward. In this, a stronger structural arrangement and a stiffer mechanical property are supportive. 

 

Our approach is the first computationally affordable numerical method for simulating the platelet 

activation by highly resolved mapping of mechanical stresses on the cytoskeleton in dynamic flow. 

Biophysical properties of a platelet are accurately described down to nm-length and ps-time scales. 

The viscous flows are described at µm-length and ns-time scales. Phenomena of filopodia 

formation are mimicked and correlate well with in vitro results. This model can be further 

employed to model the initiation of thrombosis in blood flow and study the effects of modulating 

platelet properties to enhance their shear resistance via mechanotransduction pathways. 
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SUMMARY 

 

A multiscale model of thrombosis under flow was developed.  Platelet locations and binding were 

calculated by lattice kinetic Monte Carlo. Individual platelet calcium levels were predicted by 

neural networks trained by pairwise agonist scanning data. Velocities and soluble species 

convection-diffusion were calculated by lattice Boltzmann and finite element method, respectively.  

Simulations predicted platelet deposition dynamics for whole blood flowing over collagen/tissue 

factor (TF) surfaces that were consistent with microfluidic measurements under diverse 

pharmacological conditions and [TF].  This modelling approach allows efficient multiscale 

calculations, from the single cell to the whole vessel scale.  

  

Key words:  Thrombosis, Multiscale Modelling, Platelets, thrombin, ADP, thromboxane 

 

 

1   INTRODUCTION 
 

Platelets play a critical role in primary hemostasis to prevent blood loss due to vessel injury.  

Secondary hemostasis requires tissue factor (TF) to activate the coagulation protease cascade 

leading to thrombin generation and subsequent fibrin polymerization to stabilize the clot. 

Unfortunately, during atherosclerotic plaque rupture that initiates a heart attack, flowing blood is 

exposed to a highly procoagulant surface containing tissue factor (TF). Platelets are captured from 

flow and activate on collagen. Intracellular calcium mobilization results in integrin activation and 

firm arrest, dense granule release of ADP, activation of cycloxygenase-1 (COX1) with consequent 

thromboxane (TXA2) synthesis, and phosphatidylserine exposure. Both ADP and TXA2 are 

autocrinic species that enhance platelet activation and are highly targetable by drugs (e.g., P2Y12 

inhibitors and aspirin) to reduce risk.  

 

Thrombosis is the result of complex biological processes that occur in space and time and are 

coupled to prevailing hemodynamics that dictate cell collision rates, dilution of reactive species, 

and forces on clot ensembles. Computational modeling of thrombosis has now advanced to the 

stage where patient-specific hemodynamics, platelet signaling models, and bottom-up models of 

coagulation can be applied to predict thrombus formation dynamics. 

 

In prior work [1], a multiscale platelet deposition model utilized a 4-agonist (ADP, TXA2, collagen, 

prostacyclin) neural network (NN) to predict platelet dynamics under venous and arterial shear 

condition in the absence of thrombin. This NN was trained using calcium traces obtained for all 

single and pairwise combinations of agonists at low, medium, and high concentration.  In this 

pairwise agonist scanning (PAS) experiment, ADP and mimetics for collagen, thromboxane, and 

prostacyclin were used to quantify P2Y1/P2Y12, GPVI, TP, and IP signaling, respectively, for NN 

training.  Along with NN for platelet signaling, the multiscale platelet deposition model utilized a 

velocity field solved by lattice Boltzmann (LB) and prevailing concentration profiles obtained by 

finite element (FEM) solution of convection-diffusion partial differential equations (PDEs). Platelet 

motion and binding/unbinding were solved stochastically by the lattice Kinetic Monte Carlo 

method (LKMC). 
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In the present study, the multiscale model has been expanded and refined in several important 

aspects: (i) the NN prediction of platelet calcium was expanded to include thrombin in the PAS 

training set averaged over 10 healthy donors (50% male) [2]; (ii) the FEM mesh for solution of 

ADP, TXA2 and thrombin spatiotemporal concentrations was adaptively refined based on platelet 

activation; (iii) individual platelets were allowed to find the most stable nearby position of greatest 

bonding after initial capture to the clot; (iv) thrombin was released from the wall into the clot 

assuming a parameterized curve with initiation and decaying stages; (v) flow fields were calculated 

for either constant flow rate (non-physiologic but experimentally accessible) or constant pressure-

drop (full channel occlusion possible) and (vi) platelet accumulation in a stenotic channel 

mimicking the cardiovasculature of patients with coronary artery diseases was also predicted by the 

model. 

 

The adaptive meshing algorithm allowed for efficient calculation of soluble species transport with 

ongoing platelet capture and activation. The remodeling algorithm was embedded in the LKMC 

model to achieve more realistic clot morphologies. The simulated platelet deposition results were 

compared to two different modes of microfluidic experiments (the constant flow and pressure relief 

mode). In the constant flow mode, blood was perfused at constant flow rate through a microfluidic 

device where growing platelet deposits experience increasingly high shear as the clot grows across 

the channel. In the pressure relief mode, flow was diverted from the occluding channel to an open 

non-clotting channel so that clots were able to grow completely across the channel until flow 

stopped.  The multiscale model accurately simulated the platelet morphology and clot growth rates 

observed in the two different modes and provided quantitative predictions on platelet deposition 

dynamics consistent with experiments with healthy human blood treated with the Factor XIIa 

inhibitor, corn trypsin inhibitor (CTI). 

 

2  METHODOLOGY 
 

The overall computational framework utilized 4 coupled modules (Figure 1). At the center of the 

framework, a lattice kinetic Monte Carlo (LKMC) simulator was used to evolve platelet positions 

in time on a regular square grid. The LKMC simulation was informed by 3 other computational 

modules (Fig. 1D-F) to fully specify rates for the various platelet events (e.g., translation, binding, 

unbinding). First, the velocity field that convects the platelets across the microchannel from 

entrance to exit was computed with the lattice Boltzmann (LB) method.  The LB simulation 

assumes a quasi-steady flow profile that depends on the instantaneous thrombus boundary location 

and is resolved at a resolution approaching the single platelet scale.  Next, the concentration 

profiles of the soluble platelet agonists (ADP, TXA2, and thrombin) were described by a system of 

convection-diffusion-reaction equations that were solved using finite element method (FEM). 

Finally, the activation state of each platelet, as defined using a metric based on intracellular calcium 

[Ca
2+

(t)]i was calculated in time using the neural network (NN) model for the unique 

multicomponent agonist exposure experienced by each platelet.  The connectivity between these 

various computational modules is shown in (Fig. 1D-E). 

 

3  RESULTS AND CONCLUSIONS 

 

In both experiments and corresponding simulations (Figure 2), 2 different flow modes were 

considered: the constant flow rate mode and the pressure relief mode.  In the constant flow rate 

mode, blood was perfused at a constant flow rate to ensure the initial inlet wall shear rate of 200 

sec
-1

 was maintained during the entire course of the experiment and simulation. This is an easily 

and commonly achieved experimental condition by setting a constant pump speed at the start of the 

experiment, but this flow mode is not physiological. There was a considerable increase in wall 

shear rate along the platelet-fluid boundary in the simulation. As the thrombus started to grow to 

the point where no more platelets could form a stable bond with the existing thrombus, the shear 

rate became highly variable along the thrombus contour and reached a maximum shear of about 

3000 sec-1 (a pathologically high shear rate).  At approximately 350 sec, the platelet accumulation 

rate was significantly reduced.  At 400 sec, the thrombus grew to approximately 85% occlusion 

with a maximum height of about 50 μm.   
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The model was also extended from a 2D rectangular microfluidic channel to a stenotic channel 

configuration (3000 μm in diameter). The platelets were shown to undergo circulating motion due 

to the presence of stenotic flow disturbance. The model was able to predict similar thrombus 

growth process at the poststenotic segment (Figure 3). 
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Figure 1.  Multiscale model of thrombosis. A 2D simulation domain was defined to correspond to 

microfluidic geometry (A, B).  Lattice kinetic Monte Carlo (LKMC) accommodated 

probabilities for platelet convection, dispersion, and activation-dependent binding (D) and was 

incorporated in multiscale calculation of thrombosis (D, E) using a platelet neural network 

model of activation trained from laboratory data (F). 
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Figure 2. Thrombus formation under constant flow and pressure relief settings  

 

 
 
Figure 3. Platelet accumulation at the poststenotic segment where a distal vortex forms due to 

boundary layer separation and reattachment. 

 

101



 

5th  International Conference on Computational and Mathematical Biomedical Engineering – CMBE2017 

10-12 April 2017, United States 

P. Nithiarasu, A.M. Robertson (Eds.) 
 

COMPUTATIONAL PREDICTIONS OF EMBOLUS TRANSPORT IN 
A PATIENT-SPECIFIC GEOMETRY OF THE HUMAN IVC 

 
Kenneth I. Aycock*,†,1, Robert L. Campbell*,‡,2, Keefe B. Manning†,¶,3, and Brent A. Craven§,4 

*Applied Research Laboratory and Departments of †Biomedical Engineering and ‡Mechanical and 
Nuclear Engineering, The Pennsylvania State University, University Park, PA, USA 

¶Department of Surgery, Penn State Hershey Medical Center, Hershey, PA, USA 
§Division of Applied Mechanics, Office of Science and Engineering Laboratories, Center for Devices 

and Radiological Health, U.S. Food and Drug Administration, Silver Spring, MD, USA 
1 aycock@psu.edu, 2 rlc138@arl.psu.edu, 3 kbm10@psu.edu, 4 brent.craven@fda.hhs.gov 

 
SUMMARY 

 
Computational simulations of embolus transport and capture are performed in a patient-specific 
IVC geometry using a resolved two-way coupled approach. Simulations predict that the embolus-
trapping efficiency of an IVC filter increases with increasing embolus diameter (3mm versus 5mm) 
but is unaffected by IVC orientation (supine versus upright). Future work will compare embolus-
trapping statistics in idealized and patient-specific IVC geometries. 

 
Key words:  inferior vena cava filter, embolus transport, computational fluid dynamics, immersed 
boundary method, coupled CFD/6-DOF, patient-specific modeling 
 
1   INTRODUCTION 
 
Inferior vena cava (IVC) filters are percutaneous medical devices that are placed in the IVC to 
prevent pulmonary embolism (PE) by mechanically blocking the passage of thromboemboli to the 
heart and lungs. Unfortunately, recurrence of symptomatic PE following IVC filter placement has 
been reported (e.g., in 3% of cases at three month follow-up in [1] and in 6% of cases at eight-year 
follow-up in [2]), indicating that filters do not capture all hazardous thromboemboli. 
 
Although numerous laboratory experiments have been performed to quantify the embolus-trapping 
performance of IVC filters on the bench (e.g., [3,4]), the geometry of the human IVC is highly 
idealized in these studies. Furthermore, a recent study [5] revealed that anatomically realistic IVC 
geometries generate secondary flow in the infrarenal IVC (Fig. 1) that likely affects embolus 
trajectories [6] and may influence the embolus-trapping performance of IVC filters. Thus, the true 
in vivo embolus-trapping performance of filters is unclear. 

 
Figure 1 – Velocity contours on a slice perpendicular to the direction of the flow visualizing the secondary 
flow in an anatomically realistic patient-specific IVC geometry. Counter-rotating vortices are present due to 
the anteroposterior curvature of the IVC. [5] 
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In this study, we leverage computational modeling and simulation to investigate the embolus-
trapping performance of an IVC filter in an anatomically realistic, patient-specific IVC geometry 
derived from medical imaging data. 
 
2  METHODOLOGY 
 
Embolus transport simulations are performed using a resolved two-way coupled computational 
approach that was developed and for which verification and validation evidence was provided in a 
previous study [7]. The approach combines computational fluid dynamics (CFD) simulations of 
blood flow with six-degree-of-freedom (6-DOF) simulations of embolus translation and rotation 
and resolves the presence of the emboli in the flow using an immersed boundary method [8]. 
 
Simulations are performed in a patient-specific geometry of the IVC generated from computed 
tomography data. Virtual placement of a commercially available IVC filter is performed using a 
previously developed nonlinear finite element analysis approach [9]. Blood is modeled as a shear-
thinning, non-Newtonian fluid using the Carreau viscosity model and model constants taken from 
the literature [10]. Steady, fully-developed non-Newtonian flow is prescribed at the iliac (0.6 LPM) 
and renal (0.4 LPM) vein inlets [11]. The Reynolds number based on the average hydraulic 
diameter of the infrarenal IVC is approximately 200. 
 
A steady-state flow solution is first obtained in the IVC in the absence of emboli. A series of 
individual embolus transport simulations are then performed wherein a single embolus is injected 
into the IVC upstream in the left or right iliac veins. The initial linear and angular velocities for the 
emboli are interpolated from the steady-state flow solution. Two embolus sizes (3 mm and 5 mm) 
and two IVC orientations (upright and supine) are considered, and 128 emboli are injected into 
each iliac vein for each scenario, yielding a total of 1024 individual embolus transport simulations. 
 
Following the completion of the simulations, embolus pathlines are extracted and embolus-trapping 
efficiencies with asymmetric binomial confidence intervals (95% confidence; [12]) are quantified. 
 
3  RESULTS AND CONCLUSIONS 
 
Emboli travel downstream with the flow and rotate under the influence of fluid shear stresses (Fig. 
2). Emboli that collide with the filter struts are directed toward the vessel centerline, where capture 
is more likely (Fig. 2). The emboli follow helical pathlines due to the presence of counter-rotating 
vortices in the infrarenal IVC (e.g., Fig. 1). 
 

 
Figure 2 – Example simulation of the transport of a 5mm embolus in the patient-specific IVC geometry with 
the IVC in the upright orientation. Anterior (left) and lateral (right) views are shown to visualize the three-
dimensional trajectory of the embolus. 
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The predicted embolus-trapping efficiency increases with increasing embolus diameter (by 37 to 43 
percentage points; Table 1). Interestingly, however, the embolus-trapping efficiency is relatively 
insensitive to changes in IVC orientation (Table 1). This result is in contrast to previous laboratory 
investigations (e.g., [3,4]) that report a decrease in embolus-trapping efficiency in the supine versus 
the upright IVC orientation.  
 
Table 1 – Predicted embolus-trapping efficiencies (mean ± asymmetric confidence interval). 

embolus IVC orientation 
diameter upright supine 

3mm   

5mm   
 
 
In future work, simulations will be performed to predict and compare the embolus-trapping 
statistics of the IVC filter in idealized and more anatomically realistic IVC geometries. 
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SUMMARY
The mechanical behavior of ascending thoracic aortic aneurysms (ATAA) is the center of much in-
terest among biomechanists as it is the cause of many deaths in Europe and in the United States each
year. It is well-known that remodeling of the arterial wall is one of the main reasons for the initi-
ation of ATAA which may lead to rupture or dissection due to excessive local wall stress. Damage
initiation in arteries is still mostly unexplored on the computational side whereas few experimental
studies have already investigated damage and rupture of arteries in vitro using the bulge inflation test.
In the current study we develop a mechanobiologically inspired constitutive damage model based on
the constrained mixture theory. The model is used to study damage evolution for different elastin and
collagen mass fractions. Obtained results demonstrate that damage always initiates at the external
elastic lamina and propagates across the whole media until its rupture. This shows the potential of
the approach to predict the risk of dissection in an ATAAs, which always initiates with a crack in the
media of the thoracic aorta.

Key words: ascending thoracic aortic aneurysms, constrained mixture theory, anisotropic behaviour,
continuum mechanics damage, bulge inflation.

1 INTRODUCTION

Each year, thoracic aneurysms cause death of roughly 30,000 people in Europe and 15,000 people in
the United States. Among this number about 50-60% include ascending thoracic aortic aneurysms
(ATAA). This has altogether encouraged scientists to study the mechanical behavior of the human
aorta. Particularly, because the mechanisms of ATAA rupture is not wellknown, the topic has got a
lot of attention. However it is currently understood that the remodeling of the arterial wall is the main
reason of ATAA growth followed by its rupture when local wall stress exceeds the capacity that it can
sustain [1].
Many different experimental tests were performed on arterial wall tissue to explore its mechanical
behavior; such as uniaxial tests by [2] on flatten dumbbell healthy descending aortic specimens; based
on the presented data they conclude that the maximum tensile strain theory can be the most reasonable
failure theory for aortic tissue. Due to the intermeshing of collagen and elastin fibers in the tissue the
forces probably tend to be shared equally between the collagen fibers. Vorp et al. [1] reported a
significant decrease in the tensile strength of the ATAA specimens and concluded that its formation
was accompanied by the weakening and stiffening of the aortic wall. In contrast, comparing healthy
tissues with ATAA specimens with the results of uniaxial tensile tests, Garcı́a-Herrera et al. [3] did
not find major differences between the mechanical strength of ATAAs and healthy tissues of similar
age. They concluded that the age factor is a significant reason in decrease of strength. Findings of
Duprey et al. [4] indicate that the aortic wall is significantly anisotropic, the tissue being weaker in
the axial direction than in the circumferential direction.
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Although uniaxial tensile tests are useful to determine the failure properties of arterial walls, biaxial
tests may better determine if tissue show any anisotropic behavior. An appropriate alternative to
investigate the biaxial mechanical behavior of the arterial walls can be the bulge inflation technique
[5, 6]. Although the implementation of such a setup needs significant expertise, the application of
advanced digital imaging techniques allow to simultaneously assess the localized stress in the area that
eventually ruptures and the material parameters for constitutive numerical modeling purposes. Quasi-
static bulge inflation tests of Mohan and Melvin [5] on 16 healthy descending aortas demonstrated
that the rupture of aortic tissue is always oriented in the circumferential direction. This is consistent
with the results of Marra et al. [6] obtained from inflation tests of porcine healthy aortic tissues and
with the results of Duprey et al. [4] on ATAAs.
Those studies mentioned above were experimental but none of them was able to analyze locally
the rupture of the tissue from its first initiation. Moreover, all these studies derived average stress
estimation across the thickness of specimens and none was able to show if the rupture initiates at
the location of maximum stress or if the rupture is triggered by the existence of weakened parts
within the tissue. To cover these shortages it is necessary to numerically simulate bulge inflation test
using an appropriate finite element model. Therefore, our objective here is to address these issues by
developing a finite element continuum mechanics damage model based on the constrained mixture
theory.

2 MATERIALS AND METHODS

2.1 Constitutive constrained mixture theorem based formulation

A finite element model based on the constrained mixture theory [7] was developed to couple the
failure of the heterogeneous arterial layers to the complex evolution of damage occurring at the mi-
croscopic structure. At each layer of the arterial wall, a specific constitutive energy function was as-
sumed for each constituent. To define a homeostatic state at physiological pressure and axial stretch,
the concept of constituent-specific deposition stretches was employed [7]. Soft tissues are known to
be highly deformable, yet experience negligible volume changes. For many applications, their behav-
ior can be described by means of decoupled quasi-incompressible hyperelastic models, with damage
affecting solely the deviatoric term. However incompressibility may not be very precise assumption
for loading related to tissue damage. The fact that damage is considered only on the deviatoric part
of the model means that, for a completely damaged structure, a volumetric quasi-incompressible con-
tribution will remain undamaged part. Thus, considering Continuum Damage Mechanics (CDM), a
damaged material was characterized by voids resulting in a loss of the stiffness and strength of each
constituent of the mixture. Moreover, we assumed damage did not occur in smooth muscle cells.
Considering these features and in agreement with the constrained mixture theory, it was assumed that
the strain energy function (SEF) of the arterial wall was a mass averaged function, consequently, the
total specific Helmholtz free energy function can be written as

W = (1−De)ρeW
e
(I

e
1) +

n∑
i=1

(1−Dci)ρciW
ci(I

ci
4 ) + ρmW

m
(I

m
4 ) + U(J) (1)

where superscripts e, ci and m represent respectively the elastin fiber constituent, the constituent
made of each of the n possible collagen fiber families and the SMC constituent, all these constituents
constructing the mixture. In Eq. 1, Dj ∈ [0, 1] is a damage parameter (Dj =0 and Dj =1 indicate
undamaged and completely damaged constituent, respectively), ρj stands for mass fraction, W j the
deviatoric or volume-preserving part of the free energy of intact constituents, depending on the first
(Ij1) and fourth (Ij4) invariants of the related constituents of the mixture (j ∈ {e, ci,m}). U(J) is
volumetric contribution of total free energy. The SEF of elastin constituent is described by a Neo-
Hookean strain energy function such as [7]
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where ce is a stress-like material parameter and Ie
1 = tr(C

e
) is the first invariant of the right Cauchy-

Green stretch tensor of the elastin constituent (Ce
= F

eT
F

e). Noting that Fe
= Je(−1/3)Fe is the
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deviatoric part of the deformation gradient in the elastin constituent, with the volume ratio denoted
as Je = det(Fe) > 0 and det(Fe

) = 1. Considering constituent-specific deposition stretch of the
elastin constituent with respect to the reference configuration, Ge

h, and the corresponding deformation
gradient of the mixture, F, Fe = FGe

h [7]. The mechanical behavior of collagen and of passive SMCs
contributions is described using an exponential expression as in [7]:

W
k
(I
k
4) =

kk1
2kk2

[
ek

k
2 (I

k
4−1)2 − 1

]
(3)

where kk1 and kk2 are stress-like and dimensionless material parameters, respectively, (k ∈ {ci,m}).
I
k
4 = Jk

(−2/3)
Ik4 which is less than one when fiber is under compression and greater than one when

fiber is under tension. Jk = det(Fk) is corresponding Jacobians and Ik4 = Gkh
2
C : Mk ⊗Mk is the

fourth invariants of constituent k. Gkh is the specific deposition stretch of each constituent with respect
to the reference configuration. Mk is the unit vector along the dominant orientation of anisotropy in
the reference configuration for the each family of collagen fibers and of SMCs. Moreover, C = FTF
is the right Cauchy-Green stretch tensor of the arterial wall mixture [7].
Volumetric contribution is given in terms of the bulk modulus, κ, and Jacobian, J = det(F) as

U(J) = κ(J − 1)2 (4)

2.2 Constitutive formulation of damage evolution

Damage model here was formulated in accordance with the principles of continuum damage me-
chanics applied in several previous mechanobiological studies [8]. Therefore, it was considered that
apparent density of the damage evolves in consequence of the mechanical loadings. So, for the evo-
lution of the damage variable, a linear softening law was employed as described in [8]

D = G(ψ) =
1− ψ0

ψ

1 +H
with H = −ψ0

2

2ω
and ψ =

√
2W (5)

where, ψ0 is the initial damage threshold and ω = Ω
L0

represents the fracture energy per unit volume.
Here, Ω stands for the maximum dissipated fracture energy per unit area through the element’s char-
acteristic length in the reference configuration, L0. This localization parameter allows verifying that
energy dissipation is being computed correctly.

2.3 Application to predict damage evolution in bulge inflation test

To simulate the bulge inflation test, it was required to include the mechanical effects due to excising
and cutting of a strip from the in vivo configuration of the tissue. So, before modeling the bulge
inflation test, the reference configuration of an excised strip was set arbitrarily to the one of the
artery in the in vivo conditions of diastole. Then, assigning values taken from literature for the axial
deposition stretch of elastin components and of the two other constituents, a segment of artery was
initially pressurized and axially stretched to find the circumferential component of deposition stretch
of elastin in the in vivo configuration. Afterwards, average deformation gradients of each layer of the
mixture was calculated during the opening and flattening of the tissue, namely Fkf , k = 1, 2, ...,m
with m number of layers. The flattening was modeled by applying appropriate boundary conditions
to the axially cut strip, namely displacement at the cut edge surface. To simulate bulge inflation test,
a quarter of a disc with diameter of 30 mm and with the identical thickness and number of layers
through the thickness as the strip was meshed by quadratic hexahedral elements. There were ten
element through the arterial thickness, m = 10, (five in media and five in adventitia). The disc
was pressurized keeping the primary deposition stretches of each constituent determined from the
reference configuration and applying Fkf on the corresponding layer of the disc. All this process was
applied successfully in the FE analysis using the ABAQUS software through a coupled user material
subroutine (UMAT). To prove the concept of the approach, damage initiation and propoagation was
evaluated for different elastin and collagen mass fractions. It was assumed ρe + ρci = 0.7 and
ρm = 0.28. So, four different cases were investigated where ρe = 0.2, 0.25, 0.3, 0.35. The arterial
disc was pressurized for each case to identify damage initiation.
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3 RESULTS AND CONCLUSIONS

Fig. 1 shows damage propagation for each case studied here. In all cases damage started at the
external elastic lamina (boundary between meadia and adventitia). Interestingly, increasing elastin
mass fraction from 0.2 to 0.35 increased the arterial strength against damage. For ρe = 0.2, 0.25,
0.3 and 0.35 damage starts for pressures of 83 kPa, 88 kPa, 90 kPa and 95 kPa, respectively. On the
other hand, damage always propagated across the whole media at 99 kPa, 113 kPa, 124 kPa and 134
kPa for each case as seen in Fig. 1. The adventitia may undergo damage as well when media is fully
damaged, as this may be visible for ρe = 0.3 and 0.35 (Fig. 1-c and d). This shows the potential of
the bulge inflation test and of the mechanobiologically inspired computational approach to predict the
risk of dissection in an ATAAs, which always initiates with a tear in the media of the thoracic aorta.

(a) (b) (c) (d)

Figure 1: Damage evolution during bulge inflation for a- ρe = 0.2, ρci = 0.5 and P = 99 kPa, b- ρe = 0.25,
ρci = 0.45 and P = 113 kPa, c- ρe = 0.3, ρci = 0.4 and P = 124 kPa, d- ρe = 0.35, ρci = 0.35 and P = 134
kPa.
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SUMMARY 
 

Increasing evidence suggests that intraluminal thrombus plays significant biochemomechanical 

roles in the natural history of abdominal aortic aneurysms. There is a need, therefore, to predict 

where and when such blood clots will form. We present two novel phenomenological metrics that 

have proven useful for predicting the location and the extent of thrombus formation within patient-

specific models of human abdominal aortic aneurysms. The potential utility of these metrics is 

revealed via comparisons between predicted and measured intraluminal thrombus for six cases 

representing a range of lesion sizes and shapes. 

  

Key words:  blood clots, computational fluid dynamics, shape optimization 

 

 

1   INTRODUCTION 

 

Abdominal aortic aneurysms (AAAs) are focal dilatations of the infrarenal aorta that are 

responsible for significant mortality and morbidity. The primary globally accepted clinical metrics 

for deciding intervention are the maximum diameter and the rate of expansion of a lesion. Yet, 

many small AAAs rupture and many larger ones remain relatively stable over long periods [1]. 

Clearly, there is a need for an increased understanding of all aspects of the natural history of these 

lesions to provide clinicians with better information on which to base interventional decisions. 

  

Motivated by the finding that maximum wall stress is a better predictor for aneurysm rupture than 

maximum diameter, diverse computational models have been developed to estimate intramural 

stress distributions in aneurysms [2]. Many such analyses have exploited accurate patient-specific 

geometric information (reconstructed from medical images), but have typically been limited by the 

assumption of homogeneous (population-averaged) material properties throughout the lesion, 

regardless of size or shape. Consequently, these model consistently (probably misleadingly) predict 

marked regional variations in wall stress, in clear contrast with the well accepted hypothesis that 

cells can remodel their surrounding matrix to restore a homeostatic preferred mechanical state. To 

overcome such issues, our group has developed a new class of mechano-biologically driven growth 

and remodeling (G&R) models of AAA evolution based on the idea that cells likely generate 

regional heterogeneities in properties (that reduce variations in wall stress) through the continuous 

site-specific deposition and removal of matrix [3]. 

 

Further complicating the mechano-stimulated evolution of AAAs, however, is intraluminal 

thrombus (ILT), which is found in about 75% of the lesions. There remains significant controversy 

over the precise roles that ILTs may play in the enlargement and eventual rupture of AAAs, yet it is 

likely that they are important both biomechanically and biochemically [4]. Our hypothesis is that 

ILTs, whose formation and evolution is governed mainly by the evolving hemodynamics, may 

regulate the inflammatory response that ultimately impacts the natural history of an aneurysm by 

competing with the mechanobiologically driven response to the initial injury. The goal of this paper 

is to present a proposed model for describing the location and extent of ILT in patient-specific 

models of AAAs, with the ultimate goal of combining such information with G&R simulations to 
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build true fluid-solid-growth models [5] that capture the evolving biochemomechanics of 

aneurysmal progression. 

 

2  METHODOLOGY 

 

We use the open source code SimVascular (http://simvascular.github.io/) to solve the fully 3-D, 

unsteady hemodynamics problem within patient-specific geometries, with prescribed inlet flow 

conditions and RCR-outlet boundary conditions. The blood is assumed to be Newtonian and the 

walls of the diseased aorta very stiff. We then introduce and verify two novel metrics for predicting 

the location and extent of thrombus formation. First, we define a “thrombus formation potential”, 

or TFP, based on the hypothesis that ILT will form within an AAA if two factors coincide spatially 

and temporally. First, platelets must be activated by exceeding a certain “shear history threshold” as 

suggested previously by Shawn Shadden and colleagues. Second, these activated platelets must be 

presented to a “permissive” endothelium, which is rendered permissive via a high oscillatory shear 

stress or a low time averaged wall shear stress. Comparisons of results between non-thrombotic 

regions of the healthy vasculature and thrombotic regions within AAAs suggested a threshold value 

for the TFP that appears to be predictive. Next, we define a “thrombus deposition potential”, or 

TDP, that is based on the assumption that any nucleated thrombus should continue to grow until 

excessive flow-induced shear stresses prevent any further accumulation of cells or proteins on the 

thrombotic surface. Hence, we assume that fluid shear stresses can both promote (mechano-

biologically) and limit (physically) ILT. We then introduce a shape optimization procedure to 

predict the development of the ILT into a three-dimensional structure within the lumen.  

 

3  RESULTS AND CONCLUSIONS 

 

We show results for TFP that reveal a threshold value for the formation of thrombus and explain 

why certain regions within the arterial tree exposed to complex flows are yet protected from 

spontaneous thrombus formation. We then show, using data from six patients harboring ILTs of 

varying sizes and shapes, that the combined TFP – TDP – shape optimization approach can predict, 

at least for these cases, the location and extent of thrombus formation to within 80+ percent of the 

actual cases. As expected based on assumptions used to develop the approach, predictions are best 

for cases wherein there is greater confidence in the initial non-thrombosed geometry of the AAA. 

 

Although there is clearly a need for more mechanistic models of thrombus formation and 

deposition, the present phenomenological approaches appear robust enough to inform G&R models 

of AAA progression. Hence, there is a need for increased attention to collecting the requisite data to 

inform the needed next generation biochemomechanical models. 
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SUMMARY 

 

Stress computations in atherosclerotic plaques are potentially important for rupture risk prediction. 

The stress computations, based on the finite element method, critically depends on the material 

properties of the plaque components. Especially the properties of the intima are relevant, since this 

is the main load bearing structure. From histology, it is known that the intima is a highly 

heterogeneous tissue, with locally varying material properties. In this study, we apply newly 

developed methods to explore the impact of the intima heterogeneity on peak cap stress 

computations. 
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1   INTRODUCTION 
 

From a biomechanical perspective, atherosclerotic plaque rupture occurs when the stresses 

in the plaque (and specifically in the fibrous cap), exceed the strength of the tissue. 

Computational biomechanics to evaluate stresses in plaques is therefore a growing field of 

research. Plaque cap stresses can be calculated based on the plaque geometry, including the 

components, the blood pressure, and the material properties of the components. One of the 

unevaluated assumptions in computational plaque mechanics is that each of the 

components (lipid core, intima, media, and calcifications) has a homogeneous mechanical 

behavior. However, especially the intima has a very heterogeneous composition, including 

collagen fibers, smooth muscle cells, inflammatory cells, fatty material, and extracellular 

matrix. 

In this study, we evaluated the influence of material properties heterogeneity of the intima 

on stress calculations of atherosclerotic plaque sections. Peak cap stresses are calculated 

with homogeneous and heterogeneous intima material properties and the impact of the 

heterogeneity on the peak cap stress was evaluated. 
 

 

2  METHODOLOGY 
 

To create homogeneous intima models, pentachrome stained histology sections of 12 

plaques, pressure fixed at 100 mmHg, were used. Manual delineation of the lumen, lipid 

cores, intima, and wall were done to create homogeneous plaque finite element (FE) 

models [1]. Neo-Hookean material models were used for all components. An average 

Young’s modulus of 445 kPa was assigned to the intima, which is the average intima 
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Figure 1: Histology cross-section, automatic clustering and an example of a 

stiffness map. 

 

stiffness, as tested with plaque indentation tests [2]. The wall (adventitia and media layer) 

and lipid core were assigned 1200 kPa and 5 kPa, respectively. 

To create heterogeneous intima models, the intima section of the homogeneous models 

was subdivided in 4 clusters by means of a k-means clustering algorithm (fig. 1). The 4 

clusters in the intima are derived based on similar histology image intensity and therefore 

do not directly reflect the constituents of the intima, but are used as a representative 

segmentation with appropriate structure dimensions. 

As it is unknown which stiffness each cluster has, all clusters will be assigned a range of 

Young’s moduli and a Latin hypercube sampling method was used to generate 100 

combinations with different stiffness values for the clusters. The clusters were assigned 

Young’s moduli ranging from 6 to 891 kPa, which is the full range of stiffness values of the 

intima found by plaque indentation tests [2]. A 2D Gaussian smoothing is thereafter 

applied to avoid sharp stiffness transitions in the intima. To create heterogeneous intima FE 

models, each of the FE elements of the homogeneous FE model is assigned a material 

stiffness according to the smoothed distribution (fig. 1). 

The stresses in the homogeneous and 100 heterogeneous FE models were computed with 

an intraluminal pressure of 120 mmHg. Initial stresses up to 100 mmHg were accounted 

for [1]. The cap of the plaque was identified in the models and the 95 percentile (95-p) cap 

stresses were determined and compared for the homogeneous and heterogeneous models. 

The variation in cap stress in the heterogeneous models was related to the stiffness of the 

individual intima clusters. 

 
 

3  RESULTS AND CONCLUSIONS 

 

For the 12 plaques, all 100 simulations resulted in a 95-p cap stress (fig. 2). The relative 

standard deviation (STD) of the 95-p cap stress of the heterogeneous models ranged from 

14% (plaque 7) to 75% (plaque 5), with an average of 32%. For most plaque models (10 of 

12), the 95-p cap stress of the homogeneous model was located within the interquartile 

range (IQR) 95-p cap stress of the heterogeneous model (fig. 2).  

There was no significant relation between the median 95-p cap stress and the 95-p cap 

stress variation due to the intima heterogeneity. Compared to the homogeneous models, the 

lowest and highest 95-p cap stress simulations resulted in an average (±STD) 95-p cap 

stress change of -60% (±38%) and +87% (±48%), respectively. 
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Figure 2: Bar plot of the 95-p cap stress [kPa] for the 12 plaques with the homogeneous 

cap stress indicated with red X. The range of the bar plots indicate the cap stresses found 

by the heterogeneous intima stiffness models, using the complete range of the 100 stiffness 

combinations.  

 

Plaque 2 showed a change in 95-p cap stress of -60% and +102% for the lowest and 

highest 95-p cap stress simulations, respectively (fig. 3). The location of the peak cap stress 

shifted for the heterogeneous model with the highest cap stress (arrows in fig. 3). 

 

Figure 3: Stiffness (top row) and stress maps (bottom row) of the homogeneous and 

heterogeneous intima models with the lowest and highest 95-p cap stress of plaque 2. 

  

The dataset was used to study the effect of the individual cluster stiffness values on the 95-

p cap stress. For most plaques, the stiffness of 1 or 2 clusters showed a strong positive 

relation (r>0.6, p<0.01) with the 95-p cap stress, especially when the (thin) cap mainly 

consisted of this cluster (fig. 4, green cluster). In some cases, a negative relation was 

found; frequently when the area surrounding the lipid core was dominated by this cluster 

(fig. 4, red cluster). 
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Figure 4: plaque 3 distribution of the red, green, blue, and yellow clusters (left) and the 

relation between the cluster stiffness and the 95-p cap stress. The stiffness of the red and 

green clusters show a relation with the 95-p cap stress. 

 

Computing stresses in atherosclerotic plaques always done under the assumption of a 

homogeneous stiffness distribution of the intima. However, from histology it is clear that 

the intima has a very heterogeneous composition, and therefore stiffness distribution. In 

this study, the intima of 12 plaques was modeled as a heterogeneous material, based on 

structures visible in histology images, resulting in a representative segmentation with 

appropriate structure dimensions. 

In most plaques, the homogeneous assumption resulted in a 95-p cap stress within the IQR 

of the heterogeneous 95-p cap stress. The ultimate changes in 95-p cap stress due to the 

intima heterogeneity were substantial, however, the relative standard deviation of the 

heterogeneous 95-p cap stresses was moderate (32% on average). This indicates that a 

large part of the combinations of cluster stiffness values resulted in 95-p cap stresses that 

are relatively close to the homogeneous results.  

The variation in heterogeneous 95-p cap stress was not correlated to the median 95-p cap 

stress, so an expected cap stress variation cannot be based on the level of the cap stress. 

Preliminary analyses indicate that, depending on their size and distribution, not all clusters 

influence the 95-p cap stress. Clusters located in the cap dominate the cap stress and 

accurate knowledge of the cap properties is therefore important when computing 95-p cap 

stresses. 

By assigning a large range of Young’s moduli to each cluster, we created a ‘worst-case 

scenario’ for the variation in peak cap stress. The stiffness data was based on results from 

indentation plaque tests [2] and reflects data from 8 different plaques. A lower intra-plaque 

stiffness variation or an otherwise derived lower range in cluster stiffness may contribute to 

a reduced variation in 95-p cap stress. 

As far as we know, this is the first study to include intima stiffness heterogeneity in plaque 

stress analysis. This dataset will provide valuable insight in the uncertainty and variation of 

the calculated cap stress. With this approach we will evaluate why some plaques show 

larger variation in peak cap stress than others, and which stress parameters are less affected 

by material stiffness variations. 
 

 

REFERENCES 
 

[1] Speelman et al. J Biomech. 2011 Sep 2;44(13):2376-82. 

[2] Chai et al. J Biomech. 2013 Jun 21;46(10) :1759-66. 
 

115



5th  International Conference on Computational and Mathematical Biomedical Engineering – CMBE2017 

10-12 April 2017, United States 

P. Nithiarasu, A.M. Robertson (Eds.) 
 

NUCLEAR TRANSLOCATION OF NF-κB IN A SHEAR STRESS 
GRADIENT 

 
Daniel C. Baeriswyl1, Rob Krams2 and Yiannis Ventikos1 

1 Institute of Biomedical Engineering, Department of Mechanical Engineering, University College 
London, WC1E 7JE, UK, y.ventikos@ucl.ac.uk 

2 Department of Bioengineering, Imperial College London, SW7 2AZ, UK, r.krams@imperial.ac.uk 
 

SUMMARY 
 

We investigate the impact of hemodynamics on the temporal activation and nuclear translocation of 
NF-κB in vascular endothelial cells (ECs) in-vitro and in-silico. We exposed human umbilical vein 
endothelial cells (HUVEC) in a custom-made shear stress gradient channel to a shear stress range 
of 0 – 30 dyne/cm2 for 360 minutes and measured live the nuclear NF-κB concentrations. We only 
observed a significant increase of nuclear GFP-RelA at 14 and 18 dyne/cm2 after 120 minutes, 
while at low shear stress of 2 dyne/cm^2 the nuclear GFP-RelA intensity decreased. This is 
contradictory with previous experiments performed separately for low and high shear stress, which 
showed increased nuclear GFP-RelA intensity at low and no significant change at high shear stress.  
 
Key words:  NF-κB, Hemodynamics, Inflammation 
 
1   INTRODUCTION 
 
NF-κB is a key promoter of inflammatory responses in vascular ECs and plays a pivotal role in cell 
growth, survival and apoptosis. Mis-regulation of NF-κB is related with inflammation, autoimmune 
and metabolic diseases and cancer [1]. It has been shown that shear stress has a large effect on 
temporal and spatial concentration of NF-κB [2-11] in ECs. However, the exact dynamics of the 
nuclear translocation of NF-κB in response to shear stress remain unknown. A better understanding 
of how hemodynamics influence the activation and nuclear translocation of NF-κB, which is 
mainly responsible for inflammatory responses in ECs, would shed more light in the development 
of vascular diseases (atherosclerosis or aneurysms). We aim to explore the real time nuclear 
translocation of NF-κB in ECs exposed to shear stress, create a numerical model by coupling 
hemodynamics and NF-κB dynamics, and also predict the nuclear NF-κB concentration in 
disturbed flow regions and image-derived vessel geometries. 
 
2   EXPERIMENTAL METHODOLOGY  
 
HUVECS (PromoCell, Heidelberg, Germany) of passage 3 were transfected with a GFP-RelA (a 
gift from Warner Greene) and H2B-mCherry plasmid (a gift from Robert Benezra) and maintained 
in endothelial growth medium (PromoCell, Heidelberg, Germany). The cells were grown in a 
custom-made gradient channel as shown in Figure 2.C. The gradient channel was connected to a 
perfusion system; cells within experience a shear stress 0 to 30 dyne/ cm2. The perfusion liquid was 
DMEM with 10% FBS and 2% L-Glutamine. The perfused cells were imaged with a Zeiss Axio 
Observer Inverted Widefield microscope (Zeiss Microscopy, Jena, Germany) for 360 minutes. 
Single cells were tracked with a custom-made tracking software. The nuclear GFP-RelA intensity 
was calculated for each cell at each time point. 
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3 NUMERICAL METHODOLOGY 
 
We have developed an intracellular signaling model 
that predicts the temporal concentration of NF-κB in 
ECs exposed to low and high shear stress. The 
schematic of the model is depicted in Figure 1. In 
short, the pathway model is the following: Active IKK 
is activated by shear stress, A20 and auto-
phosphorylation of its C-terminals. Active IKK 
phosphorylates IκBα, which unbounds NF-κB. 
Unbound NF-κB travels into the nucleus where it 
promotes the transcription of IκBα and A20. Newly 
synthesized IκBα proteins bind again to NF-κB and 
inhibit its function and mobility [12, 13]. For space 
reasons the ODE system of the signaling pathway is 
not described here.   
 
4 EXPERIMETNAL RESULTS  
 

  

 

 

Figure 2: Effect of low (A) and high (B) shear stress on nuclear translocation of GFP-RelA in HUVECs. 
HUVEC expressing GFP-RelA (C). Exposed 30 minutes to 10 ng/mL TNF-α (D). 

In Figure 2, single cell 
measurements of nuclear 
GFP-RelA intensity 
(normalized by initial value) 
of a cell population (ca. 1000 
cells) exposed to low (2.A) 
and high shear stress (2.B) of 
2 and 2dyne/cm2 are shown. 
Low shear stress showed an 
increasing nuclear GFP-RelA 
intensity after 180 to 360 
minutes, while high shear 
stress didn’t show any 
significant effect. In Figure 
2.C and 2.D, a single HUVEC 
expressing GFP-RelA is 
depicted under static 
conditions and after exposure 
to 10 ng/mL TNF-α for 30 
minutes. A clear nuclear 
translocation of GFP-RelA 
after 30 minutes is visible.   
 

The effect of a shear stress gradient on the nuclear translocation of NF-κB is depicted in Figure 3. 
It shows the nuclear GFP-RelA intensity (normalized by its initial value) at six different shear 
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Figure 1: Schematic diagram of the shear 
stress induced NF-κB pathway 

 
Figure 3:  Nuclear GFP-RelA intensity at shear stress 2, 6, 10, 14, 18, 
and 22 dyne/cm^2 across a gradient channel. 
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stress values (2, 6, 10, 14, 18 and 22 dyne/cm2.) At very low shear stress (2 dyne/cm2) the nuclear 
intensity becomes lower than initially. The most notably effects are observed at 14 and 18 
dyne/cm^2, were the nuclear GFP intensity peaks around 180 minutes and then decreases again.  
 
5 NUMERICAL RESULTS  
 
A numerical model was created based on the experimental results for low and high shear stress as 
shown in Figure 2. The numerical model was interpolated and a shear stress gradient was predicted 
as shown in Figure 4.A. It predicted that under low shear stress a high and constant nuclear NF-κB 
concentration occurs after 100 minutes. The effect of high shear stress was estimated to cause no 
significant effect after a long exposure.  
The prediction in Figure 4.A can then be compared with the measurement made in Figure 3. The 
measurements are interpolated for comparison in Figure 4.B. In comparison with the prediction, in 
Figure 4.B the nuclear GFP-RelA intensity is small (or only few small peaks) at low shear stress (2-
5 dyne/cm2). On the other hand, an increase in nuclear GFP-RelA intensity at high shear stress (14 
-22 dyne/cm2) from 120 to 240 minutes was observed.  
The model prediction for a shear stress gradient based on interpolation of separate low and high 
shear stress experiments, didn’t agree with measurements of an actual shear stress gradient. 
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Figure 4: A: The model prediction of the nuclear NF-κB concentration in a gradient channel. B: Interpolated 
surface plot of the measurement of nuclear GFP-RelA intensity in a gradient channel for shear stress 2 – 22 
dyne/cm^2 for a duration of 360 minutes. 
 
 6 CONCLUSIONS 
 
We measured with live-cell imaging the nuclear GFP-RelA intensity in a shear stress gradient 
channel for a range of 2 to 22 dyne/cm2. With previous findings based on separate low and high 
shear stress experiments, we aimed to predict the nuclear NF-κB concentration along such a shear 
stress gradient. However, the measurements of the nuclear GFP-RelA intensity in the custom-made 
gradient channel did not agree with the model prediction. Hence further research is necessary to 
define the nuclear translocation of NF-κB in cells exposed to a shear stress gradient. 
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SUMMARY 

 

With increased age, arteries have been shown to stiffen on the micro-scale and this stiffening 

occurs heterogeneously. Endothelial cells react to this stiffening through focal adhesion contacts, 

and stiffened arteries can cause endothelial cell barrier disruption and increased permeability. Here, 

we model a single endothelial cell on both a homogeneous and heterogeneous stiffness matrix, and 

place focal adhesion contacts between the cell and the matrix. Mechanical loads representing 

arterial expansion and fluid shear stress are placed on the matrix and cell, respectively, and the 

induced stresses on the cell and focal adhesions are measured. While homogeneous and 

heterogeneous matrices produce similar stress patterns throughout the focal adhesions, the 

magnitude and distribution of the stress values is altered by the level of matrix heterogeneity. We 

show that stiffness heterogeneity can influence the response of an endothelial cell and its focal 

adhesion contacts to mechanical cues. These data will allow us to better understand micro-scale 

mechanical factors that may influence the endothelial cell barrier. 

 

Key words:  endothelial cell, focal adhesions, thoracic aorta, stiffness 

 

 

1   INTRODUCTION 
 

Atherosclerosis, the formation of plaques in arteries, is a leading cause of death worldwide, and is 

linked to aging and arterial stiffening [1]. On the micro-scale, the thoracic aorta intima stiffens and 

increased extracellular matrix stiffness can lead to endothelial cell (EC) disruption [2]. The EC 

monolayer provides an important barrier to cholesterol and other molecules from permeating into 

the artery, which is an initiating factor in atherosclerosis onset [3]. ECs interact with the underlying 

intima tissue through focal adhesion (FA) contacts, which can be altered by stiffness as well [4]. 

Recently, we found that with advanced age, the intima stiffens heterogeneously, where the matrix 

stiffness could range from 2 to 90 kPa within a 100 by 100 µm area, which is typically covered by 

between 3 and 5 ECs [5]. Cells have shown complex traction force distributions when placed on 

matrices with different stiffness areas [6]. However, the impact of this highly heterogeneous 

stiffness distribution on FAs has not been analyzed in vitro or in vivo due to the difficulty in 

experimental setup. Here, we use computational modeling to characterize the stress distributions 

placed on FAs of a single EC on a heterogeneous stiffness matrix. As mechanical stretch occurs 

with each cardiac cycle on the arterial tissue and shear stress due to blood flow is present on the 

ECs, we impose these mechanical loads in our model to help recapitulate in vivo stressors. FA 

stresses are modeled from a single EC on a heterogeneous matrix with matrix stretch and shear 

stress forces imposed on the model, and these data are compared to a model of a homogeneous 

matrix.  
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2  METHODOLOGY 
 

Murine thoracic aorta tissue was excised from animals as in a previous study [5], and stained for 

vascular endothelial cadherin (VE-cadherin) to show the EC outlines. The ECs were also stained 

for the nucleus using 4',6-diamidino-2-phenylindole (DAPI). The arteries were imaged using 

confocal microscopy to collect three-dimensional z-stack images (Figure 1A), which were 

uploaded into Simpleware ScanIP® software. Masks were created for the cell outline, the nucleus 

and the cytoplasm, and a single-cell meshed model with approximately 40,000 elements was 

produced (Figure 1B). The single EC model, with a length of about 90 µm, was imported to Abaqus 

version 6.14 for finite element modeling. The material properties of the EC, FAs and matrices are 

shown in Table 1. Both homogeneous and heterogeneous planar matrices were produced by 

creating hexahedrons with dimensions of 500 x 500 x 2 µm. The heterogeneous matrix stiffness 

values were alternated between stiff and compliant in a checker-board pattern of 10 by 10 µm 

sections while the homogeneous matrix was given a consistent compliant stiffness. The stiffness 

values chosen were taken from experimental data collected from a previous study of intima 

stiffness in aged murine arteries [5]. FAs were created as small cylinders (1 µm in diameter, 0.5 µm 

in height) [7] and 20 separate FAs were distributed throughout the bottom of the EC. Tie 

constraints were imposed between the EC to the FAs and the FAs to the matrix (Figure 1C).   

 

Table 1: Material parameters of the endothelial cell, focal adhesions and ECM. 

µ is shear modulus, κ is bulk modulus, E is Young’s modulus, and ν is Poisson’s ratio. 

 Constitutive Model Parameters 

EC Cytoplasm Neo-Hookean µ = 1 kPa, κ = 9.7 kPa [8] 

EC Nucleus Neo-Hookean µ = 1.7 kPa, κ = 16.4 kPa [9] 

Focal Adhesions Linear Elastic E = 10 kPa, ν = 0.3 [7] 

Compliant Matrix Linear Elastic E = 10 kPa, ν = 0.3 [5] 

Stiff Matrix Linear Elastic E = 50 kPa, ν = 0.3 [5] 

 

In each model, both matrix stretch perpendicular to the cell and shear stress over the EC were 

imposed (Figure 1D) and the resulting stress distributions placed on the EC and the FAs were 

analyzed.  A shear load of 12 dyn/cm2 [10] was placed over the EC axially, along the direction of 

cell elongation, an indication that this was the direction of blood flow in vivo. To model matrix 

stretch, a uniaxial displacement was placed in the circumferential direction on one edge while the 

opposite edge was held fixed and the matrix was stretched according to physiological conditions 

[11]. 

 

 

Figure 1: Endothelial cell model on extracellular matrix with imposed forces. (A) Representative z-slice 

of an ex vivo monolayer of ECs labelled with the cell-peripheral protein VE-cadherin and DAPI staining 

labelling the cell nuclei. (B) A meshed model of a single representative EC. (C) Focal adhesions placed 

on the basal side of the EC (left) and FAs seen between the EC and the matrix model (right). (D) Looking 

at the front of the matrix with the EC in the center, the shear stress was imposed axially, along the 

direction of the EC, and the stretch was imposed circumferentially, perpendicular to the EC. 
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3 RESULTS AND CONCLUSIONS 

 

A single EC model was placed on a matrix with either a homogeneous or heterogeneous stiffness 

profile and we observed the effects of mechanical loads on FAs. Changes in focal adhesion stress 

were predicted in response to different mechanical factors in this model, such as the stretch of the 

matrix material and the shear stress imposed on the EC (Figures 2A and 2B). The FAs exhibited 

greater variation of depth when placed on the heterogeneous matrix, and the depths of the 

adhesions were altered more near the non-elongated end of the cell (Figure 2B). Importantly, we 

found a larger spread of stress values in the elements of the FAs when placed on a heterogeneous 

matrix than on a homogeneous matrix (Figure 2C). Areas of increased stress were found in similar 

locations on the EC between those placed on the homogeneous or the heterogenous matrix. These 

data indicate that there are different responses to mechanical cues, especially in the FAs, when an 

EC is placed on a heterogeneous matrix.  
 

  

By observing the response of EC FAs to physiological mechanical cues, we hope to better 

understand the roles that complex stiffness heterogeneities play in the intima. FAs allow for ECs to 

sense their environment [4], and we know that ECs are impaired with increased vascular stiffness 

[2]. Here, we find that micro-scale stiffness heterogeneities can impact FA stresses in response to 

mechanical cues. The size and spacing of the focal adhesions should also be taken into account to 

best represent the in vivo artery. A current limitation of our model is in incorporating the changing 

mechanical properties of the EC in response to matrix stiffness. ECs stiffen in response to arterial 

Figure 2: The basal surface of an EC and the FA responses to mechanical cues when placed on 

homogeneous or heterogeneous matrix profiles. (A) Stress profiles on an EC and FAs placed on a 

homogeneous matrix, and (B) on a heterogeneous matrix. Increased FA height can be seen especially on 

the non-elongated end of the EC on the heterogeneous matrix. (C) Histograms of the FA stress values 

demonstrate a larger spread of stress values from FAs placed on a heterogeneous matrix than on a 

homogeneous matrix. 
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stiffening [12], and therefore, cell properties are likely different when placed on a homogeneous or 

heterogeneous matrix; these values can be updated in a future model. Also in future models, an EC 

monolayer will be incorporated to better represent the physiological artery, as well as the 

directionality of the cytoskeleton. With shear flow over the EC, actin stress fibers align in the flow 

direction [10], and this will be incorporated into the model as this may have an effect on the cell’s 

response to mechanical loading. The heterogeneous matrix stiffness values will also contain a more 

complex range of stiffness values, as were collected ex vivo from a murine model in a previous 

study [5]. Since physiological tissues are heterogeneously stiff on the micro-scale, it is imperative 

to understand the roles of micro-scale stiffness patterns on EC-matrix interactions. Here we found 

that an EC placed on a heterogeneous matrix demonstrates a wider distribution of FA stresses than 

a cell placed on a homogeneous matrix. These data aim to demonstrate that changes in arterial 

mechanics due to aging can affect ECs through heterogeneous micro-scale stiffening. 
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SUMMARY 

 

Human femoropopliteal artery (FPA) interventions are notorious for high rates of failure. FPA 

experiences severe torsion during limb flexion, but this deformation mode is poorly characterized. 

This work focuses on measuring torsion and calculating the associated mechanical stresses in the 

FPA in the walking, sitting and gardening postures using perfused human cadaver model, intra-

arterial markers, image analysis, and an analytical model. Understanding the effects of limb flexion 

on torsional deformations and intramural stresses in the FPA can help improve Peripheral Arterial 

Disease treatment outcomes through more rational device and material design. 

 

Key words:  vascular mechanics, femoropopliteal artery, limb flexion, torsion, mechanical stress, 

constitutive modeling 

 

 

1   INTRODUCTION 
 

Atherosclerotic obstruction of the FPA (peripheral arterial disease, PAD) restricts blood flow to the 

lower limbs leading to high morbidity, mortality and impairment in quality of life [1]. The total per-

patient annual cost of hospitalization for PAD is higher than those for coronary artery disease and 

cerebrovascular disease combined [2]. The high cost is primarily attributed to the high number of 

peripheral artery operations and interventions that fail, resulting in poor clinical outcomes and 

repetitive interventions. 

 

Though the exact reasons for the high failure rates are not entirely clear, mechanical deformations 

of the FPA during limb flexion are thought to play a significant role [3]. Torsion is particularly 

important [4] but is poorly characterized, and the associated intramural stresses are currently 

unknown. The goal of this study was to use recently introduced intra-arterial marker method to 

measure torsion of the FPA in positions commonly assumed during the normal course of daily 

activities, and calculate the associated intramural mechanical stresses using constitutive modeling 

and biaxially determined arterial mechanical properties. 

 

 

2  METHODOLOGY 
 

2.1 Torsion measurement 

 

Custom-made four-pronged nitinol intra-arterial markers were manufactured to measure limb 

flexion-induced deformations of the FPA without disturbing the surrounding tissues. The markers 

were designed to move with the artery without restricting its deformations. One of the legs was 

made thicker at the end for easy identification of marker’s spatial orientation which allowed 

measurement of the twist angle due to limb flexion. The markers were implanted in the pressurized 
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FPAs of lightly embalmed human cadavers (n = 28), and  CT images of the limbs in four postures 

(standing, walking, sitting and gardening) were acquired and analyzed using Mimics. Change in 

rotation angle for each marker pair in the bent and straight limb postures was used to quantify 

torsion as rotation per centimeter of straight artery length. 

 

2.2 Intramural stresses due to torsion 

 

After imaging the FPAs were excised and characterized using multi-ratio planar biaxial extension 

[5]. Experimental data were used to determine constitutive parameters for the FPA four-fiber family 

invariant-based model [6]. This model accounted for the elastic contributions of the isotropic 

ground matrix, longitudinal fibers of elastin, circumferential smooth muscle cells, and helical 

collagen fibers. 

 

Boundary value problem considered incompressible thick-walled circular tube under extension, 

inflation and torsion. An internal pressure of 100 mmHg was applied to mimic the in vivo 

conditions. Each of the 28 arteries was modeled using its own diameters, material properties, and 

maximum twist angles measured in each limb posture and in three FPA segments: the Superficial 

Femoral Artery (SFA), Adductor Hiatus segment (AH) and Popliteal artery (PA). Maximum 

principal stresses, averaged through the deformed FPA wall thickness, were compared in three 

arterial segments and across all limb postures. 

 

 

3  RESULTS AND CONCLUSIONS 

 

Human FPA experiences significant torsion during limb flexion. Torsion is non-uniformly 

distributed along the FPA length with higher values observed distally in the PA. The FPA has 

localized torsional maxima near the AH and below the knee, and torsion gradually increases with 

limb flexion. On average, maximum inter-subject twist in the SFA ranges 10–13 °/cm, at the AH 8–

16 °/cm, and in the PA 14–26 °/cm in the walking, sitting and gardening postures with latter having 

the largest torsion. 

 

Maximum principal stresses associated with internal pressure and limb-flexion induced torsion are 

summarized in Figure 1 for the SFA, AH and PA. Stresses varied along the length of the FPA with 

highest values observed distally in all limb postures. On average, stresses in the SFA range 30–35 

kPa, in the AH 27–37 kPa, and in the PA 39–43 kPa. Intramural stresses increase 16% in the SFA, 

30% at the AH, and 12% in the PA for the gardening posture compared with the walking posture. 

Internal pressure without twist produced 17-29 kPa range of maximum principal stresses with an 

average value of 22 kPa. Twist is responsible for 20–89% increase in the maximum principal stress, 

as well as the 17–39º shift in principal stress direction from circumferential towards the 

longitudinal axis. 

 

 

Figure 1. Maximum principal stresses due to twist in the Superficial Femoral Artery (SFA), Adductor 

Hiatus (AH) and Popliteal Artery (PA) in the walking, sitting and gardening postures. Stresses were 

averaged through the FPA wall thickness. Box extends to 25th and 75th percentiles, median is marked 

with a red horizontal line and mean values are marked with a blue dot.  
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Limb flexion is associated with significant torsional deformations and intramural stresses in the 

FPA. Analysis of these deformations may help better understand PAD pathophysiology and assist 

with designing new devices and materials with improved characteristics. 
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SUMMARY

Motivated by the lack of experimental data, we investigate the influence of different growth kine-

matics on the abdominal aortic aneurysm growth. We model the tissue’s mechanical response by a

microstructure-motivated material law. The mass changes of the constituents are governed by growth

and remodeling algorithms. The tissue volume change is computed from the volume changes of in-

dividual constituents. We consider four different volume growth assumptions: no volume growth

(NVG), isotropic (IVG), in-plane (PVG) and in-thickness (TVG). The results suggest that NVG and

TVG are most suitable for modeling aneurysm growth, while IVG and PVG produced unrealistic

results.

Key words: growth kinematics, mixture theory, abdominal aortic aneurysm growth, mass turnover

1 INTRODUCTION

Vascular tissue growth and remodeling (G&R) alters tissue composition by adapting tissue mass

and organization of the main structural proteins, collagen and elastin. In turn, tissue volume and

composition may change. Current understanding of such mechanisms is lacking. Whilst experimental

studies remain technically challenging, biomechanical modeling allows testing various hypotheses of

such vascular tissue adaptation.

Constrained mixture modeling is commonly used to model arterial G&R, see [1], [2], [3], [4]. How-

ever, due to the lack of experimental data, it is not clear whether the volume change in arterial wall is

isotropic or has a preferred direction. Motivated by simplicity, isotropic volume growth (VG) models

is widely used ([4], [5], [6], [7]), but variations of orthotropic VG models were also used in [8], [9],

[10]. In addition, a recent study [11] attempted investigating the effects of different volume growth

kinematics. We aim at modeling of abdominal aortic aneurysm (AAA) evolution, but the proposed

methodology may be adapted for other biological processes involving volumetric changes. The goal

of this study is to compare the influence of the different VG assumptions on the performance of the

aneurysm growth framework, which could support some scenarios and disapprove others.

2 METHODOLOGY

The growth and the elastic deformation of the artery are associated with different time scales of

years and seconds, respectively. Consequently, the problem can be separated by the multiplicative

decomposition of the deformation gradient F(τ, t) = Fe (t)Fg (τ) [12], where the volumetric growth

tensor Fg (τ) accommodates the change of volume (detFg = detF = J(τ)), while the elastic

deformation gradient Fe (t) captures isochoric elastic deformation (detFe = 1).

We model the vascular tissue as a constrained mixture. Consequently, tissue constituents coexist at

a spatial position and deform affine with the matrix material. The microstructure-motivated HGO

model [13] accounts for individual mechanical responses of the constituents (i.e., elastin, collagen

and ground matrix), with collagen being arranged in two fiber families of referential directions a0i,
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i = 1, 2. However, the reference configurations of the fibers and the surrounding tissue may be

different, which is enabled through an isochoric recruitment stretch variable λr > 0. For further

details on the material modeling, the reader is referred to [7] and [14].

2.1 Growth and remodeling

The collagen fabric of arterial walls is continuously remodeled via a process of cell-based (smooth

muscle cell, fibroblast, etc.) deposition and matrix metalloproteinase-based degradation, at a half-life

time of approximately two months. The newly formed collagen fibers are integrated to the matrix at

a predefined stretch, which is referred to as the attachment stretch λa [2]. Collagen remodeling is

captured by a rate equation that evolves the recruitment stretch according to

∂λr

∂τ
= α

λ2
c − λ2

a

λ2
a − 1

, (1)

where α is a remodeling time scale parameter related to the collagen fiber half-life, and λc is the

collagen fiber stretch.

Collagen fiber deposition and degradation are balanced at homeostasis. However, in response to

perturbations to the mechanical environment, collagen turnover is up (down)-regulated. Thus, the

rate equation for adapting the net mass change m̂c of the collagenous constituents is formulated as

∂m̂c

∂τ
= βm̂c

λ2
c − λ2

a

λ2
a − 1

, (2)

where the net growth parameter β relates to the time scale of mass change.

Aneurysm development is associated with up to 90% loss of elastin [15], the exact cause of which is

not fully understood. While the initial elastin degradation is hypothetically caused by altered hemo-

dynamic conditions (e.g., low levels of wall shear stress) or a vessel wall injury, the progression of

the degradation may be linked to the formation and growth of intraluminal thrombus. For simplicity,

such coupling effects are neglected and the elastin degradation is prescribed by a simple exponential

decay m̂e = m̂e(X, τ), see [7] for details. This allows for the explicit implications of the volumetric

growth model to be investigated.

Changes in the mass and volume of the tissue constituents sum up to the total change of tissue mass

and volume during aneurysm evolution. Two extremal scenarios of temporal mass changes of con-

stituents m̂ζ are tested, namely constant constituent density (CCD) and constant constituent vol-

ume (CCV). The tissue’s volume change v̂ is computed using the volume changes of constituents

v̂ζ and their initial volume fractions φζ(0) as v̂(τ) =
∑N

ζ=1 v̂ζ(τ)φζ(0). Taking into account that

v̂(τ) ≡ m̂ζ(τ) holds for a constituent following CCD, while v̂(τ) ≡ 1 holds for a constituent follow-

ing CCV, the volume change of a multi-constituent tissue is given as

v̂(τ) =

N
∑

ζ=1

v̂ζ(τ)φζ(0) =
∑

ζ∈CCD

m̂ζ(τ)φζ(0) +
∑

ζ∈CCV

φζ(0). (3)

2.2 Different forms of growth tensor

With the unit normal n = a01 × a02 being perpendicular to the tangential tissue plane, the general

form for transversely isotropic growth tensor Fg reads

Fg = αgI + βgn ⊗ n. (4)

Consequently, isotropic growth (IVG) is obtained by assuming αg = v̂1/3, βg = 0, such that Fg =
v̂1/3I. Subsequently, to distribute the new tissue volume in the tangential plane, in-plane growth

(PVG) is defined by the weight coefficients αg = v̂1/2, βg = 1 − v̂1/2, such that Fg = v̂1/2I + (1−
v̂1/2)n ⊗ n. Conversely, to distribute the new tissue volume perpendicular to the tangential plane,

in-thickness growth (TVG) is defined by the weight coefficients αg = 1, βg = v̂ − 1, such that

Fg = I + (v̂ − 1)n ⊗ n. Note that the weight coefficients αg, βg are constrained by detFg = v̂.
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Figure 1: Predictions of the different growth models, namely isotropic (IVG), in-plane (PVG), in-

thickness (TVG) growth, and no volume growth (NVG) models. Effect of varying the collagen net growth β

is shown on (a) the AAA expansion, (b) the total tissue volume change. For a specified value of the collagen

net growth β = 1.25, and at twofold expansion of AAA, (c) transmural plot for Cauchy hoop stress σϕϕ at the

location of maximum AAA diameter and (d) thickness change (relative to the thickness of aorta in homeostasis)

along AAA length are shown.

3 RESULTS AND CONCLUSIONS

AAA evolution of an axisymmetric case was tested at different growth kinematics. The influence

of the collagen net growth parameter β on the aneurysm growth framework is shown in Figure 1.

The AAA expansion over time was characterized by the normalized change of the maximum inner

diameter d̂i(τ) = di(τ)/d0, with respect to the homeostatic configuration, see Figure 1(a). The

different growth assumptions led to two groups of different outcomes: the AAA expanded slower for

higher collagen net growth β for NVG and TVG, while a higher collagen net growth β predicted a

faster AAA expansion for IVG and PVG.

Cauchy hoop stress across the wall is shown in Figure 1(c). The normalized change of the vessel

wall thickness (compared to the thickness in homeostasis h0) is shown in Figure 1(d). As expected,

the stress magnitude correlated inversely to the wall thickness. The largest stress values and smallest

thickness were predicted by the NVG model. Conversely, the TVG model predicted half the local

stress and double the thickness compared to the NVG model. Intermediate values were predicted by

the IVG and PVG models.

The presented results highlight the influence of different growth kinematics on the predicted aneurysm

evolution. Owing to the lack of experimental data on growth kinematics, such computational results

may help assessing the plausibility of modeling assumptions. Increased collagen net growth β at

fixed tissue volume (NVG) decreased the aneurysm growth rate, when using a membrane model for

the AAA wall in [16]. In our study, the in-thickness growth (TVG) model produced qualitatively

and quantitatively similar results, and can be regarded as the most plausible kinematic description
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for aneurysm growth. Conversely, the isotropic (IVG) and in-plane (PVG) growth models predicted

faster aneurysm expansion at increased collagen net growth, a finding that is neither intuitive nor

plausible. IVG and PVG kinematics should therefore be used with caution when modeling aneurysm

growth.
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SUMMARY 

 

Recent studies have shown that patient-specific geometries affect the effectiveness and durability of 

Mitral valves (MV) repairs. We propose a novel pipeline for building high-fidelity attribute-rich 

computational models of MV from imaging data. The proposed approach combines the geometric 

information from two loading states to achieve the highest level of detail. The attribute data is 

parametrically embedded into the reconstructed geometric model to build the attribute-rich 

representation. The proposed MV model provides the flexibility in the selection of level of detail 

independent of the level of discretization. We illustrate the methodology by building the ovine MV 

model from in-vitro imaging data. 

 

Key words:  mitral valve, image-based simulation, finite elements, parametric model 

 

1   INTRODUCTION 

 

The Mitral Valve (MV) is the bi-leaflet heart valve separating the left atrium and left ventricle that 

regulates blood flow direction during cardiac cycles. The MV complex is comprised of anterior and 

posterior leaflets, annulus, chordae tendineae (MVCT), and papillary muscles (PM). The 

physiological role of the MV is highly dependent on the interconnected relation of the MV constituent 

parts [1]. Ischemic Mitral Regurgitation (IMR) affects at least 300,000 Americans and is present in 

over 50% of patients with reduced left ventricular function induced by the MI. IMR occurs when the 

valve leaflets fail to fully cover the MV orifice area and blood leaks to the left atrium during systole, 

[2]. The annuloplasty (AP) repair is considered as the preferred treatment strategy, however almost 

a third of the patients experience the recurrence of MVR within 12 months of the treatment.  

 

Most published MV studies have relied on the suboptimally reconstructed and simplified geometries 

[3], [4]. This issue is the direct result of the limitations of the existing (even the most advanced) 

imaging techniques, which cannot fully resolve the complete MV apparatus in-vivo. Even though 

there is a considerable number of studies on numerical modeling of MV, we believe that the state-of-

the-art computational models are overly simplified in both geometric and attribute representations 

and lack the predictive power to be useful in the surgery planning. Thus, patient-specific modeling 

requires significant advances to faithfully model the geometric details, structural information, and 

material properties of the heart valve tissue. We hypothesize that the advanced computational 

modeling of IMR repair can serve as the necessary tool to guide the search for optimal repair 

strategies and streamline the future clinical trials. 

 

2  METHODOLOGY 

 

2.1 Data collection 

The structure of MV makes it difficult to capture high-fidelity geometry of MVCT and leaflets 

simultaneously in the same state. To address this issue, we chose to image and reconstruct MV in 

two states to obtain the best possible level of detail for both leaflets and MVCT. The imaging data 

used for developing the geometric models was acquired via micro-computed tomography (µCT) of 

ovine MVs in the in-vitro flow loop. Five freshly excised MV specimens from ovine hearts (from an 
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USDA approved abattoir, Superior Farms, CA, USA) were selected based on the annular size of 30 

mm. Each MV was sutured to the adjustable annulus holder by a ford interlocking stitch and mounted 

into Georgia Tech Cylindrical Left Heart Simulator (CLHS) [5]. In addition to the normal healthy 

state, each MV was imaged in diseased (simulating the IMR due to MI) and repaired (simulating flat-

ring AP repair) states. The details of experimental setup and related experimental procedures can be 

found in [6, 7]. 

 

2.2 Modeling of leaflets geometry 

The acquired imaging data was loaded as DICOM images into ScanIP software package (Synopsis 

Inc., Mountain View, CA, USA) for filtering (diffusion-based curvature-flow filter) and 

segmentation. The surface mesh was trimmed and manually labeled to color-code the leaflet tissue, 

MVCT, and PMs. The trimmed boundary surface mesh was analyzed using the two-scale geometric 

model. We built a medial surface by superimposing the algebraic average of the co-registered atrial 

and ventricular surfaces. A local thickness field, calculated as the algebraic difference between these 

two surfaces, was embedded onto the medial surface to complete this representation. We mapped 

fiducial markers and CFA data onto the reconstructed medial surface. The CFA data was collected 

from flattened leaflets using the small-angle light scattering (SALS) and mapped using the 

hyperelastic warping with fiducial markers as landmarks. The major processing steps are visualized 

in Figure 1. 

 

2.3 Modeling of chordae tendineae 

We used the Centerline module in ScanIP software to develop the skeletonized representation of 

MVCT. The raw centerline points were approximated by smooth B-spline curves at the specified 

level of error tolerance (80 µm). The CSA information was extracted by interrogating the triangulated 

boundary surface mesh along the curves with the stepping size of 40 µm. Similarly, the tabulated raw 

 
Figure 1. Major processing steps in the pipeline for building MV leaflets geometric model: (a) initial raw data; 

(b) trimmed and labeled MV data; (c) fully trimmed leaflets without transition zones; (d) two-scale model of 

leaflets; (e) reconstructed geometry of MV leaflets with superimposed thickness field; (f) visualization of CFA 

data with vectors illustrating the principal material direction. 

 
Figure 2. Major processing steps in the pipeline for building the MVCT geometric model: (a) segmented, 

filtered, and trimmed data; (b) volumetric data for the individual chorda; (c) centerline curve-skeleton 

representation; distribution of CFA (d) before and (e) after trimming; (f) the final reconstruction. 
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CSA values were approximated using B-spline curves embedded on the centerlines, resulting in the 

enriched curve-skeleton model with pointwise smooth CSA data. We analyzed the variations of CSA 

values to define a criterion for systematic trimming of the MVCT skeletonizations. In the last step of 

processing the end-systolic imaging data, we extracted the fiducial markers following the same 

procedure as for the end-diastolic data. More details are provided in [8-10]. 

 

2.4 Assimilation of data from end-systolic and end-diastolic imaged states 

We morphed the leaflet geometry from the end-diastolic state into the end-systolic state using the 

iterative 3D landmark registration. We implemented this procedure as a hyperelastic Finite Element 

(FE) simulation. The displacements of the annulus were prescribed to match the motion between the 

two states. The marker displacements between the two states were be imposed as weak boundary 

conditions to the marker footpoint nodes: elastic springs connecting the leaflet nodes to the locations 

in space corresponding to the new state. The connection between the leaflet surface and MVCT was 

missing because the transition zones were not considered. This issue was addressed by developing a 

simplified model of the transition zones. More details are provided in [11]. 

 

3  RESULTS AND CONCLUSIONS 

 

An example of the complete MV reconstruction with morphed leaflets, projected markers, and 

transition zones is illustrated in Figure 3. The proposed model was used to simulate IMR and flat-

ring AP repair scenarios. The simulations were performed using ABAQUS with the leaflets 

represented as shell elements with element-wise thickness field, and MVCT modeled using truss 

elements with element-wise CSA. The leaflet tissue was simulated using a nearly-incompressible 

transversely isotropic simplified structural model (SSM) introduced by Fan and Sacks [12]. 

 

The IMR state was simulated by dilating the annulus and displacing the PM positions as discussed 

in the experimental design. The flat ring-repair was simulated by flattening and shrinking the annulus 

to its original dimensions. The final geometries of the MV in these two states were subject to the 

transvalvular pressure of 100 mmHg. The results of these simulations are presented in Figure 4. The 

predicted shape and surface strains of leaflets were compared to the measured data for fiducial 

markers. The structural response of the MV to these physiological loading scenarios was quantified 

in terms of changes in total fiber recruitment (TFR) of the collagen in the leaflets. 

 

The proposed approach is the first step towards the long-term goal of reducing the number of negative 

outcomes associated with the IMR repairs. We plan to use this model to investigate the important 

shape parameters in the AP ring design and determine the optimal shape of the AP ring. It is expected 

that the findings from this study will provide significant contributions to the academic and 

engineering communities in the area of modeling and simulation of MV biomechanics and surgical 

interventions. 

 

 
Figure 3. (a) example of a complete MV reconstruction in the end-systolic state; (b) example of the simulation 

of the healthy MV. Blue arrows indicate the displacements of PM positions. The surface plot represents the 

splay of collagen fibers (in degrees). 
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Figure 3. Predicted shape of the leaflets from FE simulations for (a) heatlhy, (b) IMR, and (c) repaired MV. 

The surface plot represents the TFR of the collagen fibers. 
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SUMMARY
Weakly nonlinear viscoelastic Landau’s theory, widely used in acoustical physic, is introduced into a
Finite Element formulation to model the nonlinear behaviour of finite amplitude shear waves in soft
solids, typically, in biological tissues. Numerical models for plane waves are developed and compared
to transient elastography experiments. A good agreement is achieved as we observe the generation
of odd harmonics. Simulation results are confronted to an existing analytical model; we show that
the numerical model is an extension of the analytical formulation and helps identifying non-linear
parameters in a wider range of experimental conditions.

Key words: nonlinear shear wave; elastography; hyperelasticity; Finite Element Method

1 INTRODUCTION

Transient elastography is a medical imaging technique which characterizes the elastic properties of
biological tissues in vivo by observing shear wave propagation. These mechanical properties provide
useful clinical information for diagnostic process. Assuming that the soft tissue is homogeneous,
isotropic and linear elastic, the shear modulus µ can be estimated by µ = ρc2s where ρ is the mass
density and cs is the shear wave speed. Although the measurement could be affected by multiple
factors, such as boundary conditions, frequencies or geometries, this technique has been clinically
proven to be able to evaluate many diseases, such as cancers and liver fibrosis. Lately, experimental
efforts have been made to determine the nonlinear properties of biological soft tissues [1, 2, 3]. At
the same time, theoretical work is necessary to support experimental results. In the work of [4, 5, 6],
analytical models are established but the solutions can be achieved only under simple cases. Thanks
to its possibility to represent real geometries and its flexibility, Finite Element Method (FEM) could
be a performing tool for analyzing shear wave propagation in elastography.

In this work, the weakly nonlinear elastic theory of the third- (forth-) order Landau’s law is developed
in the Finite Element formulation; viscosity is considered by Voigt model in finite strain domain.
Secondly, the FE simulations are carried out to model the nonlinear dynamic response of nearly-
incompressible soft tissues and comparison with experimental results [2] is performed.

2 MATERIAL AND METHODS

2.1 Material modeling

In seismology and physic acoustics, non-linear elasticity is usually modeled using Landau’s weakly
nonlinear theory [7]. Assuming that W can be approximated by a series expansion, at the third order
and in the decoupled form, we have [8]:
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Density ρ (kg/m3) 1000

Shear modulus µ (kPa) 4.4

Third-order elastic param. A (kPa) 41.1

Fourth-order elastic param. D (kPa) 0

Bulk modulus K (kPa) 104

Shear viscosity η (kPa s) 0.6× 10−3

Bulk viscosity ξ (kPa s) 0.5× 10−5

Table 1: Material parameters

W = W dev +W vol with W dev = µI2 +
A

3
I3 +DI22 (1)

with Ik = tr(Ek) for k = 1, 2, 3, µ, A and D represent the shear moduli at the second, third and
fourth order. They all have the same order of magnitude (kPa) in soft solids, and they play a key
role in nonlinear shear wave propagation. In the following, we will consider the nonlinear parameter
γ = µ+ A

3 +D.

Viscosity also needs to be taken into account. Indeed in finite amplitude wave propagation, nonlinear
elasticity generates higher harmonics of the fundamental frequency. On the other hand, the absorption
of the medium decreases the amplitude of deformation which limits the generation of these harmon-
ics. As a result, nonlinear wave propagation cannot be modeled without considering viscosity. In
nonlinear acoustic, the viscoelasticity of soft solids is often described by the Voigt model [9]. In finite
strain the formulation becomes [4]:

Svisco = 2ηĖdev
+ ξĖvol

(2)

where η and ξ are the shear and bulk viscosity coefficients, respectively, Svisco the PK2 stress tensor
and Ėdev

is given by [10]:

Ėvol
=

1

3
(Ė : C−1)C, Ėdev

= Ė− Ėvol
(3)

2.2 Numerical simulation of plane waves

In the following, all simulations are carried out by our in-house Finite Element codes implemented in
Fortran. Landau’s hyperelastic model and Voigt viscous model are implemented in the code. Bi-linear
quadrangular elements combined with selective integration strategy are used to handle the volumetric
locking and the hourglass effect at the same time. For these fast dynamic (wave propagation) simula-
tions, a classical explicit time integration scheme is used. However, the time step will be largely lim-
ited by the big value of the bulk modulus K. We consider the propagation of plane shear wave into a
soft solid, the experiment is described in [2]. The model is formulated in plane strain, it contains 4949
nodes and 4800 elements. To generate plane waves, a vertical displacement is prescribed (smoothed
harmonic excitation, frequency f ) on the rigid plate at the right side of the phantom. The simulation
time is chosen to establish nonlinear effect and avoid reflections. The time step is ∆t = 0.5× 10−6 s
to keep the stability of the explicit integration scheme. The material parameters are chosen to be close
to the values reported in the experiments, see Tab.1. Note that these parameters lead to a volumetric
wave speed cl = 100 m/s, and the shear wave speed cs = 2.1 m/s in infinitesimal deformation. The
realistic bulk modulus K (order of GPa) or realistic volumetric wave speed (cl ' 1500 m/s) is not
ensured. In this paper, we use the assumption that in a homogeneous medium the volumetric wave
does not play an important role to keep the time step reasonable. Besides, it should be noted that only
the nonlinear coefficient γ is given in [2], there is so far no effective way to discriminate the third and
fourth order shear moduli A and D separately. Herein, we set D = 0 to determine the value of A.
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(a) Experimental set-up (b) Numerical model (half)

Figure 1: Nonlinear plane shear wave experiment [2] and the corresponding model.

2.3 Analytical model for harmonics amplitude

Zabolotskaya et al. [4] have proposed an analytical formulation for fundamental and first odd har-
monic amplitude as a function of the propagation distance. This expression is valid as long as Gold-
berg number Γ, a dimensionless coefficient function of γ characterizing the relative importance of
nonlinearity and viscosity, remains small. Besides this model does not give the expression of the
other odd harmonic components. We therefore compare the harmonic amplitudes obtained by the
plane wave numerical model with the ones determined by the analytical model, for different excitation
amplitudes, excitation frequencies, material non-linear elastic parameters and viscosity parameters.

3 RESULTS AND CONCLUSIONS

The results are displayed in terms of shear wave speed spectrum at the distance of propagation from
5 to 50 mm (Fig.2) and compared to experimental results reported in [2]. It can be seen that the
two results are very similar, they both exhibit the odd harmonic at 3f which penetrates the whole
measured zone. The experimental results looks more precise in spectrum, this is because that the
experiment has a longer duration which leads to a better Fourier transform.
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Figure 2: Spectra of the vertical velocity v.s. propagation depth z

The comparison with the analytical model (Fig.3) shows that the numerical model extends the har-
monics amplitude modeling to larger Goldberg numbers Γ than the analytical form, that is to say to
larger application range. The comparison indicates that the analytical solution is accurate when Γ is
smaller than about 13. By measuring the harmonics amplitude in a plane wave experiment, one can
evaluate Γ using the analytical or numerical relationship between Γ and the harmonics amplitude,
then determine γ, which gives a first equation linking A and D. However a second type of test is
necessary to discriminate A and D.
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(a) Varying amplitude (b) Varying viscosity (c) Varying elasticity (γ = µ + A
3
+

D)

Figure 3: Evolution of the third harmonic component along the propagation distance for varying parameters.
Lines: FEM simulations; circles: analytical model; number: Goldberg number.

FEM simulations of the nonlinear shear wave propagation by using Landau’s viscoelastic law are
presented. In plane wave, the numerical results show a good qualitative agreement with the experi-
mental work [2]. It is also consistent with the existing analytical model and extends its application.
Consequently, Landau’s hyperelastic model combined with Voigt model can be further used in the
numerical study of the nonlinear shear wave propagation in soft solids. It has already been applied to
non-plane shear waves. This FEM model has a broad perspective in numerical simulations of com-
plex nonlinear wave phenomena, such as real geometry, heterogeneity, diffraction and focalisation
effect, improving therefore the use of elastography in-vivo.
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SUMMARY 

 
A computational approach is presented and evaluated to estimate the in vivo magnitude and spatial 
distribution of elastic material properties of the heart wall.  In particular, this strategy utilizes an 
optimization-type inverse problem solution procedure with shape analysis based metrics to estimate 
elastic properties from untagged cardiac images and corresponding hemodynamic measurements.  
A simulated inverse problem focused on estimating the passive elasticity of the human right and 
left ventricle wall is examined.   The results show that the shape-based approach can accurately 
estimate the elasticity of the heart wall, although the accuracy and consistency is dependent on the 
spatial region considered.  

 
Key words:  material characterization, shape analysis, heart wall 
 
 
1  INTRODUCTION 
 
There are several cardiovascular diseases that have significant effects on the mechanics of the 
heart.  Pulmonary Hypertension (PH) is one such cardio-pulmonary illness affecting all ages and 
racial populations that is known to affect the size, shape, and material properties of the heart, 
particularly the right ventricle [1].  One of the most critical issues in the study and treatment of PH 
is that there is limited capability to judge both the early stages of this deadly disease, as well as the 
likelihood of progression to heart failure. Even though a natural and common hypothesis is that the 
in vivo heart mechanics is important to better understanding PH, advances in utilizing this 
information are relatively limited.  One likely significant limiting factor is that while some aspects 
of the cardiovascular mechanics can be measured and/or estimated well, there is currently not a 
trusted, clinically applicable method to accurately and consistently estimate the mechanical 
material properties of the human heart wall in vivo.  Towards addressing this challenge, an inverse 
problem solution technique is being developed, and will be presented herein, to estimate the 
mechanics material properties of the heart wall from clinically attainable cardiac medical images 
(e.g., CMRI) and measurable hemodynamics.  A core component of this approach is the novel use 
of shape analysis of the imaging data to construct the objective functional for the inverse problem 
solution procedure.   
 
The primary present objective is to test the potential capability of the inverse problem solution 
strategy, which is firstly done with simulated inverse problems (i.e., the measurement data is 
simulated with chosen properties, and then the inverse procedure is applied to see if the chosen 
properties can be recovered).  Although, an important note is that even though the measurement 
data was simulated for these tests, the simulations were based upon actual human in vivo imaging 
data and corresponding hemodynamic measurements.  The following details the data used, and then 
the simulated inverse problem test procedure.  Lastly, preliminary results and discussion are 
presented. 
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2  IMAGE DATASET ACQUISITION 
 
Cardiovascular magnetic resonance (CMR) images from a randomly chosen patient who underwent 
both CMR and right heart catheterization within a 2-day period were utilized in this study.  Images 
were acquired using a 1.5-Tesla Siemens Magnetom Espree (Siemens Medical Solutions, Erlangen, 
Germany) equipped with a 32-channel cardiac coil.  Standard breath-held cine imaging was 
acquired with steady-state free precession in the short axis orientation spanning the base to apex (6 
mm slice thickness, 4 mm skip).   Typical imaging parameters included 30 phases per R-R interval, 
matrix 256 by ~144, flip angle 51 deg, TE 1.11 ms, acceleration factor 3.  
 
3  METHODOLOGY 
 
A bi-ventricle model (i.e., model consisting of just the left and right ventricle) of the diastolic 
process was created using the finite element method, which was used to both generate the target 
data and for response estimation during the inverse solution procedure.  As the project is motivated 
by PH, the right ventricle (RV) is the primary concern.  Furthermore, typical imaging procedures 
for PH would focus on the RV, and so the RV would be more accurately captured than the left 
ventricle (LV).  Therefore, the inverse problem target was the RV endocardial surface (i.e., the 
portion of the heart shape that would be most accurately captured) at end diastole.  The inverse 
problem solution procedure (e.g., [2]) consisted of defining an objective functional that quantifies 
the difference between the target RV endocardial surface shape and the shape of the RV 
endocardial surface produced by a finite element analysis with the end diastolic pressure applied to 
the end systole geometry and an estimate of the unknown material parameters. Then, iterative 
optimization is applied to estimate the material parameters that minimize the objective functional.  
A standard interior point gradient-based optimization algorithm was utilized herein.  The most 
critical details of this process are elaborated upon in the following. 
 
3.1 Segmentation and mesh generation 
 
A 3D solid (i.e., volumetric) bi-ventricle geometry at end systole was obtained by manually 
segmenting the inner and outer surfaces of the RV and LV from each image in MRI stacks, 
interpolating the slices, and then smoothing the interpolated surfaces using a standard recursive and 
discrete Gaussian filter within the commercial medical image processing software Simpleware [3] 
(result shown in Fig. 1).  Simpleware was also applied to generate a tetrahedral mesh of the volume 
suitable for finite element analysis. 
 

 
Fig.1 Bi-ventricle volumetric geometry with the material property spatial divisions labeled. 
 
3.2 Constitutive model and boundary conditions 
 
For this preliminary capability study, a simple neo-Hookean constitutive model was adopted. To 
test the feasibility to estimate heterogeneity, the geometry was divided into 5 regions of different 
properties (homogeneous within the region though), again primarily focused on the RV, as shown 
in Fig. 1 . 
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The boundary conditions were defined as follows: the LV endocardial base was constrained in the 
Z-direction, 10 mm Hg pressure was applied uniformly on the LV inner surface and the RV inner 
surface was similarly loaded with 5 mm Hg. 
 
3.3. Shape dissimilarity objective functional 
 
Since the expectation is that standard clinical imaging (i.e., without tagging or similar tools 
available), the comparison of the target RV endocardial surface shape and that estimated by the 
finite element analysis during optimization is particularly nontrivial.  The approach utilized herein 
is derived from correspondence-based methods for shape analysis.  More specifically, the present 
approach used a variant of harmonic topological mapping [1] to map (i.e., parameterize) both the 
target and estimated shapes (which are 3D non-overlapping surfaces) to a common domain, a unit 
sphere.  Once mapped, an objective functional can be simply defined in the following form: 
 

SFEM (θ ,ϕ ,µ)− ST (θ ,ϕ ) , 
 
where ST (θ ,ϕ )  and SFEM (θ ,ϕ ,µ)  are the topologically mapped target and finite element analysis 

estimated RV endocardial surfaces, θ  and ϕ  are the spherical coordinates, and ⋅  is a standard 

metric norm (L2 used herein) over the sphere domain.  µ  is the distribution (discrete values 
herein) of the neo-Hookean shear modulus to be estimated through minimization of the objective 
functional. 
 
4 RESULTS AND DISCUSSION 
 
Preliminary results of the simulated inverse problem solved with the discussed method with 7 
different initial parameter estimates (to start the optimization) are shown in Figs. 2 (value of 
objective functional at end of optimization) and 3 (error in material parameter estimates at end of 
optimization).  Note that since gradient-based optimization was used, different initial estimates will 
commonly converge to different final optimized solutions (due to non-convexity). 
 

 
Fig. 2.  Absolute difference in shapes between the target and the final estimate from the inverse 
solution of the 7 trials. 
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Fig. 3. Relative error between the inverse solution estimate of the 5 material parameters and those 
used to create the target shape for the 7 trials. 
 
In all cases the optimization procedure was able to reduce the objective functional to a relatively 
low value, although one case was significantly worse than the rest.  Unfortunately, the 
corresponding material parameter estimates varied more significantly.  However, closer 
examination of the material parameter estimates reveals that in all cases other than the one largest 
final objective functional value, the estimate of the material properties of the RV free wall were 
nearly exact.  This RV free wall bias is not unsurprising since the inverse problem target was the 
shape of the RV endocardial surface and the free wall properties contribute to this more so than the 
septal wall or the LV.   
 
The results indicate that the potential certainly exists to use shape-based objective functionals 
within an inverse problem scheme to estimate heart wall mechanical material propeties.  Yet, 
considerable work still remains to evaluate the proposed approach.  In addition to examining more 
test cases and incorporating more realistic material propeties and boundary conditions, several 
aspects of the solution procedure should be explored further.  In paticular, examination of alternate 
shape-based objective functionals is underway, considering alternates such as the Hausdorff 
distance, and examining their respective effects on accuracy, consistency, and computational 
efficiency.   
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SUMMARY 

 

Advanced microscopy imaging, especially the second harmonic generation (SHG) imaging, can 

noninvasively reveal the network of collagen fibers in bovine pericardium tissue, which is a primary 
determinate of its elastic properties. We utilized the deep learning technique, a branch of machine 

learning techniques, to directly deduce tissue elastic properties from microscopy images. Briefly, 

using an unsupervised learning method, a deep convolutional neural network was trained on the 
tissue images and mechanical testing data. The trained deep neural network was used for 

classification to identify the tissue as soft or stiff, and for regression to predict the strain-stress curves 

from equi-biaxial testing. 
 

Key words:  unsupervised deep learning, convolutional neural network, elastic property, 

collagenous tissue 

 

 

1   INTRODUCTION 
 

Bovine pericardium, a widely used collagenous tissue in fabricating medical devices such as 

bioprosthetic heart valves (BHVs), is adopted in this study due to its structure mainly composed of 

dense collagen fibers [1]. It is well known  [2] that  tissue elastic property, in addition to valve design, 
is one of the primary factors determining the peak stress/strain [3] and long-term durability of BHVs 

[4]. To measure the elastic properties, planar biaxial mechanical testing [5] can be utilized to obtain 

the strain-stress response curves. Several numerical studies [6, 7] have shown that the micro-structure 

of soft tissues, especially the fiber network, determines tissue mechanical properties at the 

macroscopic level. Raub et al. [8] made the first attempt to estimate elastic property directly from 

microscopy images of soft tissues at unloaded state. In their work, collagen gels were cultured though 
multiple days to obtain different collagen concentration; during the culturing process, SHG imaging 

and mechanical testing were performed; and the relationship between Young’s modulus and 

skewness of SHG image pixel histogram were described (i.e. fitted) approximately by log-linear 
models. An improvement of this work would be using more complex image features that can describe 

image texture, i.e., the structural information of collagen network. There is a vast literature on image 

texture analysis [9]. For microscopy images of soft tissues, Rezakhaniha et al. [10] defined several 
intuitive texture measurements, including waviness, straightness, bundle size, etc, and to obtain these 

measurements, individual fibers need to reconstructed from the images. Since no automatic image 

analysis methods or software are currently available for this task, the only way is through the time-

consuming manual annotation. A further and perhaps more important problem is that it is unclear 

whether these image texture measurements could fully describe the structural information related to 

tissue mechanical property. 

 

Recently, Deep Learning (DL) [11], a branch of machine learning utilizing deep neural networks has 

garnered enormous attention in the fields of artificial intelligence. A special type of neural network, 
namely convolutional neural network (CNN) [12], has led to revolutionary advances in computer 

vision and image analysis: CNN-based methods have approached or surpassed human performance 

144



in many real-world applications, such as handwritten-digit recognition, natural image recognition, 

facial recognition, etc. CNN eliminates the need of hand-crafted image features and provides an end 

to end solution, i.e., input image and output target value. Therefore, CNN may be used to 

automatically extract texture features from the SGH images of fiber network. 

 

In this study, we propose a deep learning approach to estimate tissue elastic properties from SGH 

images of bovine pericardium at unloaded state. The strain-stress curves of equi-biaxial testing were 

parameterized by mean curves and modes of variations. A multi-layer CNN was designed to model 
the relationship between the input images and the output parameters of the strain-stress curves. To 

handle the overfitting problem, an unsupervised learning method was developed to determine the 

parameters at the convolution and normalization layers of the CNN. Using the CNN, classification 

was performed to identify the input tissue as soft or stiff, and regression was performed to predict 

the strain-stress curves. This approach could enable fast and non-invasive assessment of bovine 

pericardium elastic property to pre-screening tissue samples for bioprosthetic heart valve 

manufacture. 

 

2  METHODOLOGY 
 

2.1 Tissue preparation, imaging and mechanical testing 

 

Fresh pericardial sacs were obtained from 48 cattle and then cryopreserved. 
Prior to testing, the pericardia were thawed and cut into flat sheets. The tissues 

were immersed in a solution of glutaraldehyde, and then treated with a 

crosslinking anti-calcification solution. Treated pericardium was then stored 

at 4°C in 0.25% glutaraldehyde for a minimum of 48 hours prior to planar 

biaxial mechanical testing. Testing samples were cut into a 20×20 mm2 

square, and four graphite markers delimiting a square approximately 2×2 

mm2 in size were glued to the central region of each sample for strain 

measurements. Using a confocal microscope with SHG imaging technique, tested biaxial samples, 

which were at unloaded state, were imaged inside the area delimited by the graphite markers. Image 
2D slices were collected in the thickness direction from the smooth side of each sample. A slice has 

512×512 pixels (Fig. 1) or 1024×1024 pixels, and the number of slices were varied to cover the 

thickness. In total, we obtained 3D SHG images (512×512×N or 1024×1024×N) of 48 tissue samples 
from different animal subjects, and the corresponding biaxial mechanical testing data. 

2.2 Parameterization of strain-stress curves from equi-biaxial testing 

 
For each tissue sample, the strain-stress curves in the two directions (Fig. 1) from equi-biaxial testing 
were uniformly sampled in the stress 

range of 10 to 630 KPa, and the 

resampled strain values were assembled 

as a vector of 126 numbers, ��:  the first 
first half from the X1 direction and the 

second half from X2 direction. By using 

principle component analysis (PCA), the 

vector �� of a sample can be decomposed 

decomposed as: 
�� � ��� �∑ ��	��  ,             (1) 

where ��� is the population mean, 	� is the 

the mode of variation, and  �� is the 

coefficient.  ��� and 	� are the same for every sample. As shown in Fig. 2, �
 describes tissue stiffness: 

stiffness: softer than mean if  �
 � 0 and stiffer than mean if �
  0. The first three modes of 

variation �	
, 	�, 	�� with ��
, ��, ��� can describe 99% of the total variations of the strain-stress 
curves. 

 

 

 

 

Figure 1. A 2D 

SHG image slice 

Figure 2. The 48 strain-stress curves in each direction are color-coded 

by the corresponding  �
. The mean curves are the dashed lines. 
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2.3 Architecture of the deep convolutional neural network 

 
As show in Fig. 3, we have designed a deep convolutional neural network consisting of 6 blocks, and 

each block has one or more layers. Given a 3D image of 256×256×N pixels, the first preprocessing 

block performs local contrast normalization and resamples the image into 256×256×3 pixels. The 2nd 
block contains a convolution layer with 64 filters of 33×33×3 pixels, a batch-normalization layer, a 

ReLu (rectifier linear unit) layer, and a max pooling layer with a 2×2 pooling window. The 3rd to the 

5th blocks are very similar to the 2nd block. The 1st to 5th blocks work as a texture feature extractor 

which outputs a feature vector of 64 numbers. The 6th block is used for classification with a softmax 

classifier and cross-entropy loss function, and for regression with a linear model and L2 loss function. 

The network can process an image within 1 minute on a PC with intel i7-4770 CPU and 32G RAM. 

 

2.4 Unsupervised deep learning 

 
The CNN in Fig. 3 has roughly 0.5 million parameters at the 

convolution and normalization layers, much larger than the 

number of tissue samples we have. This problem will lead to 
severe overfitting if the CNN is trained using any supervised 

learning methods. To handle this problem, we propose an 

unsupervised learning method that does not need millions of 

labeled samples. To determine the filter parameters of a block, 

we use an orthogonal dictionary learning (ODL) algorithm to 

learn a dictionary from the input feature map of that block, and 

the basis vectors in the learned dictionary are directly used as 

the filters. The ODL algorithm is essentially the same as PCA 

without population mean, and it has three steps to obtain � filters of size �
 � �� � ��: (1) feature 
map of size �
 � �� � ��, is split into patches of size �
 � �� � ��, and each patch is reshaped to 
a vector; (2) singular value decomposition is performed on the patch-vectors to obtain eigenvectors 

and corresponding eigenvalues sorted from the largest to the smallest; (3) the first �/2 eigenvectors 

������

�/�

 and their opposites �������

�/�

 are selected as the filters (Fig. 4). Given the output from the 

the convolution layer with learned filters, the parameters (i.e. the population mean and variance) of 
the adjacent batch-normalization layer can be directly computed. In this way, all of the parameters 

of the 2nd to 5th blocks can be determined layer by layer. The parameters in the 6th block can then be 

learned by the standard back-propagation algorithm using the labeled data (i.e. supervised learning). 
A image-splitting method is used to generate more training data: a 3D image is split into patches of 

256×256×N, assuming the same elastic property. Data augmentation [12] is used for unsupervised 

learning (the 2nd to 5th blocks) by reflecting an image patch in X1-direction and X2-direction. 

 

3  RESULTS 

 

3.1 Classification 

 

Classification tasks were performed in ten-fold cross validation using 

data from image-splitting (section 2.4) to test whether the trained CNN 

can predict sign of �
, i.e., identify the issue as soft or stiff. As a 
comparison, a softmax classifier using the skewness of image pixel 
histogram [8] was also trained and tested in the cross validation. The 

ROC curves are show in Fig. 5. The proposed deep learning method 

achieved its best accuracy of 84%, and the skewness-based method 
achieved its best accuracy of 71%. 

 

 

Figure 3. The deep convolutional neural network. The 1st to 5th blocks work as a texture feature extractor. 

Figure 4. The learned filters in the second 

block (the opposites are not shown). The 

red box contains a 33×33×3 filter. 

Figure 5. ROC curves 
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3.2 Regression 

 

Regression tasks were performed in 
leave-one-out cross validation to test 

whether the trained CNN can predict 

the values of �
, ��, ��. Then, ��, 
i.e., the strain-stress curves, can be 

reconstructed by using Eq.(1). In 

each round of the cross validation, 

the images and the equi-biaxial 

testing data of one tissue sample 

were used as the testing data, and the data of the other 47 samples are used as the training data to 

determine the parameters of the 6th block (Fig. 3). The predicted values from the image patches of 

the same tissue sample were averaged. The mean absolute error of predicted �� on all of the testing 
data was 0.0262 (strain error). Fig. 6 shows three representative examples of the predicted curves, 
and the full set of curves will be shown at the conference. 

 

4  CONCLUSIONS 
 

We have developed a deep learning approach to estimate elastic properties of bovine pericardium 

from SHG images of the tissue at unloaded state. A deep convolutional neural network was designed 

and trained for classification and regression, and evaluated in cross validation. The results 

demonstrate that this approach has a great potential for fast and noninvasive tissue assessment for 

bioprosthetic heart valve manufacture. The coefficient �
 could be used as a stiffness metric. The 
proposed unsupervised learning method is a general method for training CNN, and it can be used 

straightforwardly for other deep learning applications.  
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Figure 6. Examples of predicted strain-stress curves are shown in dashed lines. 

The strain-stress curves from equi-biaxial testing are shown in solid lines. 
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SUMMARY

Latest developments in image registration have made it possible to study regional deformation non-
invasively. In this work, we study the regional deformation in healthy lungs by means of in-vivo
image-based biomechanical analysis. Deformation is quantified in terms of 3D maps of the invariants
of the right stretch tensor. We show that the deformation invariants in normal lungs have a frequency
distribution that follow a log-normal distribution. Based on this finding, we show that deformation
invariants fields can be normalized in terms of a log-normal score, allowing for a direct inter-subject
comparison where very similar spatial patterns are found across all subjects studied. Lungs displayed
a marked gradient along the gravitational direction, highlighting the role of gravity in the regional
deformation of healthy lungs under spontaneous ventilation.

Key words: Lung mechanics, biomechanical analysis, image registration, regional deformation

1 INTRODUCTION

The underlying mechanism of lung deformation and its relation to airway flow and alveolar during
spontaneous respiration have long attracted the medical community. Indeed, the quantitative char-
acterization of functional parameters that describe the global biomechanical behavior of the lung
constitutes the basis for many tests routinely performed in the clinical practice to study pulmonary
function and diagnose respiratory disease, such as spirometry and gas diffusion tests [1]. However,
since global pulmonary parameters are not capable of detecting the onset of several pathologies, there
is a growing interest in understanding pulmonary functionality at a regional level. Deformable image
registration based on computed tomography (CT) imaging of the lung, provides a non-invasive tool
to study the motion and deformation of the lung at a regional level [2]. Attempts have been made to
study lung parenchymal regional deformation based on image registration of thorax CT images. Cur-
rent attempts primarily focus on volumetric change [3, 4, 5]. The aforementioned examples evince
that a quantitative characterization of the regional lung mechanics may have profound medical im-
plications. To date we have noted that regional characterization is primarily focused on volumetric
deformation and anisotropic indices of deformation. From a biomechanical perspective, in addition
to volumetric deformation, invariants related to surface and length deformation is crucial for a better
understanding of lung tissue biomechanical behavior, as observed in experimental studies [13].
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2 METHODOLOGY

Eleven volunteers were recruited for this study and underwent a protocol approved by the institutional
review board of Pontificia Universidad Católica de Chile. For all subjects, thorax CT images at
full inspiration (total lung capacity, TLC) and spontaneous expiration (functional residual capacity,
FRC) were acquired. To study the regional deformation in lung parenchyma we adopt a non-linear
continuum mechanics framework. Because FRC is associated with a resting state of the diaphragm
and other respiratory muscles that can be naturally achieved by all healthy subjects, we consider the
domain of the lung at FRC as the reference configuration, represented by the open set B ∈ R3.
Likewise, we identify the lung domain at full inspiration as the current configuration and define the
deformation mapping ϕ : B → R3 as the field that transforms all points from the reference to
the current configuration. Following the polar decomposition theorem [10], the deformation energy
density will only depend on the invariants of the right stretch tensor U , which can be defined as,

I1 :=
1

3
tr(U) ≡ 1

3
(λ1 + λ2 + λ3) (1)

I2 :=
1

6

(
[tr(U)]2 − tr(U2)

)
≡ 1

3
(λ1λ2 + λ2λ3 + λ3λ1) (2)

I3 := det(U) ≡ λ1λ2λ3 ≡ J (3)

From a kinematic point of view, I1 corresponds to a length deformation measured in terms of the
Manhattan distance, I2 corresponds to a surface deformation and I3 to a volumetric deformation. To
study the anisotropy of deformation, we also consider the anisotropic deformation index (ADI) and
the slab-rod index (SRI) defined in [7]. In order to perform the biomechanical analysis, CT data sets
were first registered using the free-form deformation non-rigid registration Nifty-Reg package [12].
The transformation model is based on cubic B-spline basis functions that deliver a C2 continuous
image transformation. To construct the finite element (FE) discretization of the lung domain, we
use the active contour segmentation method implemented in ITK-Snap. Then, we computed the
deformation-gradient tensor field by performing an L2 variational smoothing, see [12]. Histograms
of all three deformation invariants are constructed from the 3D maps of regional deformation. To
compare the spatial patterns of regional deformation along the dorsal-ventral direction between all
subjects, we divided each lung domain in 10 regions of interest (ROI).

3 RESULTS AND CONCLUSIONS

A highly heterogeneous spatial distribution was observed for all deformation metrics and all subjects
under study. Some subjects showed high levels of volumetric deformation (J > 3) in a vast zone of
the lung domain without any clear pattern, whereas, other subjects showed small zones of volumetric
compression (J < 1) near the ventral region of the lung, associated with alveolar compression. In a
significant portion of the lung, ADI values greater than zero were observed without any clear spatial
distribution. On the other hand, SRI values randomly oscillated between 0 and 1 throughout the lung,
as observed in [7].

Frequency distributions of the deformation metrics were obtained for both the left and right lung
of each subject. We noted that a log normal distribution adequately fitted with the histograms and
therefore we proposed a normalization of the invariant fields of each subject using the score of a log
normal distribution. Figure 1 (Left) shows the normalized invariants fields, where it is possible to
recognize common spatial patterns of deformation shared by subjects. More precisely, a vertically
elongated region with high values for all three deformation invariants are consistently found in the
dorsal regions of both subject lungs. On the other hand, low invariant values are found in the ventral
region. These observations suggest an overall spatial gradient of normalized deformation invariants
the dorsal-ventral direction, which coincides with the gravitational direction. Moreover, we noted that
for the same subject, the normalized form of the three invariant fields characterizing length, surface
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Figure 1: Left: Normalized deformation invariant maps for the right lung of two representative subjects. Black
arrows indicate the direction of gravity. Right: Dorsal (D) - ventral (V) ROI distributions of normalized volu-
metric deformation. Error bars show 95% confidence interval.

and volume deformation take very similar values in space. In addition, Figure 1 (Right) shows the
distribution of ROI-averaged normalized volumetric deformation along the dorsal-ventral direction
for the left and right lungs of all subjects. As mentioned above, higher values are consistently found
in the dorsal ROIs, whereas lower values are observed in the ventral ROIs, both in left and right lungs.
While individual ROI distributions were not all strictly monotonically decreasing (not shown), we do
confirm an overall gradient of normalized invariants which decreases in the dorsal-ventral direction.
Higher inter-subject dispersion is found at the ventral and dorsal ROIs, while interior ROIs present
low dispersion around the mean value.

In this work, we systematically performed image-based biomechanical analyses to study the regional
deformation in healthy human lungs based on CT images, in the search of common spatial patterns
of deformation and other statistical information that could potentially characterize healthy lungs in a
general manner. At a global scale, our results exhibit that relative volume changes of the left and right
lungs are very similar for the subjects under study. At a regional level, our study confirms that local
volumetric deformation in the lung parenchyma displays marked spatial variations in healthy human
subjects spontaneously breathing in supine position. Our ROI analysis confirms a marked gradient
in regional volumetric deformation along the ventral-dorsal direction, which coincides with the di-
rection of gravity. These results are consistent with the distribution of ventilation in human lungs in
supine position, where ventilation in the dorsal regions of the lung is higher than in the ventral regions
due to gravity [11]. Further, we show that not only the volumetric deformation, but also length and
surface deformation display a strong gradient in the gravity direction. One of the key contributions
of this work is the introduction of a simple subject-specific normalization of the regional measures of
deformation allowing a better inter-subject spatial comparison. When normalization is applied, com-
mon spatial patterns of regional deformation are readily observed for all three deformation invariants
analyzed.
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SUMMARY
Many of the constitutive laws for soft tissues contain an exponential function. We present an analysis
of exponential-related non-linearity and propose alternative formulations for parameter estimation.
We also conduct a design of experiment study to determine the effect of noise in input data on the
estimated biomechanical parameters.

Key words: Soft tissues, Biomechanics, Constitutive laws, Nonlinear elasticity, Parameter estima-
tion, Inverse modeling

1 INTRODUCTION

Motivated by Fung’s well-known result [1] that stiffness of soft tissue is proportional to the stress,
many of the constitutive laws for soft tissues contain an exponential function. This leads to a highly
non-linear stress-strain response, and difficulties in estimating the related biomechanical parameters
[2]. In our previous study we observed a long-narrow valley in the objective function, which led
to extremely slow convergence during parameter estimation [2]. In this study, we present a general
analysis of the properties of an exponential function within a constitutive law. We aim to answer
multiple questions, such as: did the valley shape result from that one particular problem or is it a
general feature of soft tissues? Can we improve the convergence of parameter estimation? How do
these properties affect the design of experiments, such as a biaxial testing setup?

2 METHODS

We divide into two categories: displacement controlled (DC) and force controlled (FC). In DC cases,
the input variable is the deformation or strain, and stress or forces are fitted to estimate parameters.
On the other hand, in FC cases, the input variable is the force or stress, and strain or deformation is
fitted.

2.1 One-dimensional curve fitting

Starting in one-dimension, the simplest function with an exponential is

σ(A,B, ε) = AeBε. (1)

Here ε represents strain and is the input, while σ is the output representing stress. Thus (1) is a DC
case and the inverse of this relationship

ε(A,B, σ) =
log(σ/A)

B
(2)
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is an FC case. Since the stress function (1) is not zero at ε = 0, we also considered a more realistic
representation of stress

σ(A,B, ε) = A
(
eBε − 1

)
and its inverse (3)

ε(A,B, σ) =
log(σ/A+ 1)

B
. (4)

2.2 Multi-dimensional curve fitting

Hyperelastic constitutive laws for soft tissues are generally defined in two or three dimensions, based
upon deformation gradient F [3]. We study two commonly used constitutive laws here, however the
results are expected to be extensible to most others. First is the Gasser-Ogden-Holzapfel (GOH)
model [4] and second is the simplified structural model (SM) [5]. The two models are used in
multi-dimensional curve fitting, where known deformation gradients are used to calculate the stresses,
which are then matched to the observed stresses to obtain the elastic parameters. Since the known
input is deformation and stress is the output, these are all DC cases.

2.3 Inverse models

In many situations, it is more appropriate to solve an inverse model instead of curve fitting, where the
observations are matched to the outcome of a finite element simulation. The finite element models
in turn use a pre-determined constitutive law, and we tested both GOH and structural models. We
considered two inverse modeling problems, and all of the finite element simulations were performed
using FEBio [6]. First problem is that of a biaxial testing of a thin planar tissue sample, which is
studied for both DC and FC cases. The second problem studied here is the shape-matching of a semi-
lunar tissue sample under static pressure loading, which represents the closing of a bioprosthetic valve
leaflet. Since the input for this problem is a pressure force, only FC case was possible.

3 RESULTS

First we consider the one-dimensional problem (1). Taking an L2 norm of the difference between
observed stress and model gives us a highly non-linear objective function which contains a long-
narrow valley. Based upon elementary algebra, instead of taking an L2 norm directly, we first take
a logarithm of the stress, which linearizes the function and objective function becomes quadratic
(Fig. 1). We extend this idea to all of the DC problems considered and observe similar behavior.
Furthermore, the parameter estimation improves substantially (Fig. 2).

For the FC cases, again we start with the one dimensional problem (2) and note that taking a log does
not linearize the strain function. Instead, transforming the parameters to log(A)/B and 1/B makes
the function linear. Making this transformation in the parameters changes the functional shape from
a long narrow valley to a near-quadratic for all the cases, and the parameter estimation also improves
substantially (result figures skipped because of space constraint).

3.1 Effect of noise and heterogeneity

The proposed changes also affect the effect of data noise on the accuracy of estimated parameters
Fig. 3. Furthermore, the change in the shape of the objective function made it far less likely for the
solution to be trapped in a local minima for heterogeneous case (i.e. with > 2 parameters, result
figure skipped because of space constraint).

3.2 Design of experiments

While performing the inverse problem two important considerations arise: first, what is the effect of
measurement errors/noise, for example in the physical devices used to measure stresses and strains in
the DC and FC cases, respectively; and second, given the measurement errors what are the optimal
locations (both in space and time) for taking the measurements. In a biaxial testing setup, we present
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Figure 1: The functional for displacement controlled (DC) cases plotted as a contour, global minimum is
indicated using a green circle and the PM curves are plotted using colored lines – APM (blue) and BPM (red).
Left and central plots are using 2-norm in (A,B) and (log(A), B) space respectively, while the right plots are
using log-norm.
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Figure 2: Parameter estimation results for four displacement-controlled (DC) cases with one representative
example of convergence each (left) and statistics with starting points spanning the parameter space (right)
summarized as mean±standard deviation (*iterations from some starting points did not converge)
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Figure 3: Change in error as a function of random noise introduced into the target vector for DC cases (a)
structural model and (b) GOH model.

preliminary results for these two considerations using both classical methods, see for example [7],
and recently proposed methods based on information-theoretic criteria, see for example [8].

4 DISCUSSION AND CONCLUSION

In this study, the aim is to elucidate some of the issues related to soft tissue constitutive laws. We
find that these features are fundamental nature of the exponential function, which is commonly used
in soft tissue mechanics. By simplifying the problem and using elementary algebra, we propose
modifications that improve convergence and robustness with respect to noise. More importantly,
the modified formulations are found to be less susceptible to being trapped in a local minima for
heterogeneous problems. The insight obtained in this study will be used in the future to significantly
improve inverse models and provide higher confidence in the elastic parameters used for soft tissue
biomechanical studies.
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SUMMARY 

 

AAA rupture risk prediction suffers from a lack of stringent individual indices. Dynamic 3D 

ultrasound imaging provides temporally and spatially resolved strain fields of the aneurysm wall. 

We have analysed the spatial distribution of local circumferential and longitudinal strains in the 

neck and bulge region of AAAs in 47 patients. Mean strain amplitudes were decreased in the bulge 

compared to neck regions of aneurysms, whereas heterogeneity of strain distribution was increased. 

Peak circumferential strains were found to localise to the posterior part of the aneurysm, mostly. 

 

Key words:  4D ultrasound, strain analysis, abdominal aortic aneurysm 

 

 

1  INTRODUCTION 
 

Abdominal aortic aneurysm (AAA) rupture remains a major clinical problem with high overall 

mortality and morbidity. The AAA rupture risk correlates with aneurysm diameter and rises 

exponentially when a value of 5.5 cm is exceeded. Computational biomechanical models of 

aneurysms are used to compute different indices for the prediction of rupture risk and are slowly 

finding their way into clinical research. These models are used to compute (peak) stresses in the 

aneurysm wall, based on individual aneurysm geometry and blood pressure. The second factor 

determining risk of rupture is the strength of the aortic wall at a specific location. Currently this 

information is not available by non-invasive in vivo methods. Considering the large interindividual 

differences and the heterogeneous distribution of wall properties within the aneurysm, the use of 

population averaged data for wall strength reduce the reliability of rupture risk predictions based on 

wall stress analysis. In vitro observations of the failure of aortic tissue have shown that rupture 

occurs at sites of peak strain rather than peak stress [1]. In contrast to wall stresses, wall strains can 

be computed from non-invasive in vivo imaging data, directly. Recently, we have employed time 

resolved 3D ultrasound imaging with speckle tracking to compute wall strains in age matched 

groups of patients with and without an infrarenal aneurysm to investigate the feasibility of such an 

approach [2]. In this study, we have analysed the spatial distribution of wall strains to determine the 

location of peak wall strains in AAA and compare these to known rupture prone sites in AAA. 

 

 

2  METHODOLOGY 
 

The infrarenal aorta of patients with an infrarenal aneurysm (n=47) was imaged by a customized 

4D echocardiography system (Artida, Toshiba) using a transthoracic 3D ultrasound probe (PST-

25SX, 1-4 MHz phased array matrix transducer, Toshiba) [3]. Time resolved 3D data were analysed 

by speckle tracking. Cyclic circumferential and longitudinal strains were determined for approx. 

900 segments of 4x4 mm² with a temporal resolution of 15 - 25 Hz. Mean strain amplitude, peak 

strain amplitude and heterogeneity of strain distribution were determined for the neck and bulge 

region of each AAA, separately (Fig. 1). In addition, the location of peak wall strain was 
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determined in longitudinal (neck, proximal / maximum / distal bulge) and circumferential (anterior, 

posterior, left, right) direction.  

 

 

Fig. 1: Definition of neck and bulge regions of an AAA. 

 

 

3  RESULTS AND CONCLUSIONS 

 

Averaged circumferential and longitudinal strain amplitude was significantly lower in the bulge 

than the neck region of AAA (Wilcoxon-Mann-Whitney-U-test for unpaired data, p <0.05, Fig. 2). 

Heterogeneity of strain distribution was increased in the bulge region. Both of these findings hint at 

a stronger deterioration of the aneurysm wall in the bulge as compared to the neck region of AAAs 

investigated. The location of peak circumferential strain was found to be mainly in the posterior 

part of the aneurysm, irrespective of longitudinal position (neck, 47.5%, bulge, 50%), which 

corresponds to the sites where aneurysm rupture is most often reported, clinically. 

Spatially resolved strain fields of aneurysm walls can be acquired non-invasively in vivo. The 

analysis of these data allows for a detailed understanding of aneurysm wall kinematics, which 

reflects the state of wall deterioration and might be used for AAA rupture risk stratification. 
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Fig. 2: Mean longitudinal (left) and circumferential (right) strain amplitudes in neck and bulge regions of 

AAA. Wilcoxon-Mann-Whitney-U-test for unpaired data (p < 0.05). 
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SUMMARY 

 

Characterizing mechanical behavior of the liver tumor is important to understand the 

mechanobiology of the disease and to detect liver cancer in early stage. However, it is a challenge to 

measure the mechanical behavior of the tumor tissue in vivo. In this study, we propose a novel 

approach by using magnetic resonance (MR) tagging techniques to track the deformation of the liver 

parenchyma and the tumor inclusion. Distribution of the strain field between the tumor and its 

periphery non-tumor regions were compared. A patient-specific finite element (FE) model was 

constructed to simulate the deformation.  

 

Key words:  Liver tumor, MR tagging, Image processing, Finite element analysis 

 

 

1   INTRODUCTION 
 

Liver cancer is one of the common cancer forms, both in developed and developing countries.  In 

2008 alone, there were an estimated 748,300 new liver cancer cases and 695,900 cancer deaths 

worldwide [1]. However, nearly half of these cases and deaths were estimated to occurred in China 

[2]. Current methods to diagnose liver tumor includes conventional imaging modalities such as MRI 

and liver biopsy.  However, the specificity rate of the conventional imaging methods is low when 

diagnosing benign and malignant tumors.  Liver biopsy is considered as a golden standard for 

cancer diagnosis and staging, but it involves painful insertion of biopsy needles into the human body 

and has certain risks of death and hemorrhage.  A non-invasive diagnosis of liver cancer is needed 

to improve the diagnosis and patient care of the liver cancer patients. 

 

Mechanical properties of soft tissues provide important information for understanding the 

mechanism of tissue injury and diseases [3, 4]. The mechanical properties of tissues have been used 

as a biomarker for diagnostic purpose. For example, imaging methods such as MR elastography 

(MRE) has been used to characterize and diagnose brain tumor [5] and liver fibrosis [6]. Recently, 

mechanical properties of the liver tumor tissue were investigated by MRE [7]. However, more 

information is still needed for a complete characterization of the liver and tumor tissue. 

 

Tagged MR images that are capable of measuring displacement in vivo has been used to study the 

cardiac motion for over two decades [8]. Based on the displacement field acquired, tagged MR 

images have been applied to characterize the mechanical properties of cardiac tissue. It was also used 

to investigate the motion of human brain [9, 10]. Recently, studies have been using MR tagging 
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method to study liver fibrosis [11]. In this study, we used tagged MRI to investigate the mechanical 

behavior of the liver tumor.  
 

2  METHODOLOGY 
 

Four patients with solid liver masses were recruited for this study. Each of them was diagnosed with 

hepatocellular carcinomas (HCCs), hemangiomas (HEMs), cholangiocarcinomas (CCAs), and 

metastases (MET), respectively. The pathology was confirmed by patient follow-ups and biopsy. The 

study was approved by the institutional review board of Soochow University.  

 

Both anatomical and tagged MR images were acquired from a 3.0 T scanner (Skyra, Simens, 

Germany).  Tagged MR images in the coronal plane were acquired using tag cine sequence.  To 

visualize the cardiac motion during the tagging, a coronal plane was positioned to include both the 

heart and liver region. The following imaging parameters of were used: TE/TR = 2.47/46.71 ms, 

FOV=289x359 mm2, voxel size=1.6x1.6x6 mm3. The spacing between each tag line was 9 mm.  

Displacement field of the liver region was extracted from the tagged lines using HARP algorithm 

[12].  The liver and tumor region of interests (ROIs) were manually delineated by a physician.  

The Delaunay triangles were generated from the reference and deformed intersections points of the 

tagged line.  The deformation gradient F was calculated by  

 𝐝𝐱 = 𝐅𝐃𝐗, (1)  

where dx is the deformed triangle points and DX is the reference triangle points. The Lagrangian 

strain field was calculated using 

 𝐄 =
1

2
(𝐅𝐓𝐅 − 𝐼), (2)  

 

The periphery ROI was defined as a region surrounding the tumor but with a 16 mm offset.  A one-

tail paired T-test was used to compare the strain distributions from the tumor and periphery ROIs 

 

To simulate the mechanical behavior of the liver and tumor, a patient specific FE model was 

constructed based on the anatomical images using FEbio [13]. The model was meshed by a total of 

143,100 TET4 elements. The tumor mass inclusion was manually delineated by assigning an ROI 

with 153 TET4 elements. A Neo-Hookean material was assigned to both the liver and tumor ROIs 

with a shear modulus of 2 kPa and 4 kPa, respectively. Uniform displacement with a magnitude of 

2.4 mm was applied on top of the liver along the interface between the heart and the liver.  

 

3  RESULTS AND CONCLUSIONS 

 

We selected the patient with HCC tumor for illustration of the coronal T2-weighted anatomical image 

(Figure 1a) and the delineated ROIs (Figure 1b). Lagrangian strain components and maximum 

principal strain were calculated for the whole liver parenchyma (Figure 2).   

 

 
Figure 1 (a) A sample anatomical T2-weighted image of the liver region.  The tumor resides with 

the right dorsal section of the liver (left in the image).  (b) A corresponding tagged MR image.  

The yellow, red, and blue contours are manually delineated regions of interests (ROIs) of the tumor, 

the periphery region of the tumor, and the liver, respectively. 
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Cardiac contraction produced measurable strains in the liver, with statistically significant differences 

between the tumor and its periphery ROIs. Lower strains in the tumor ROIs, observed for all patients, 

reflected the higher stiffness of the tumor (Figure 3).  

 

The FE simulations of the liver with a solid mass showed that the mass with a higher shear modulus 

had a distribution with lower strain magnitude (Figure 4). As a preliminary study, the forward FE 

simulation is to demonstrate the computational framework of using patient-specific data in 

characterizing the behavior of liver tissue in vivo. In addition, the simulated distribution of the 

Lagrangian strain complies with that from the in vivo measurement, indicating the potential of using 

the FE model for an inverse estimate of the model parameters .  

 

 
Figure 2. Distributions of Lagrangian strain components (a) Exx,(b) Eyy, and (c) Exy over the liver 

region, showing heterogeneous strain fields over the organ. (d) Distribution of the maximum 

principal strain (E1) showing relatively uniform and low magnitude strain in the tumor region. 

 

 
Figure 3. A comparison of values of E1 for the four patients. The tumor ROI corresponds to the 

delineated yellow region in Fig. 1b.  The non-tumor region corresponds to the periphery region 

surrounding the tumor. *p < 0.05; **p < 0.01 (Student’s t-test). 

 

We characterize the mechanical behavior of liver parenchyma with solid tumor masses using MR 

tagging method. Strain distribution was determined within natural cardiac cycles. Significant 

differences were observed between the four different types of tumor lesions and their periphery 

regions.  With patient-specific FE models, we showed that lower strain distribution indicated a lower 

modulus of the tissue.  Results showed the potential of using mechanical properties as a biomarker 

for tumor diagnosis. Future work will focus on simulation studies to build a more realistic model to 

characterize the tumor tissue.  
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Figure 4. A patient-specific FE model of the liver. (a) FE mesh of the liver model. (b) Distribution 

of the first principal strain. A lower strain is observed within the yellow contour that corresponds to 

the region assigned with a larger shear modulus.  
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SUMMARY
A computational modelling framework for investigating arrhythmic risk in patients with non-ischemic
dilated cardiomyopathy is presented. Late gadolinium enhanced cardiac magnetic resonance images
are used to inform the model properties. The effect of scarring on wavefront arrival times is investi-
gated.

Key words: Non-ischemic cardiomyopathy, arrhythmia, monodomain equation

1 INTRODUCTION

Non-ischemic dilated cardiomyopathy (NIDCM) is a common form of structural heart disease char-
acterised by significant pathological changes in both global ventricular chamber morphology and
tissue structure. Patients who present with NIDCM are known to be at high risk of arrhythmic sudden
cardiac death[3]. Accurate assessment of arrhythmic risk is therefore vitally important for therapy
planning and optimisation of NIDCM patients.

Late-gadolinium enhanced (LGE) MR studies of NIDCM have highlighted that approximately one
third of NIDCM patients have the presence of significant midwall fibrosis [6]. Such fibrosis often
occurs in a linear distribution in the mid-wall of the septum. Recently, a very strong association has
been made between the presence of midwall fibrosis and arrhythmias/sudden cardiac death (SCD)
[1]. Specifically, the study by Gulati et demonstrated a 5-fold increased risk of arrhythmic SCD
in NIDCM patients with midwall replacement fibrosis visible in LGE MR. However, being able to
mechanistically understand how the fibrotic remodelling quantified by LGE MR gives rise to elevated
arrhythmic risk is vital in translating its use as a clinical tool for risk stratification.

Constructing a computational model which represents the structural changes in NIDCM present in
imaging data provides an opportunity to investigate the key physiological processes underlying this
elevated arrhythmic risk and how this is driven by midwall fibrosis. Other recent modelling studies
have shown important success in understanding the mechanisms underlying arrhythmias in ischemic
heart disease patients [7], as well as demonstrating the model’s ability to accurately predict arrhyth-
mic events [8]. A key question for NIDCM patients presenting with midwall fibrosis is the relative
importance of the structural metrics associated with the fibrosis (such as location, extent, etc) which
can be derived from MR imaging, in relation to the functional electrophysiological properties of these
remodelled regions and how these properties affect wavefront propagation, potentially providing an
arrhythmogenic substrate. This is particularly important in light of very recent experimental ani-
mal studies which have highlighted that fibrotic tissue can electrotonically conduct wavefronts over
relatively large distances [5].
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The goal of this study is to present the development of a computational modelling pipeline to construct
representative bi-ventricular models of NIDCM patients including the presence of midwall fibrosis,
derived from LGE MR measurements. We use the model to assess how the presence of midwall
fibrosis affects activation dynamics dependent upon wavefront propagation direction, and how this
is in turn affected by the specific assigned electrophysiological properties of the fibrotic tissue. The
modelling pipeline presented provides the opportunity for later assessment of the relative importance
of structural versus electrophysiological remodelling in arrhythmia inducibility and sustenance.

2 METHODOLOGY

Image Analysis: Late gadolinium enhanced MRI image sets of 40 NIDCM patients with mid-
wall fibrosis were acquired from the Royal Bromptom Hospital. The protocol is described in detail
elsewhere [1], and we summarize it here briefly. Two 1.5T scanners (Siemens Sonata/Avanto) were
used to acquire cine images using a steady-state free-precession sequence in standard long axis and
contiguous short axis planes. An inversion recovery gradient echo sequence was used to acquire LGE
images, 10 minutes after the administration of gadolinium in identical long and short axis planes.
The presence or absence and the location of mid-wall fibrosis was determined by two independent
operators with a third providing adjudication if necessary. To be considered present, the enhancement
had to be apparent in two orthogonal planes and two phase encoding directions. Mid-myocardial
or sub-epicardial patterns of enhancement were included. Subendocardial patterns, consistent with
myocardial infarction, were excluded.

In each set of short axis images the mass of midwall fibrosis was quantified by the full width at half-
maximum technique (CMR42 Circle Cardiovascular Imaging Inc). Based on this the volume fraction
of scar was calculated, and the presence of scar in any of the standardized AHA regions was noted
(for a summary see Figure 1 right).

Figure 1: Left: Cardiac short axis MRI image of an NIDCM patient with midwall fibrosis circled in
blue. Right: Prevalence of midwall fibrosis per AHA region for 40 NIDCM patients.

Idealized Average Geometry: An idealized ventricular geometry consisting of two half ellipsoids
was generated based on average geometrical measurements observed in the MRI images. In this
geometry the left ventricular (LV) ellipsoid had long axis radius 92.2 mm, two equal short axis radii
with 32.2 mm and wall thickness 9.0 mm. The right ventricular (RV) ellipsoid had a long axis equal
to that of the LV and wall thickness 2.6 mm. The RV short axis, which was normal to the LV surface,
was adjusted so that the distance from the midseptum to the RV at the base was 33.0 mm, and the other
short axis was adapted so that the RV ellipse cut a third of the arc of the LV ellipse. Sections of the
RV ellipse that were inside the LV cavity were removed. Rule based fiber orientations were assigned
according to the method of [4]. The geometry was discretized by 6,873,690 tetrahedral elements with
a maximum edge length of 500 µm (CGAL).

A region of midwall scar extending two thirds longitudinally from apex to base was defined in the
septum of the geometry. This corresponded to the four AHA regions most frequently effected by
midwall fibrosis in the LGE images. The transmural extent of the scar was set to 0.23 of the LV wall
thickness so that the final LV scar volume fraction was 0.04, the average observed in the images.
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Electrophysiology modelling: In order to simulate the propagation of electrical impulse we
employed the standard monodomain model with cellular dynamics given by the ten-Tusscher 2008
human ventricular myocyte model. Regions of scar were considered to be passive resistors able to
support a current but without any excitability. More precisely, the transmembrane voltage was set to
-60 mV in the scar and conductivities were reduced by 95% as in [2]. For the sake of comparison a
second healthy model was considered with no electrophysiological changes in the scar regions.

Simulation Protocol and Data Analysis Simulations were performed with the Cardiac Ar-
rhythmia Research Package (CARP). Two separate stimulation protocols were performed separately
stimulating the model: (1) halfway through the wall of the apex; and, (2) along the entire LV endocar-
dial surface. Activation times (ATs) were computed at each finite element node. AT maps along with
cumulative plots of the percentage of tissue activated as a function of time were compared between
models and protocols.

3 RESULTS

Pacing the model apically showed little effect of scar on the simulated activation pattern, as shown in
the top of Figure 2. As a consequence the same amount of tissue was activated at the same times for
both scarred and healthy cases (Figure 3 left). With LV endocardial pacing the scar caused a delay of
the signal into the subepicardial septum (Figure 2 bottom left and Figure 3 right). These experiments
suggest that midwall fibrosis in NIDCM patients delay waves traveling transmurally but do not delay
waves travelling longitudinally.

Figure 2: Simulated activation time maps in milliseconds. Top: activation is initiated in the LV apex.
Bottom: activation is initiated in the LV endocardium. Left: No scar is present. Right: midwall
fibrosis acts as a passive resistor. Fibrotic regions appear as dark blue in the mid septum.

3.1 Conclusions & Future Work

We have presented a computational framework for understanding the mechanisms driving elevated
arrhythmic risk in NIDCM patients. Our representative model included fibrotic regions in the sep-
tum (the most frequently occurring location for these fibrotic bands in NIDCM patients ) based-on
LGE data from a previous cohort. Using the model, we showed that such fibrotic remodelling has
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Figure 3: Percentage of myocardium activated per time level.

relatively little effect on activation patterns following apical pacing, but has a significant effect on
activation following endocardial pacing. In future studies we plan to use this framework to investi-
gate how changes to the assigned electrophysiological properties of the fibrotic regions, along with
small changes in its location, transmurality and extent, may affect the ability of the region to act as an
arrhythmogenic substrate as well as its ability to sustain reentrant activation.
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SUMMARY
A stenoted renal artery is reconstructed from CT-scan and from this geometry, a normal non-stenosed
renal artery is constructed. A two-phase incompressible mixture model is applied to solve for the
blood flow and the platelets are modeled through Lagrangian Particle Tracking combined with a
platelet activation model. The purpose is to study the flow characteristics in both geometries to assess
the relation of shear stress gradients to the likelihood of developing arterial stenosis.
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1 INTRODUCTION

Initial location of arterial lesion leading to plaques and stenosis are closely related to specific sites,
in particular in areas of disturbed flow at arterial branches and bifurcations. It is widely accepted
that biochemistry cannot alone explain the pathological process leading to different manifestation of
atherosclerosis. The effect of fluid mechanical forces on the arterial wall [5] as well as other aspects
of the blood flow such as the rheological properties of blood as a non-homogenous mixture of water,
solvents, large molecules, packets of lipoproteins and cells of different sizes and concentrations are
today recognized as involved in atherogenesis.

Throughout the years, the focus has been directed towards finding an indicator describing the behavior
of the wall shear stress (WSS) and its spatial and temporal gradients in order to locate plaque prone
regions. The time averaged wall shear stress (TAWSS), the oscillatory index (OSI) and the relative
residence time (RRT) applied at wall near regions are such indicators providing different mean WSS
measures [8, 9, 13]. The OSI quantifies the level of which the WSS components deviate from the mean
direction during a cardiac cycle. Plaque prone regions have been found to display low TAWSS and
high OSI [6]. Regions of low TAWSS and high OSI have been observed to increase the appearance
of adhering molecules and inflammatory genes at the endothelium [4]. However, questions have been
raised regarding the validity of the above indicators as locations unassociated with stenosis formation
display similar levels of TAWSS, OSI and RRT as plaque prone regions [7, 14]. Moreover, Dolan et
al [5] felt impelled to pose that high WSS combined with positive WSS gradients in the flow direction
correlates with regions in which atherosclerosis may appear.

In this study, the aim is to understand the flow characteristics as well as the reason for platelet ac-
tivation surrounding a stenotic region, part of a greater goal directed towards the development and
assessment of computational tools for prediction of the likelihood of developing arterial stenosis. To
enable this study, a stenoted renal artery is reconstructed from a CT-scan and the normal, non-stenoted
arterial shape was thereafter reconstructed from this geometry.

2 METHODOLOGY

As used in our previous work [14, 11], a two-phase incompressible mixture model is applied to solve
for the blood flow:

∂ρ

∂t
+

∂

∂xi
(ρui) = 0, (1)
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ρ
∂

∂t
(ui) + ρ

∂

∂xj
(uiuj) = − ∂p

∂xi
+

∂

∂xj

(
µ
∂ui
∂xj

)
(2)

∂H

∂t
= DH

∂2H

∂xj∂xj
− ∂

∂xj
(Huj), (3)

where ρ is the mixture density of the blood consisting of blood plasma and RBCs, H is the RBC
volume fraction, and DH is the effective mass diffusivity of the RBCs. The mass transport equation,
Eq. 3, is used to model the time evolution of the RBCs as a convective scalar quantity. The mass
diffusivity used in this study corresponds to a Schmidt number (Sc = µ/(ρDH)) of 100, i.e. the
effect of diffusivity is much smaller as compared to the convective forces. The following function is
used for the mixture density ρ:

ρ = ρHH + ρp(1−H), (4)

with ρH (approximately 1100 kg/m3) representing the density of the RBCs and ρp (1025 kg/m3)
the density of the blood plasma (water plus large molecules) [1, 2].

Similar to our previous work, the non-Newtonian behavior of blood is described by the Quemada [12]
viscosity model,

µ = µp

(
1− k0(H) + k∞(H)(γ̇/γ̇C(H))1/2

1 + (γ̇/γ̇C(H))1/2
(0.5H)

)−2
(5)

where the plasma viscosity µp=0.00132 Pas [2]. The non-dimensional intrinsic viscosity parameters
k0, k∞ and γ̇C related to the low and high shear rate ranges and the critical shear rate, respectively,
with empirical correlations given by [3].

Moreover, the platelets are modelled using Lagrangian Particle Tracking applying the platelet activa-
tion model according to Nobili et al [10].

2.1 Geometry and Boundary Conditions

A geometry of the renal arteries from a patient having a stenoted left renal artery was reconstructed
by using computed tomography (CT) scans, shown in fig. 1a). To make possible an investigation if
a detectable difference in the flow field can be found between a stenoted and an un-stenoted renal
artery prior the development of atherosclerosis, the stenosis was removed from the computational
geometry/model. The modified renal artery without a stenosis representing the pre-stenosis geometry
is displayed in fig. 1b).

The walls are considered rigid and no slip is considered at the walls. The inflow velocity applied
was interpolated velocity data from the descending aorta, extracted from a simulation of the flow
in the aortic arch carried out by us in [11]. The inflow volume flow corresponds to approximately
1.5L/min. The left and renal artery outlets were set with a constant pressure. At the descending
outlet, the superior mesenteric and the celiac artery, velocity conditions were applied corresponding
to 1/3, 1/9 and 1/9 of the instantaneous inflow, respectively.

3 RESULTS

Figure 2 shows instantaneous pictures of the magnitude of WSS (left) and TWSSG (right) on the
modified pre-stenotic renal artery obtained half way through deceleration after peak systole (30%
into the cardiac cycle). Considering the left renal artery, it can be noted how WSS gradients appear
at a location where a recirculation zone will develop due to the sharp curvature. The WSS value that
arteries commonly are referred to as being able to adapt to without elevating the risk of damaging the
endothelium is 38 Pa, a WSS level that is not reached in neither renal arteries investigated here.

The results presented in van Wyk et al (2014) [14] showed that for a 90 degree bifurcation, the peak
temporal wall shear stress gradient (PTWSSG) correlates well with plaque prone regions and is a
possible compliment to the often used indicators such as the oscillatory shear index (OSI) and the
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Figure 1: a) Stenoted left renal artery and b) a pre-stenoted renal artery

Figure 2: a) Wall shear stress magnitude and b) Temporal wall shear stress gradient of the pre-stenoted renal
artery

relative residence time (RRT) since these two factors are also observable in regions not connected
to regions where atherosclerosis have been found to develop. However, these averaged WSS factors
shown to be useful for a 90-degree arterial-like bifurcation [14] are not as indicative for the patient
related geometry. In the right renal artery at the location of curvature, there is no indication of focal
WSS gradients combined with low WSS often reported to associate with locations prone to develop
atherosclerosis. Thus, the results indicate that instantaneous figures of WSS and its gradients may
be favorable as compared to averaged indicators when considering more complex patient related
geometries.
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SUMMARY 

 
A framework for coupling finite element growth and remodeling (G&R) analysis of abdominal 
aortic aneurysm (AAA) with hemodynamics analysis is presented. Majority of AAAs harbor 
intraluminal thrombi (ILTs) which have biochemomehanical influence on aortic wall, and therefore 
active role in G&R of AAA. Based on time averaged wall shear stress from hemodynamics 
analysis, layers of ILT are added on luminal surface of AAA model. Analyses are loosely coupled 
and run in a time loop where G&R analysis has longer time scale (i.e. months) while 
hemodynamics analysis has shorter time scale (i.e. seconds). 

 
Key words:  abdominal aortic aneurysm, finite element method, hemodynamics, growth 
 
 
1   INTRODUCTION 
 
Abdominal aortic aneurysm (AAA) is a permanent dilatation of abdominal aorta that results mainly 
due to altered deposition and degradation of extracellular matrix. The majority of AAAs contain 
intraluminal thrombi (ILTs) which are 3D fibrin structure comprised of blood cells, blood proteins, 
platelets and cellular debris adhered to the expended aortic wall. Increasing evidence shows that 
ILT has biochemomechanically active role in growth and remodeling (G&R) of AAA [1]. In Virag 
et al. [2], a computational model of multi-layered ILT showed its diverse biochemomechanical 
effects on the AAA enlargement and emphasized the importance of modeling ILT in G&R 
simulations. However, an idealized, axisymmetric, cylindrical geometry was used, and every time 
step when the aneurysm enlarged, an additional ILT was deposited under assumption of constant 
luminal radius. Generally, ILT is not accumulated immediately as the AAA expands. One of the 
parameters that can be used to predict ILT accumulation is time averaged wall shear stress 
(TAWSS) (e.g., [3], [4]). Using finite elements we can model and study the ILT accumulation, and 
thus its influence on a 3D axisymmetric and asymmetric aneurysm geometry. Our aim is to develop 
a framework which will combine finite element G&R analysis of evolving AAA with included ILT 
and hemodynamics analysis. 
 
 
2   METHODOLOGY 
 
Growth and remodeling analysis of evolving AAA and corresponding hemodynamics analysis are 
run in an iterative time loop. In the first time step of G&R analysis healthy aorta is approximated 
by a straight cylinder. Aneurysm is assumed to develop due to local elastin loss. Therefore, elastin 
is degraded by a Gaussian spatio-temporal function (similar to [5]). For growth of axisymmetric 
(fusiform) aneurysm elastin loss depends on G&R time and axial location, while for asymmetric it 
also changes in circumferential direction. After a certain change in aortic geometry (i.e., sufficient 
expansion) STL geometry of aortic luminal surface is exported in order to perform a 
hemodynamics analysis. A computational fluid dynamics (CFD) is used to determine whether an 
ILT will be deposited, as well as to predict location and amount of its accumulation. Thrombus 
accumulation is predicted based on TAWSS on luminal surface. Since our primary focus, at this 
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stage, is development of a working algorithm for coupling hemodynamics and G&R simulation, we 
use a simple assumption that ILT is accumulated when TAWSS is less than 0.4 Pa [6]. Based on 
accumulation prediction, a new layer of finite elements representing ILT is locally added. The 
elements are deposited on deformed geometry and, at time of deposition, they are not pre-stretched 
and are in stress-free state. Symmetry boundary conditions are enforced on them when necessary, 
whereas the pressure is transferred from the old luminal surface to the new elements. After 
inclusion of the new ILT elements G&R analysis continues until next CFD simulation is needed 
(e.g., due to sufficient growth of AAA).  
 

G&R analysis of evolving AAA 
using FEM

Hemodynamics analysis 
using CFD

Export of luminal surface in 
form of STL geometry

Adding thrombus 
elements in FEM 

model of AAA

Sufficient 
expansion of AAA maximum 

lumen diameter

TAWSS < 0.4 Pa
YES

YES

NO

NO

 
Fig. 1. Time loop and information transfer between the hemodynamics and G&R simulations. 

 
2.1   G&R simulation 
 
For G&R modeling of evolving AAA, model described in Karšaj et al. [7] is used. We implemented 
model in finite element analysis program FEAP through user defined subroutines. To enforce 
incompressibility we used Augmented Lagrange method. ILT development and its effects on the 
aortic wall are described using model from Virag et al. [2]. 
 
2.2   Hemodynamics simulation 
 
In order to avoid numerical instabilities and to minimize influence of boundary conditions in CFD 
analysis, an extension on the inlet side and a bifurcation with iliac branches on the outlet side are 
added to the STL geometry exported from G&R simulation (Fig. 2). Idealistic time-dependent 
volume flow rate and pressure waves, based on data presented in Olufsen et al. [8], are prescribed 
at the inlet and the outlets, respectively. After defining computational domain, model is meshed and 
hemodynamics simulations is performed with an assumption of laminar flow and rigid walls. Blood 
is modeled as incompressible (ρ = 1060 kg/m3) non-Newtonian fluid described by Carreau–Yasuda 
model [9]. In each simulation 5 cardiac cycles with 1000 time steps per cycle are analyzed. To 
minimize the influence of the initial conditions, first four cardiac cycles are discarded and results 
from the last cycle are used to obtain TAWSS. For axisymmetric FEM model of fusiform 
aneurysm, TAWSS is further circumferentially averaged.  
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Fig. 2. STL geometry of AAA luminal surface obtained from G&R analysis (left) and STL geometry used for 
hemodynamics analysis which is extended on the inlet side and with a bifurcation and iliac branches on the 

outlet side. 
 
 
3   RESULTS AND CONCLUSIONS 
 
Using implemented G&R model in finite element code and by Gaussian spatio-temporal elastin 
degradation in both axial and circumferential directions we are able to simulate development and 
expansion of axisymmetric (fusiform) and asymmetric aneurysms. An example of two aneurysm 
types is shown on Fig. 3.  
 

 
Fig. 3. Geometry of developed axisymmetric fusiform (left) and asymmetric (right) aneurysm that resulted 

from finite element G&R simulation. Initial geometry was straight gray cylinder.  
 
Although geometry of simulated axisymmetric aneurysm (Fig. 2 left) is symmetric with respect to 
plane perpendicular to centerline, distribution of circumferentially averaged TAWSS is not 
symmetric (Fig. 4). This can be partially explained by effect of iliac bifurcation on blood flow. 
Region with the lowest TAWSS corresponds to a region of maximum AAA diameter, and, in shown 
case, it fulfills previously mentioned criterion for thrombus accumulation. Distribution of time 
averaged blood pressure can also be extracted from CFD analysis of AAA, however at this stage 
we are assuming constant blood pressure.  
 
We have not fully implemented ILT model in finite element code yet. Also, we are working on a 
method for depositing thrombus elements in finite element model of AAA. When completed, 
described fluid solid growth framework will enable us to analyze development and growth of AAA 
as well as ILT accumulation and its biochemomechanical influence on aortic wall in a 3D 
environment.  
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Fig. 4. Example of circumferentially and time averaged wall shear stress (TAWSS) obtained from CFD 
hemodynamics analysis of axisymmetric aneurysm shown in Fig. 2. The stress is plotted only for aortic 

segment used in FEM analysis. Bottom side of y axis (axial length) corresponds to aorta part close to the iliac 
bifurcation.  
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SUMMARY
The 28% of trauma patients experiencing coagulopathies have a mortality rate 5 times higher than
those without coagulopathies. Computational modeling and nonlinear analysis of the human blood
coagulation-fibrinolysis system are integral to developing decision support tools for trauma surgeons.
Our approach utilizes ordinary differential equations to model the chemical kinetics involved in the
coagulation system. Results from our model and analysis provide insights into vulnerabilities of
current point of care techniques and new approaches to provide surgeons with sufficient data for
making comprehensive clinical decisions.

Key words: trauma, coagulopathy, fibrinolysis

1 INTRODUCTION

Every year for the past decade, major trauma has been the leading cause of death for Americans
between the ages of 1 and 44 [1]. Abnormalities in blood coagulation and fibrinolytic responses,
known as coagulopathies, occur in approximately 28% of trauma patients admitted into the emer-
gency room [2]. Identifying and treating a coagulopathy patient has been an emergency room battle
for trauma physicians. Mortality rates increase up to 5-fold when coagulopathies occur in trauma
patients, clearly delineating the need for improved decision support tools and intervention [3].

The complexity of the coagulation-fibrinolysis system and the time required to perform the necessary
blood testing have impeded a trauma surgeons ability to detect and intervene in an acute coagulopathy
event. The functions of the coagulation-fibrinolysis system can be simulated by a dynamical system of
nonlinear, coupled differential equations, describing the relationship between time and the multitude
of component processes. We propose that predictive understanding of the systems’ coupled, nonlin-
ear characteristics can improve our ability to identify the trajectory of the coagulation and fibrinolytic
cascade in a particular patient. Hyperfibrinolysis, an overactive fibrinolytic system resulting in exces-
sive bleeding, and fibrinolysis shutdown, a failing fibrinolytic system resulting in excessive clotting,
are two disorders that currently perplex physicians due to their unmanageable, erratic behavior that
lead to significant morbidity.

The blood coagulation and fibrinolysis process has four basic subsystems: 1.) Activation and Am-
plification of Coagulation, 2.) Attenuation/Inhibition of Coagulation, 3.) Activation and Amplifica-
tion of Fibrinolysis, and 4.) Attenuation/Inhibition of Fibrinolysis. A delicate balance between the
four subsystems to regulate rapid, local clot formation and that minimizes hemorrhagic loss, pre-
vents thrombosis and maintains blood flow. Existing blood coagulation simulation models, such as
those presented in [4], [5], [6], and [7], utilize a mechanistic modeling approach, representing kinetic
interactions of the coagulation and fibrinolytic systems as a system of nonlinear, ordinary differen-
tial equations (ODEs). More recently, Wu et al. [8] modeled the genesis of thrombosis in blood-
wetted devices by utilizing coupled convection-reaction-diffusion equations, representing blood flow,
platelet activation and coagulation. Each model presents unique advantages for their respective re-
search goals. However, a single, comprehensive model offers the advantages of including all of the
necessary coagulation-fibrinolysis system compartments and constituents, a model of blood flow,
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incorporation of platelet function, and inclusion of a drug intervention module for common coagu-
lopathy pharmaceuticals such as cryoprecipitate and tranexamic acid. Further, the existing models
were not implemented to explore the roles of key coagulation factors or the phase space behavior of
combinations of factors as a means of detecting coagulopathic events. Menezes et al, [9] recently
published a computational model to simulate a calibrated automated thrombogram (CAT), a current
blood assay used in coagulopathy assessment. They propose that computer simulated CAT may be
useful as clinical support tool to manage traumatic coagulopathy. The linear, time invariant, low
dimensional model in [9]] is a vast step in the advancement of coagulopathy control, but the linear
assumption limits the range of concentrations in which the model remains valid. Furthermore, the
CAT simulation model focuses strictly on simulating the CAT assay for use in coagulopathy control.

Time is of the essence when treating a critical trauma patient. A high-stakes decision must be based
on results from a blood sample drawn 15-48 minutes earlier, and without understanding the complete,
instantaneous dynamics of the system. A recent study by Cotton [10] showed that conventional test
results were available within 48 minutes, while point-of-care (POC) techniques (r-TEG) could be
available in as little as 15 minutes. However, algorithm-based hemotherapy decisions, like the one
presented in [11] are based on a snapshot in time up to 48 minutes prior to the surgeons decision.
Because of the quickly changing, dynamical processes of coagulation and fibrinolysis, the decision to
be made based on the current time could differ significantly from one based on retrospective data. Al-
though POC blood testing techniques, which can take only 15 minutes, have resulted in significantly
reduced bleeding in massively transfused patients, their use has not translated into reduced morbidity
or mortality in these patients [11].

2 METHODOLOGY

A coupled system of 113 ordinary differential equations (ODEs) has been implemented to rep-
resent the biochemical kinetics of the coagulation-fibrinolysis system. Our model presents more
comprehensive simulations of coagulation and coagulopathy than previous chemical kinetic mod-
els [4], [5], [6], [7], [8] and [9] because it incorporates all known coagulation and fibrinolysis com-
ponents. The model includes the actions of critical substrates such as factor XI, Vitamin K, anti-
thrombin, tissue plasminogen activator (tPA), plasminogen activator inhibitor (PAI-1), and anti-plasmin
(α2AP) regulation. Factor XI is a central component of the intrinsic pathway, which also captures the
positive feedback mechanism of thrombin as an activator of the intrinsic pathway. Vitamin K supports
the production of key coagulation factors II, VII, IX, and X, and proteins C and S. Anti-thrombin is
responsible for the inhibition of thrombin production. The actions of PAI-1 and α2AP inhibit the key
fibrinolysis substrate (plasmin), while the primary function of tPA is plasmin activation. Furthermore,
our model utilizes law of mass action kinetics for most reactions, to avoid the artefactual introduc-
tion of time lags into the dynamic system by Michaelis-Menten kinetics [12]. Finally, production
and decay rates are included, which are requisite for simulating fibrin clot production and lysis. The
inclusion of platelet activity, blood flow, and coagulopathy drug intervention compartments are forth-
coming components of our model. For each ODE, the rate of change of the system component (the
state variable) is set equal to the coupled interactions effecting the state variable dynamics. Simul-
taneous numerical integration of the multitude of ODEs is achieved by combining the ODEs into a
system of ODEs, and utilizing built-in MATLAB Runge-Kutta stiff solver algorithms. Our coagu-
lation simulations are initiated by introducing an initial concentration of tissue factor, emulating the
bodys response to vessel trauma. This enhanced model reproduces the findings of references [4]
and [5]. It also reveals complicated nonlinearities, exemplified by the 2-dimensional phase portrait
of thrombin vs fibrin concentrations shown in Figure 1. This phase portrait expresses the coordi-
nated trajectory of fibrin and thrombin concentrations during activation of the Extrinsic Pathway of
the Coagulation Cascade in response to an arbitrary, simulated blood vessel injury. The red arrows
indicate the response trajectory as time progresses, starting and ending at Point 1. The implicit time
in phase portraits, assists in revealing the dynamics between the system components without fur-
ther complicating the analysis with an explicit time axis. At the onset of trauma, the initiation of
thrombin production is represented in Figure 1 by the concentration change from Point 1 to Point 2.
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Figure 1: Phase Diagram of Thrombin (FIIa) vs Fibrin (Fn).
Point 1 - Injury Initiated, Point 2 - Start of Fibrin Production,
Point 3 - Intersection of Fibrin Production and Fibrin Decay
Trajectories, Point 4 - Maximum Fibrin Production, Point 5 -
Maximum Thrombin Production, Point 6 - Intersection of Fib-
rin Production and Fibrin Decay Trajectories, Point 7 - Throm-
bin Completely Dissipated.

Once a thrombin concentration threshold
is reached, it interacts with fibrinogen, a
fibrin precursor, to generate a concomitant
rise in fibrin and thrombin between point
2 and Point 4. After Point 4, the rate of
fibrinolysis exceeds the rate of new fib-
rin production, resulting in a monotonic
reduction of fibrin concentration until the
end of the process. The maximum fibrin
concentration at Point 4 is highly depen-
dent on the concentration of its precursor,
fibrinogen. Once the fibrin concentration
begins to drop, after Point 4, a short pe-
riod of time is required for the system to
react, explained by the continuous rise in
Thrombin concentration between Points 4
and 5. Concurrently, tissue type plasmino-
gen activator (tPA) is steadily consumed
for the activation of plasminogen to form
plasmin, from simulation initiation up to
Point 4 where tPA reaches its concentra-
tion floor. Further amplification of plas-
min formation takes place through the re-
action of plasminogen with the activated protein C-protein S complex (APC:PS). After Point 5, both
thrombin and fibrin concentrations decrease through Points 6, 7 and back to 1, where the system re-
turns to an equilibrium condition with the activated coagulation factors of thrombin and fibrin at zero
concentration. The decent of fibrin concentration from Point 6 back to Point 1 is strongly correlated
with the peak concentration of plasmin occurring at Point 6, representing plasmins role as the prin-
cipal component of fibrinolysis. There are several potentially vulnerable points along this trajectory
for emergent coagulopathies. As a response approaches peak fibrin formation (Point 4), a deficiency
in fibrinolysis or coagulation subsystems could produce either a spike or drop in fibrin concentration,
respectively. Similarly, the interaction between inhibition of coagulation and the activation and am-
plification of coagulation at Point 5, can affect the thrombin concentration through the remainder of
the process.

3 RESULTS AND CONCLUSIONS

Figure 2: Phase Diagram of Thrombin (FIIa) vs Fibrin (Fn)
An Ideal System and a case of Fibrinolysis Shutdown. Black
numbers represent time points shared by the two trajectories,
Blue numbers represent time points of the Ideal trajectory, and
Red numbers represent time points from Fibrinolysis Shut-
down trajectory.

Although conventional and POC blood
testing techniques can help assist the clin-
ician, these test results only give informa-
tion with respect to a single snapshot in
time. Inspection of Figure 1 demonstrates
how knowing a single point or even two
points along the thrombin-fibrin relation-
ship provides insufficient information on a
patients trajectory. Figure 2 implements a
scenario in which the patient presents with
a 0.5% reduction in gain of the fibrinoly-
sis response rate, which would not be rec-
ognized by current clinical markers. The
reduced fibrinolysis response (in red) fol-
lows the baseline trajectory (replotted in
blue from the Figure 1 simulation) until
Point 5, when the small reduction in fib-
rinolysis rate results in a sharp increase in
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fibrin generation. This four-fold increase in fibrin production occurs abruptly and rapidly (˜5min),
similar to the acute disseminated intravascular coagulation (DIC) in trauma cases (e.g., 24.5% of
1,867 trauma patients presented with DIC [13]. These results suggest that only a 0.5% reduction
in the fibrinolytic rate can produce an insufficient fibrinolysis trajectory, characterized by a near
four-fold increase in peak fibrin production. This implies a critical role for fibrinolysis kinetics in
the dynamic behavior of clot formation, such that even a small reduction can create vulnerability
to hypercoagulation. Our simulated Fibrinolysis Insufficiency scenario illustrates the complexity of
the dynamics of the coagulation system and the potential for using the dynamic, real-time numeri-
cal/computational model as the basis for the development of a decision support tool. The techniques
and results presented serve as a foundation to the overall goal of developing a decision support tool
for trauma surgeons in traumatic coagulopathic events. Making high-stakes decisions where time is
of the essence requires the surgeon to be supplemented with as much information as possible in the
shortest period of time, an ideal situation for implementation of computation decision support tools.
Future research will focus on the advancement of our model to include blood flow, incorporation of
platelet function, and inclusion of a drug intervention module for common pharmaceuticals used to
treat coagulopathies.
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SUMMARY
Residual strains in the arterial wall bring extra challenges to the mechanical characterization of arte-
rial tissue. This is due to the complex stress-state of the tissue sample at the beginning of a mechanical
test, which is currently most often neglected. A method is suggested to estimate material parameters
while taking into account residual strains. Deposition stretches of collagen and elastin are introduced
into the Gasser-Ogden-Holzapfel constitutive model. This model is then used in an iterative process,
alternating between a finite element simulation to find the elastin deposition stretches and a param-
eter fitting procedure. Convergence of this iterative process should lead to more reliable material
parameters.

Key words: planar biaxial testing, constitutive modeling, residual stresses, arterial tissue

1 INTRODUCTION

Arterial tissue is continuously subjected to remodeling, for example during development, renewing of
the tissue or after a lesion. The different constituents of the tissue react differently in these remodeling
processes and the remodeling must take place in the confined geometry of the arterial wall. The result
is that these processes bring mechanical changes into the arterial wall in the form of residual strains.
This means the arterial wall is not only stressed by the arterial pressure, but also by internal residual
stresses. Therefore, not all stresses in the material can be released by externally unloading the artery.
This brings extra challenges regarding the mechanical characterization of arterial tissue.

The characterization of arterial tissue can, for example, be done by performing a planar biaxial test.
Material parameters can then be fitted to the experimental data. Generally, the test sample is consid-
ered to be stress-free at the beginning of the test. In reality, however, the material is subjected to the
aforementioned residual stresses and it is flattened before mounting into the test set-up. Therefore,
the assumption that it is initially stress-free might be inaccurate.

It is commonly accepted that a stress-free reference configuration of the arterial wall can be obtained
by making a radial cut through the artery as suggested by Chuong and Fung [1]. However, other
studies suggest that extra cuts are needed to relieve the material further [2, 3]. Therefore, it is unclear
which stress-free reference configuration must be used to fully characterize the residual stresses. As
a solution, Bellini et al. use the concept of constituent-specific deposition stretches to model the
arterial wall mechanics [4]. This paper focuses on the introduction of elastin and collagen deposition
stretches in the material parameter fitting on planar biaxial test data.

2 METHODOLOGY

2.1 Constitutive model

An appropriate material model for arterial tissue is obtained by introducing the deposition stretches
into the Gasser-Ogden-Holzapfel (GOH) model [5] analogously to Bellini et al. [4]. The material
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is considered to be incompressible. The matrix component in the model accounts for the elastin
contribution in the strain energy density function:

We = C10 (I1e − 3) . (1)

I1e is the first invariant of the right Cauchy-Green strain tensor Ce, which is calculated as

Fe = FGe, Ce = Fe
TFe, (2)

where Fe is the total deformation gradient of elastin, Ge denotes the deformation due the deposition
stretch and F can be any deformation of the artery.

The collagen contribution for both fiber families to the energy is written as

Wc =
∑
i

k1
2k2

{
exp

[
k2 (κI1c + (1− 3κ) I4ci − 1)2

]
− 1

}
. (3)

Here, I1c is the first invariant of the collagen right Cauchy-Green strain tensor Cc. It is calculated in
the same way as I1e using Gc instead of Ge. I4ci is the fourth invariant of Cc and depends on αi,
representing the orientation of fiber family i.

Assume C = FTF, then the second Piola-Kirchhoff stress is calculated as

S = 2
∂We

∂Ce

∂Ce

∂C
+ 2

∂Wc

∂Cc

∂Cc

∂C
. (4)

2.2 Estimation of material parameters

The procedure proposed to determine material parameters from the constitutive model is represented
schematically in figure 1. The procedure is iterative and alternates between a parameter fitting to
obtain material parameters and a finite element (FE) simulation to determine the elastin deposition
stretch.

Figure 1: Schematic representation of the iterative procedure alternating between a parameter fitting in which
deposition stretches are taken into account and a FE simulation to find the elastin deposition stretch.

The FE simulation is explained in section 2.3. The parameter fitting is done by fitting the material
model from section 2.1 to experimental data. The parameters to be fitted are the HGO parameters
C10, k1, k2, κ and α. Experimental data from planar biaxial tests are used. The fitting is done in
MATLAB by minimizing the difference between the measured reaction force at the attachment points
and the model force. The model force is the sum of the contribution of different layers, since the
elastin deposition stretch is not constant through the thickness of the sample. The model force is
calculated as

Rmod =
∑
i

PiA0i, (5)

where i denotes the layer number, Pi is the first Piola-Kirchhoff model stress and A0i is the initial
surface of the layer. The objective function to minimize is

‖Rmod −Rexp‖, (6)
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where Rexp denotes the experimentally measured reaction force. The model stress Pi can be derived
as P = FS from the second Piola-Kirchhoff stress calculated with equation 4. This equation requires
the knowledge of the collagen and elastin deposition stretches. They are determined as explained in
section 2.3. Note that the elastin deposition stretch is determined with a FE simulation. However, this
simulation needs material parameters. Hence, the iterative procedure shown in figure 1 is developed.

The first step in the procedure is to perform a parameter fitting where the elastin deposition stretch
is not taken into account, so Ge is a unit tensor. Then the simulation as described in section 2.3
is performed with the obtained parameters. The resulting Ge is then used in the next parameter
fitting round. The process alternates further between the simulation and the fitting until convergence
is reached, i.e. until the norm of the difference between subsequent elastin deposition stretches is
smaller than 10−5.

This procedure is tested on a numerically created dataset of a planar biaxial test.

2.3 Estimation of deposition stretches

For the procedure, the deposition stretches must be known. It is generally assumed that the collagen
deposition stretch does not depend on the configuration of the artery because of its high turnover rate
[6, 7]. This makes it easy to write the collagen deposition stretch as a deformation gradient Gc as
explained by Cyron et al. [8]. However, in this pilot study this deformation gradient is temporarily
considered to be unit. The estimation of the elastin deposition stretch is done by assuming that the
diastolic configuration is the reference configuration, and that the elastin deposition stretch should
balance out the in vivo geometry of the artery and the in vivo blood pressure [4]. Such an equilibrium
is obtained from an iterative FE simulation using the material model explained in section 2.1.

The FE simulation is performed by Abaqus/Standard version 6.14. The in vivo diastolic state of an
artery is modeled by a hollow cylinder with an outer radius of 3.24 mm and a wall thickness of 0.36
mm with an internal pressure of 11.0 kPa. The length of the cylinder is kept to 1.0 mm and only
one fourth of the arc length is used to speed up the simulation. This is reasonable thanks to the
axisymmetry of the problem. The mesh is composed of C3D8H elements with an approximate size
of 0.09 mm.

The procedure to find elastin deposition stretches repeats three steps (pressurization, release and de-
position) until a converged solution is found. The elastin deposition stretch tensor for each element is
initially set equal to the identity tensor. In the first step, pressure is smoothly applied to the diastolic
geometry. For each element, the resulting deformation gradient is multiplied to the stored elastin
deposition stretch tensor. In the second step the pressure is released, such that the material retracts to
its unpressurized configuration. In the third step, the deformation obtained at the end of the first step
is assigned to the unpressurized diastolic geometry. This way the expansion of the artery decreases
between subsequent pressurization steps. The procedure converges when there is no significant de-
formation anymore during the pressurization step.

3 RESULTS

Figure 2 shows the numerically created dataset in blue. The first Piola-Kirchhoff stresses are given in
function of the stretches in two directions. These data are used to test the iterative procedure explained
in section 2.2 and shown in figure 1. The procedure reached convergence after four iterations. The
result is the model stress shown as a solid red line in figure 2.

4 DISCUSSION

Figure 2 shows a fairly good match between the used dataset and the resulting model after intro-
ducing elastin deposition stretches. However, some improvements to the procedure can be made. For
example, the parameters κ and α can be verified histologically because they are structural parameters.
Hence, it might be a good idea to use fixed values. This way, only three parameters need to be fitted
which can lead to a more stable solution. To further improve the procedure, an extra deformation
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Figure 2: Stress versus stretch curve of the planar biaxial data used to test the procedure (blue dots) and the
obtained model after convergence (solid red line). P11 and P22 are the first Piola-Kirchhoff stresses in the two
directions of the planar biaxial test.

should be integrated to account for the recoiling of the artery after a radial cut and the flattening of the
test sample. This can be done by multiplying a new deformation gradient to the deformation gradient
obtained from the biaxial test. Also, the collagen deposition stretch should be included as explained
in section 2.3. The procedure can then be tested on real planar biaxial test data. The method can
be adapted to work with pressure-diameter tests. It can then be validated by comparing the material
parameters obtained with both methods on the same artery.
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SUMMARY
In this paper we describe a theoretical mathematical model of dual drug delivery from a durable
polymer coated medical device. We demonstrate how the release rate of each drug may in principle
be controlled by altering the initial loading configuration of the two drugs. By varying the underlying
microstructure of polymer coating, further control may be obtained, providing the opportunity to
tailor the release profile of each drug for the given application.

Key words: Drug delivery, variable porosity, coupled partial differential equations

1 INTRODUCTION

The topic of controlled drug delivery has received much attention in recent years, for example in the
design of tablets [1] and local drug delivery devices such as stents [2], transdermal patches [3], contact
lenses [4] and orthopaedic implants [5]. A key predictor of performance is the drug release profile.
Drug delivery is usually initially tested in an in-vitro environment to assess the range of release
profiles that can be obtained and to test the repeatability of the drug coating process, before conducting
animal or human trials. The disadvantage of a purely experimental approach is that the experiments
need to be repeated whenever system parameters are changed. A mathematical model, on the other
hand, can potentially provide useful insight into the effect of varying system parameters. In this
paper we focus on dual drug delivery, i.e. the delivery of two drugs from a tablet/device. Depending
on the particular application in question, it may be desirable for the drugs to be released at similar
rates, or perhaps one of the drugs released rapidly with the other being eluted over a longer period
of time. In the case of drug-eluting stents, for example, devices which release an anti-proliferative
and a ‘pro-healing’ drug have been proposed, whilst a combination of two of the early drug-eluting
stent drugs - Paclitaxel and sirolimus - has also been suggested. Motivated by today’s advances in
micro and nanotechnology, we propose variable porosity multi-layer coatings as an additional means
of controlling the dual drug delivery and tailoring the release profile to the desired application.

2 METHODOLOGY

2.1 Dual drug delivery

In Figure 1 we display the situation that we wish to model: either a single durable polymer coating
layer containing two drugs mixed together, or two coating layers with the two drugs loaded separately
in each layer. Since the coating thickness (L) is typically considerably smaller than the lateral dimen-
sions, we restrict our attention to a one-dimensional model, with x representing the single spatial
variable. In this preliminary analysis, we assume that the polymer/drug coating has been designed
such that diffusion is the principal release mechanism. We further assume that both drug species are
dilute, i.e. the presence of one drug does not influence the transport of the other. Under this as-
sumption, the transport of both drugs may be treated separately and we therefore have two diffusion
equations for the concentrations, c1 and c2, of drugs 1 and 2, respectively:
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Figure 1: Sketch of two possible initial configurations of a dual drug delivery system. At initial time, the drugs
may be uniformly mixed (left, Case 1) in a single layer of thickness L or loaded separately over two layers
(right, Case 2), with δ the thickness of the first layer. x = 0 and x = L correspond to the interface with the
device backing and release medium, respectively. Figure not to scale.

∂c1
∂t

= D1
∂2c1
∂x2

,
∂c2
∂t

= D2
∂2c2
∂x2

, 0 < x < L, t > 0. (1)

Here,D1 andD2 are the effective diffusion coefficients of the respective drugs: these may incorporate
many other physical and microstructural parameters, such as porosity and tortuosity (see Section 2.2)

Since our focus is to model in-vitro drug release, we impose an impermeable condition at x = 0 and
zero concentration at x = L, where it is assumed that sink conditions are maintained:

−D1
∂c1
∂x

= −D2
∂c2
∂x

= 0, x = 0, t > 0, (2)

c1 = c2 = 0, x = L, t > 0. (3)

We model three sets of initial conditions, describing Case 1 and Case 2 above (Figure 1) as well as a
more general case (Case 3).

Case 1: drugs are uniformly distributed in the coating at initial constant concentrations c01 and c02:

c1(x, 0) = c01, c2(x, 0) = c02, 0 ≤ x ≤ L. (4)

Case 2: drugs are initially contained within two separate layers at constant concentrations:

c1(x, 0) =

{
c01, 0 ≤ x ≤ δ
0, δ < x ≤ L,

c2(x, 0) =

{
0, 0 ≤ x ≤ δ
c02, δ < x ≤ L.

(5)

Case 3: Drugs are assigned general spatially varying initial concentration profiles f(x) and g(x):

c1(x, 0) = f(x), c2(x, 0) = g(x), 0 ≤ x ≤ L. (6)

In the assumption of dilute concentrations, c1 and c2 may be solved for independently. By separation
of variables, concentrations and masses may be expressed analytically as Fourier expansions.

2.2 Varying the underlying microstructure

The effective diffusion coefficients D1 and D2 are not only drug-dependent, but they will also vary
depending on the underlying microstructure of the coating. These are related to the porosity φ and
tortuosity τ of the coating, and to the free diffusion coefficient of the drug (Df

1 and Df
2 ) via:

D1 =
φDf

1

τ
, D2 =

φDf
2

τ
.

Therefore, it is clear that by simulating release profiles for various values of D1 and D2 we can
not only capture the effect of different drugs, but also different coating microstructural properties,
providing further flexibility for tailoring the release profiles for a given application. In addition, the
drugs may be released from multi-layer coatings, with varying microstructure between layers (e.g.
Figure 2).
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Figure 2: Two adjacent polymer coatings with different microstructural properties
.

3 RESULTS AND CONCLUSIONS

For the purposes of this study, we are interested in assessing the effect of the loading configuration
on the release profiles of each drug, when the initial total mass of drug per unit area (M0

1 and M0
2 )

are assigned fixed quantities:∫ L

0
c1(x, 0)dx =M0

1 ,

∫ L

0
c2(x, 0)dx =M0

2 . (7)

In Figure 3 we consider two uniformly mixed drugs (Case 1) and demonstrate that markedly different
release profiles may be obtained simply by varying the effective diffusion coefficients and initial
loading masses of the drugs. In Figure 4 we consider two drugs loaded separately in two adjacent
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Figure 3: Release profiles of drug 1 and 2 uniformly mixed (Case 1).

layers (Case 2) and demonstrate that we can also in this case obtain very different release profiles. In
particular, simply by varying the relative thickness of the layers, the release of the drug in the first
layer may be delayed, which could be desirable in certain applications. With this relatively simple
mathematical model, it is straightforward to assess the effect of varying the drug (via the diffusion
coefficient) and initial loading mass and configuration on the resulting release profile. Moreover, by
varying the effective diffusion coefficients, the effect of changes in underlying porosity and tortuosity
on the release profiles may be investigated.
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Figure 4: Release profiles of drug 1 and 2 (Case 2). Left: δ = L/4. Right: δ = 3L/4.
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SUMMARY 

 
Detection of blood clots in the ECMO circuit by monitoring the infra-sound signature of the pump 
was proposed recently. The underlying mechanism of the strong amplification low-frequency 
sound components is not completely clear. Here, detailed time-dependent numerical simulations of 
the flow in a centrifugal blood pump are carried out in order to analyze and locate the formation of 
temporal pressure fluctuations in different parts of the pump. The simulations show the formation 
of low-frequency pressure fluctuations at the inlet and outlet sections of the pump. The 
computational results are in-line with flow visualization and acoustic data in an experimental set-
up. 
 
Key words: Centrifugal blood pump, Flow structures, Infra-sound pressure fluctuation 
 
 
1   INTRODUCTION 
 
Formation of blood clots in the ECMO circuit is very common in spite of the use of Heparin. Blood 
clots in the ECMO circuit may lead to stroke and infarction. Additionally, one may also encounter 
enhanced hemolysis and observe neurological symptoms with or without detectable thrombosis. 
Unfortunately, there exist no standard tools for counteracting and completely preventing 
thromboembolic events. Furthermore, there are no objective means to detect directly clots at an 
early stage of formation. The detection is done commonly by inspection of the pipes of the ECMO 
circuit. Recently, Fuchs et al [1] found that in the presence of blood clots in the ECMO pump a 
relatively strong infra-sound signal could be detected. Such signals are not detectable by common 
microphones such as the ones used in other studies where higher harmonics of the pump rotation 
frequency have been found to be amplified [2,3]. Here, we use detailed flow simulations in order to 
identify the location and mechanism for the observed pressure fluctuations in the ECMO pump. 
The computational results reveal the presence of vortical structure and pressure fluctuations having 
different frequency components, depending on the mechanism for their formation.  
 
2  METHODOLOGY 
 
The flow in the Thoratec CentriMag blood pump (c.f. [4]) was computed by solving numerically the 
incompressible Navier-Stokes equations. The blood has commonly been assumed to be Newtonian 
due to the high rates of shear (above 100 s-1).  Here, the inlet and outlet segments to and from the 
pump, respectively, have been extended to allow the incoming flow to develop and thereby reducing 
the influence of the conditions at the inlet and outlet boundaries. At the inlet the flow-rate is given, 
assuming a flat velocity profile in the inlet pipe axis directions, with no flow in the other directions. 
The flat inlet profile is perturbed by synthetic turbulence (i.e. with a spectrum having a -5/3 slope) 
[5]. At the outlet boundary a constant pressure is set. At all walls, no-slip conditions were set. Due to 
the high flow rates under consideration, the Reynolds numbers was of the order of 104, and hence 
turbulent flow could be expected at least at some parts of the pump. However, the extent of the 
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spectrum even in such regions would be limited with an inertial range limited to less than one order 
of magnitude.  
 
The domain depicted in Figure 1 (left) was discretized with an unstructured mesh of polyhedral cells. 
Local refinement was applied near the blades and all sharp edges of the geometry. The mesh is 
depicted in Figure 1 (right), with a dense mesh in particular in the narrow regions below the impeller. 
The impeller was not allowed to rotate, but not to change center position, i.e. the balance of lift and 
magnetic forces determining the impeller position was not included in the simulations.  
 
Five to ten prism layers were added close to the wall to resolve boundary layers. Furthermore, the 
mesh was gradually stretched in the distal part of outlet pipe. The rotation of the impeller was 
accounted for by rotating the mesh in the region surrounding the impeller during the simulations. For 
this to be possible, the computational domain was split into three parts; the pipes, the rotating region 
surrounding the impeller and the volute. The incompressible Navier-Stokes equations were 
discretized by a finite volume scheme, which formally had a second order accuracy. The solution was 
evolved in time with an implicit second order accurate time-stepping scheme. The time-steps were 
small enough to maintain accuracy (resolving the fluid motion in the computational cells within each 
time-step) leading to 1440 time-step per impeller rotation period. The algebraic set of (discretized) 
equation in each time was solved using a variant of the SIMPLE algorithm. 

     
Figure 1: The computational domain (left) and closer views of the grid types at the blades and the 
gaps (right). 
 
3  RESULTS AND CONCLUSIONS 
 
Several simulations at different rotation and flow rates have been carried out. The flow is 
characterized by vortices at different locations generated by different mechanisms. Due to the 
limited optical access to the pump under operation, no experimental flow data is available. 
Laboratory experiments could provide limited (top-view) flow visualization information by using 
TiO2 and dye as tracers. High-speed camera was used to record the motion of the tracer in addition 
to simultaneous sound/vibration recordings (from 0.1Hz and up to tens of kHz range) at the inlet 
and outlet pipes of the pump. In order to characterize the different vortical structures, we have 
analyzed the flow field and by using the λ2 method to identify different vortical structures. Figure 2 
(left frame) depicts the instantaneous flow field in the pump, with the flow direction marked by red 
arrows. The phase averaged flow field is depicted in the mid-frame of Figure 2, showing the flow 
clearly separation near the outlet of the pump (at the “tongue”). The corresponding laboratory set-
up was recorded by a high speed camera and is depicted in the right frame of Figure 2. The marked 
unsteady flow separation region, along with the inflow vortices, are believed to be important for the 
observed infra-sound recorded clinically [1] and experimentally in the presence of clots. The 
presence of a clot analog in the experimental ECMO circuit, leads to a considerable amplification 
of the low-frequency component in the spectrum. 
 
Figure 3 depicts the measured spectrum at the inlet pipe into the pump under clean condition and 
with a clot analog. The spectrum contains a clear peak at the pump rotation rate and at its 
harmonics. The low-frequency content in the spectrum of the clean pump is weak, where as it can 
be stronger than the strongest mode in the spectrum when clot analogs are present. Here, we seek to 
identify the mechanism responsible for the infra-sound signal found in the clinical data when the 
pump contained blood clots. Our hypothesis has been that this effect is the result of amplification 
of certain modes that inherently exist in the pump. Several types of unsteady vortices are expected 
in the pump. The most obvious vortices are those generate at the tip and the wake of the blades. 
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These have harmonics that are related to the rotation rate of the pump and the blade passage 
frequency. Completely different vortical structures are formed at the gap between the rotating 
magnet enclosure and the house of the pump. The flow in this gap looks like the flow in a Taylor-
Couette apparatus allowing the formation of wavy counter rotating pairs of vortices that travel in 
the gap. The Taylor number is in the range of 1300 to 3000 for pump rotation rate of 1500 rpm to 
3500 rpm, respectively. Another set of vortices is generated at the bottom of the pump, in the gap 
between the rotating magnet and the “floor” of the housing. These vortices are due to the instability 
of the flow (Bödewadt type) in the layer near a rotating surface. Near the pump outlet (the 
“tongue”) unsteady flow separation occurs and along with the curved surface leading to the outlet 
pipe, an unsteady swirling motion is formed. At the inlet, the rotating impellers form a motion that 
resemble the “vortex rope”, most easily observed in cavitating swirling flows. This swirling flow 
has a meandering core, which undulates at a frequency, which is 3-5 times slower than the rotation 
rate of the vortex itself.   

    
Figure 2: Computed instantaneous velocity field in the pump (cross-sectional view, left), Phase 
averaged velocity field (center); Laboratory TiO2 flow visualization, with red-lines marking the 
extent of the separated flow near the pump outlet (right). 
 

       
 

Figure 3: Experimental spectra measured at the inlet pipe to the pump (rotation rate of 1900 rpm). 
Clean pump (left) and a case with a simulated blood clot using a 2 cm long fabric (right). Note the 
strong amplification of the low-frequency signal by the clot analog.  
 
In order to understand the origin of the widely different modes present in pump, the spectral 
content of the pressure fluctuations at several specific locations is considered. These location 
include the inlet pipe, different locations in the pump house, the gaps between the magnet and the 
pump house, the separated flow region near the outlet and the outlet pipe itself, as depicted in 
Figures 4. Figures 5 depict the spectrum of the pressure fluctuations at four locations. The low-
frequency components is strongest in the unsteady separated flow region near the outlet and is 
weakest in the roof region.  
      

The simulation results indicate the mechanisms of the generation of low-frequency pressure 
fluctuations may have different origins at different locations. The swirling flows at the inlet and 
outlet and the unsteady flow separation near the tongue of the pump, do generate low-frequency 
(<10 Hz) pressure fluctuations. Commonly, one argues that heavy particles are found at the 
periphery of a vortex, due to centrifugal effect. However, this is not the case always. Rutger et al. 
[6] have shown that heavy particles with given properties (depending on diameter, density and flow 
conditions) may be captured in the core of a vortex and undulate with the frequency of the vortex. 
We have shown in our experiments that in the presence of “clots” or “heavy” particles with right 
size and density, the low-frequency signal may be amplified significantly. This effect that was 
observed in also in our clinical study [1] and in the laboratory experiments using different clot 
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analogs. This mechanism could be studied and verified in the future by adding particles to the 
simulated flow field and quantifying the spectral content of the force that the articles would exert 
on the fluid. 

        
Figure 4: Location of monitoring points for characterization of vortices in the pump.   

     
Figures 5: Spectrum recorded at (left to right) the inlet, near the roof of the pump housing, at the 
separation region near the “tongue” of the pump and the outlet pipe, respectively. Pump rotation 
rate1500 rpm. The passage of the larger blades is seen as a peak in the three left figures. The low-
frequency component is strongest near the “tongue” and weakest near the roof of the pump house. 
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SUMMARY 
 

A computational tool has been developed to model deformable bodies in microvascular flow for 

application in personalized medicine. This tool couples fluid dynamics, structural mechanics, and 

surface biochemistry within an interface-tracking framework, wherein the computational mesh 

moves and deforms with the solid motion, to provide a detailed model of the heterogeneous flow 

microenvironment. An optimized meshing strategy is used to decrease overall runtime while 

maintaining sufficient spatial and temporal resolution. Several test cases are presented, 

demonstrating the capability of this new simulation tool in simulation of drug-mediated interactions 

among deformable cells and drug delivery devices. 

 

Key words:  fluid-structure interaction, blood cells, creeping flow, computational fluid dynamics 

 

 

1  INTRODUCTION 

 

Cellular interactions play an important role in disease management. Advances in personalized 

medicine should enable clinicians to develop optimized, patient-specific treatment protocols that 

produce the desired cellular interaction profile for a wide range of medical conditions [1, 2, 3]. There 

are many complicated biophysical systems that influence the outcome of cellular interactions in 

microvascular flow, making progress toward this end challenging [4]. It is our hope that application 

of the computational tool presented here to simulation of drug-mediated cellular interactions in 

microvascular flow will aid the development of new protocols for patient-specific drug treatments, 

including the use of drug delivery devices. Figure 1 shows an example of a simulated  

heterogeneous cellular flow system involving red blood cells (RBCs), tumor cells (TCs), and 

polymorphonuclear leukocytes (PMNs). This flow system is of interest when studying drug-

mediated interactions of TC-PMN pairs during cancer metastasis.  
 

 

Figure 1. Many red-blood cells flowing around interacting TC-PMN cell pair. 

The salient physical effects that govern the behavior of deformable bodies in very low Reynolds 

number (creeping) blood flow, as is found in capillaries, are: fluid dynamics (FD), structural 

mechanics (SM), and surface biochemistry (SB) [5]. These biophysics mechanisms are coupled 

strongly with one another, and have significant impact on the outcome of cellular interactions. In the 

computational method presented here, each of these is treated as a sub-problem, and physical fidelity, 

along with numerical robustness, is achieved through tight coupling between them. 
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For the capillary vascular flows of interest here, the ratio of inertial to viscous forces, called the 

Reynolds number, is much less than unity. Flows with negligible inertial effect are characterized by 

a balance between pressure and viscous forces since inertia is so small. Under these conditions, the 

equations of fluid motion reduce to a boundary value problem: 

 

𝜇
𝜕2𝑢𝑖

𝜕𝑥𝑗𝜕𝑥𝑗
=

𝜕𝑝

𝜕𝑥𝑖
− 𝑏𝑖, (1) 

𝜕𝑢𝑖

𝜕𝑥𝑖
= 0. (2) 

where p is the hydrostatic pressure, μ is the fluid viscosity, 𝑢𝑖 is the i-th component of the fluid 

velocity, and 𝑏𝑖 is the i-th component of the body force vector. 

 

The SM analysis must accommodate two types of material: body tissue/blood cells and metal drug 

delivery devices. The former undergo large deformations and must be modeled using nonlinear 

elasticity, while linear elasticity is suitable for the latter as they do not deform much [6, 7]. We have 

chosen to use hyperelastic constitutive models which are suitable for both types of material; 

nonetheless, linear elastic constitutive models will also be implemented to validate this approach 

against canonical structural mechanics test problems. For an elastic material, the equation of solid 

motion is expressed as: 

𝜌
𝜕2�̃�𝑖

𝜕t𝜕t
=

𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
− 𝑏𝑖, (3) 

 

where 𝑢�̃� is the i-th component of the solid displacement, 𝜎𝑖𝑗 is the ij-th component of the Cauchy 

stress tensor, t is time, and ρ is the material density. The Cauchy stress tensor is determined by the 

constitutive model used for the elastic material.  

 

SB is treated using a localized extension of the Bell probabilistic bond formation/breakage model [8, 

9]. This extended model allows for the resolution of individual bonds and is directly coupled to the 

SM and FD. Such SB modeling allows patient-specific biomarker data to be used. 

 

This work requires coupling the FD, SM, and SB in a robust and efficient fashion. Here, we focus 

primarily on the fluid-structure interaction (FSI) of the coupled FD and SM. This tool extends a 

previous effort to model the probability of circulating tumor cell vascular extravasation [4, 5, 9]. 

 

2  METHODOLOGY 

 

FD, SM, and SB formulations have been implemented in a segregated, cell-centered, finite-volume 

flow solver (PSU-1), which has been validated for multiphase flow problems [10], and has been used 

by the authors for coupled FD-SB cellular interaction simulation [11].  

 

First, PSU-1 was modified to model solid mechanics, and was validated using canonical structural 

mechanics test problems (see Results and Conclusions sections).  Modifying PSU-1 to solve 

structural mechanics equations involved formulating the discrete SM governing equations in a 

manner consistent to PSU-1’s treatment of the Stokes’ equation. This treatment involves performing 

a volume integral on the governing equations, applying the divergence theorem, then discretizing the 

resulting equations.  

 

Second, Equations 1 and 3 were coupled as described in Section 2.1 and solved simultaneously to 

simulate an FSI problem. The initial FSI problem of interest was a deformable sphere in fully-

developed creeping flow. The next FSI problem of interest was multiple deformable sphere in close 

proximity in fully-developed creeping flow.  

 

Third, an optimized meshing strategy was developed to decrease overall runtime while maintaining 

necessary spatial and temporal resolutions. The meshing strategy involves retaining and deforming 

the solid domain meshes for all time while re-meshing the fluid domain at every time step.  
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2.1 FSI Coupling 
 

Continuity of traction is used to couple the fluid and solid physics although each of the physics have 

different state variables (i.e., velocity in the fluid and displacement in the solid); as such, the fluid –

solid interface (dΩ) must be handled with care. For any face, f, on dΩ continuity of traction is 

enforced as 

𝑇𝑖
𝑓𝑙𝑢𝑖𝑑,𝑏

= 𝑇𝑖
𝑠𝑜𝑙𝑖𝑑,𝑏 (4) 

𝑇𝑖
𝑎,𝑏 = 𝜎𝑖𝑗

𝑎𝑛𝑗
𝑏 (5) 

where 𝜎𝑖𝑗
𝑎  is the ij-th component of the Cauchy stress tensor for material a, 𝑛𝑖

𝑏 is the i-th component 

of the area normal vector on face b, and 𝑇𝑖
𝑎,𝑏

is the i-th component of the traction tensor on face b of 

material a. The Cauchy stress tensors for a Newtonian fluid, linear elastic solid, and hyperelastic 

solid, respectively, are 

𝜎𝑖𝑗
𝑓𝑙𝑢𝑖𝑑

= −𝑝𝛿𝑖𝑗 + 𝜇 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) (6) 

𝜎𝑖𝑗
𝐿𝐸 𝑠𝑜𝑙𝑖𝑑 = �̃�

𝜕�̃�𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗 + �̃� (

𝜕�̃�𝑖

𝜕𝑥𝑗
+

𝜕�̃�𝑗

𝜕𝑥𝑖
) (7) 

𝜎𝑖𝑗
ℎ𝑒,𝑠𝑜𝑙𝑖𝑑 =

1

𝐽
𝐹𝑖𝑝𝐹𝑗𝑞𝑆𝑝𝑞 (8) 

𝑆𝑖𝑗
𝑆𝑉𝐾 =

�̃�

2
(𝐹𝑚𝑘𝐹𝑚𝑘 − 3)𝛿𝑖𝑗 + �̃�𝐹𝑚𝑖𝐹𝑚𝑗 − �̃�𝛿𝑖𝑗 (9) 

where 𝛿𝑖𝑗 is the Kronecker delta function, 𝐹𝑖𝑗 is the ij-th component of the solid deformation gradient, 

and 𝑆𝑖𝑗 is the ij-th component of the Second Piola-Kirchoff (2PK) stress tensor. Equation 4 is used 

with Equations 6 and 7/8 to derive interface conditions for each of the subdomains. Equation 9 shows 

the definition of the 2PK stress tensor for the Saint Venant-Kirchoff constitutive model; however, the 

2PK stress tensor can be expressed for any hyperelastic constitutive model and substituted into 

Equation 8.  

 

3  RESULTS AND CONCLUSIONS 

 

Preliminary results were obtained by evaluating PSU-1’s ability to solve canonical structural 

mechanics problems using a linear elastic constitutive model. The first such problem (CSP-1) was 

the stretching of a prismatic beam under self-weight. Figure 2 shows the results of a grid refinement 

study for CSP-1. The L-2 norm was used to compare the numerically obtained solution to the 

problem’s analytic solution with the solution convergence rate computed to be 1.45. Though PSU-1 

uses a second-order formulation, a convergence rate of 1.45 is due to first-order implementation of  

the SM boundary conditions.  

  

Figure 2. Results of grid convergence for 

stretching of prismatic beam under self-weight 

Figure 3. Results of grid convergence for 

prismatic bar flexure due to end-loaded 

traction 
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The second canonical structural mechanics problem (CSP-2) is the flexure of a prismatic beam due 

to an end-loaded traction. Figure 3 shows the results of a grid refinement study for CSP-2 where the 

L-2 norm was also used to compare the numerically obtained solution to the problem’s analytic 

solution. Figure 3 also shows a solution convergence rate of 1.45 and confirms that the <2 

convergence rate may be due to boundary condition implementation. Analytic solutions to CSP-1 

and CSP-2 can be found in [12]. 

 

Current efforts to implement the coupled FSI formulation are underway. Figure 4 shows a pinned 

sphere being deformed by low-Re flow; this problem uses a linear elastostatic formulation to describe 

the structural mechanics. Initial testing of the implementation is being done by replicating the rigid-

body cell trajectory studies found in Chapter 4 of [11]. The FSI formulation should return the rigid-

body trajectories when the cell’s modulus of elasticity is arbitrarily high.  

 

 
A------------                                  B 

Figure 4. A sphere being deformed by low-Re fluid flow using a linear elastostatic formulation 

colored by fluid pressure. A) Undeformed. B) Deformed 

The work presented will include parameter studies of modulus of elasticity’s effect on cellular 

trajectory. We will also present the effects of geometry on trajectory of deformable bodies. There will 

also be comparisons of various elasticity models.  
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SUMMARY 

 

Predicting growth and remodeling of the heart could have important clinical applications, but 
current models require more time to construct and run than is practical for routine clinical use. We 
therefore adapted a published phenomenologic growth law to drive growth in a compartmental 
model of the LV coupled to a circuit model of the systemic circulation. This simplified model was 
able to match the time course of reported growth following experimentally induced pressure 
overload in dogs and required less than 30 seconds per simulated day on a desktop PC. This 
appears to be a promising approach for clinical applications. 

 
Key words:  cardiac mechanics, hypertrophy, hemodynamic overload 
 
 
1  INTRODUCTION 
 
The heart grows and remodels in response to changes in its hemodynamic and hormonal 
environment. This capacity to grow and remodel is essential for normal development, but also 
contributes to the deterioration of cardiac function in response to many cardiovascular pathologies. 
Thus, the ability to reliably predict growth and remodeling of the heart in individual patients could 
have widespread clinical applications, such as helping surgeons decide when to operate in children 
with congenital malformations or enabling new therapies that prevent heart failure by guiding 
remodeling following myocardial infarction. 
 
In the past two decades, there has been considerable progress in developing equations – often 
called “growth laws” – that predict cardiac remodeling in the setting of hypertension, valve disease, 
or other pathologies. These phenomenologic growth laws are motivated by two experimental 
observations. First, interventions that trigger remodeling also alter regional mechanics in the heart 
wall. Second, there is compelling evidence that cardiac myocytes can sense and transduce 
mechanical signals. Taken together, these observations suggested that it might be possible to 
construct transfer functions that predict myocyte hypertrophy based on changes in one or more 
local mechanical inputs, even before the details of the underlying biology are fully understood, and 
several groups have now developed equations to do this. 
 
We recently compared how eight published growth laws responded to experimentally observed 
changes in mechanics following the onset of mitral regurgitation, aortocaval fistula, or aortic 
constriction in dogs [1]. We found that three of these growth laws captured most features of 
experimentally observed growth responses to both pressure overload (PO, aortic constriction) and 
volume overload (VO, mitral regurgitation or fistula). Of these, a law proposed by Kerckhoffs et al. 
also produced stable responses to both PO and VO, with growth returning the system to 
homeostasis [2]. Thus, we consider the Kerckhoffs law particularly promising for translational 
applications. However, Kerckhoffs et al. originally implemented their equations in a sophisticated 
finite-element model of the canine heart with MRI-derived geometry and a fully coupled 
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circulation; the time required to construct and run patient-specific versions of this model could 
limit its clinical application. In this study, we sought to determine whether implementing the 
Kerckhoffs law in a much simpler compartmental model could retain the predictive power of the 
original model while greatly reducing computation time. 
 
 
2  METHODOLOGY 
 
2.1 Compartmental model of the ventricles and circulation 
 
We employed a model of the ventricles and circulation similar to that described by Santamore and 
Burkhoff [3]. In this model, the systemic and pulmonary vessels are represented by resistors and 
capacitors, while the left (LV) and right (RV) ventricles are modeled using time-varying elastances. 
We implemented this model in MATLAB as a series of differential equations for changes in the 
volume of each compartment (LV, systemic arteries, systemic veins, RV, pulmonary arteries, 
pulmonary veins) at 5000 time points over the cardiac cycle. The compartmental volumes were 
updated iteratively until the model reached steady state, as indicated by a difference of less than 0.1 
ml between the volume in each compartment at the beginning and end of the simulated cardiac 
cycle. 
 
2.2 Model of left ventricular growth 
 
The growth law proposed by Kerckhoffs et al. employed two different local strain measures as 
growth “stimuli” (inputs to the growth equations): maximum strain in the fiber direction (Eff), 
which typically occurs at end diastole, and the minimum of the largest principal strain in the plane 
perpendicular to the fibers (Ecross), which typically occurs at end systole and depends on radial 
strain (Err), cross-fiber strain (Ecc), and radial-crossfiber shear (Ecr): 

 
     !! = max !!! − !!,!"#   and     (1) 

    !! = min !!!!!!!
! + !!!!!!!

!
!
+ !!"! − !!"#$$,!"#  ,  (2) 

 
where Ef,set and Ecross,set indicate homeostatic setpoints at which no growth occurs. To construct 
approximations to the required strain components in our compartmental model, we treated the left 
ventricle as a thick-walled sphere with an unloaded inner radius r0 and an unloaded wall thickness 
h0. We then computed Eff = Ecc as 0.5*((r/r0)2-1), Err as 0.5*((h/h0)2-1), and assumed Ecr = 0. 
 
The growth law proposed by Kerckhoffs et al. assumed that increased fiber strain stimulated 
growth in the fiber direction, while increased strain perpendicular to the fibers stimulated growth in 
both the crossfiber and radial directions. Given the simple spherical geometry employed here, we 
computed fiber and radial growth as in the original paper, but assumed that crossfiber growth is 
equal to fiber (rather than radial) growth: 

 

 !!,!!!! = !!,!!!! =
!!,!! ∗ !

!!!!!∗ !!,!
!!!!,!"

∗ !!
!!!!!!∗ !!!!!,!"

+ 1 !! ≥ 0

!!,!! ∗ !!!
!!!!!∗ !!!!!,!"

+ 1 !! < 0
     (3) 

  !!,!!!! =
!!,!! ∗ !

!!!!!∗ !!,!
!!!!,!"

∗ !!
!!!!!!∗ !!!!!,!"

+ 1 !! ≥ 0

!!,!! ∗ !!!
!!!!!∗ !!!!!,!"

+ 1 !! < 0
   .  (4) 

 
 
2.3 Simulation of pressure overload and comparison to experiment 
 
To evaluate the performance of the compartmental implementation of the Kerckhoffs growth law, 
we simulated an experiment performed by Sasayama et al., who reported hemodynamic data and 
LV dimensions at multiple time points after inducing pressure overload in dogs by banding the 
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ascending aorta [4]. We simulated baseline ventricular and circulatory function by prescribing the 
mean baseline heart rate (HR) reported by Sasayama et al. and adjusting passive LV compliance, 
maximal LV elastance, and stressed blood volume to match their reported LV end-diastolic 
pressure (EDP), maximum rate of LV pressure generation (dP/dt), and maximum LV pressure; 
other model parameters were taken from Santamore and Burkhoff [3]. Next, we increased aortic 
resistance and re-adjusted stressed blood volume and maximum LV elastance to match the reported 
hemodynamics immediately after imposing the aortic constriction. We then simulated one day of 
growth based on the acute hemodynamics and adjusted the unloaded geometry of the left ventricle 
appropriately. We computed new end-systolic and end-diastolic pressure-volume curves for the LV 
by inflating the unloaded sphere in its passive or fully activated state, assuming the passive and 
active myocardial stress-strain relationships were unchanged by growth. Following each growth 
step, we allowed the circulation to come to steady state. We repeated this process for the 18 days of 
the Sasayama study, prescribing heart rates to match Sasayama’s reported values but holding 
stressed blood volume and all other model parameters constant. 
 
 
3  RESULTS AND CONCLUSIONS 

 

With an appropriate choice of parameters in the modified Kerckhoffs growth law (equations 3-4), 
our simulations predicted the time course of changes in end-diastolic diameter and end-diastolic 
wall thickness within 1 standard error (SEM) of the mean values reported by Sasayama et al. at 9 
days and 18 days following aortic banding (Figure 1). Consistent with the classic pattern of PO 
hypertrophy, predicted end-diastolic wall thickness increased by 14% over 18 simulated days, 
while end-diastolic cavity radius increased by just 4%. At 18 days, maximum fiber strain had 
returned to its homeostatic value, so that little additional fiber growth and cavity dilation would be 
expected if the simulation continued. By contrast, wall thickening reduced the stimulus for 
continuing radial growth by less than half, so that substantial further wall thickening would be 
predicted if the simulation continued beyond 18 days. 
 
The total computation time required to simulate 18 days of hypertrophy following aortic banding 
was 458 seconds on a PC desktop with dual-core 3.4GHz Intel i7-3770 processors (16GB RAM, 
64bit operating system) running MATLAB 2012b. By comparison, the original simulation of the 
same experiment by Kerckhoffs et al. required 3 weeks on a Linux cluster with 12 Intel 
XeonX5650 6-core 2.66 GHz processors [2].  
 
Interestingly, peak LV pressure remained within one SEM of reported mean values and EDP 
remained with 2 SEM of experimental values (data not shown) throughout the simulation without 
further modification of any parameters in the circuit model. This result suggests that it may not be 
necessary to model the evolution of baroreflex and other chronic compensations in order to capture 
the essential features of cardiac hypertrophy in response to experimental pressure overload. 
 
In summary, the results reported here suggest that it is possible to predict the time course of left 
ventricular hypertrophy in response to experimental pressure overload with a model that requires 
less than 30 seconds of computation time per simulated day on a desktop PC. We believe this 
represents a promising approach for translational applications where predicting the rate of LV 
growth and remodeling could help guide therapy. Future work will include testing whether a single 
choice of parameters for the growth law employed here can capture responses to multiple different 
hemodynamic perturbations. 
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Figure 1: A Simulated pressure-volume loops at baseline (solid black line), immediately after 
aortic banding (dotted black line) and after 18 days of simulated growth. B Computed growth 
stretches reflect rapid growth in the radial direction (blue) with relatively little growth in the fiber 
direction (red). C,D These growth stretches resulted in a substantial increase in predicted wall 
thickness with little change in cavity diameter (blue circles), in agreement with experimental data 
(grey circles, error bars indicate SEM) from Sasayama et al. [4]. 
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SUMMARY 

Simulation of the heart require many components to develop, including accurate regional mechanical 

behaviors of the normal and infarcted myocardium.  While knowledge of myocardial compressibility 

has been known for at least two decades, experimental measurement of and incorporation into 

computational model has not yet been widely utilized in contemporary cardiac models. In the present 

work, based on novel in-vivo ovine experimental data, we developed an specialized compressible 

model that reproduces the peculiar unimodal compressible behavior of myocardium. Such 

simulations will be extremely valuable to understand etiology and pathophysiology of myocardium 

remodeling, its impact on tissue-level properties and organ-level cardiac function. 

 

Key words:  myocardium, cardiac simulations, compressibility. 

 

 

1   INTRODUCTION 
 

Myocardial infarction (MI) induces maladaptive remodeling of the left ventricle (LV), causing 

dilation, wall thinning, change in mechanical properties, and loss of contractile function. Simulation 

technologies can potentially lead the way for in-silico based models of the heart for many therapeutic 

applications.  However, material modeling of myocardium, and its critical numerical implementation, 

remains an area where much progress is required.  One area is the interaction of coronary flow with 

myocardial compressibility. While volumetric changes in the myocardium during the cardiac cycle 

have been known to occur for at least two decades, incorporation into cardiac simulations and 

realization of this important effect in cardiac function has yet to be fully realized.  In the following 

study we present both novel experimental and material model/numerical simulations as first step in 

developing more realistic cardiac models. 

 

 

2. METHODOLOGY 

 

We have developed an in-silico model of MI based on extensive datasets from a single ovine heart, 

using a comprehensive model pipeline (Fig. 1).  All data collection of this “modeling heart” was 

performed at the Visible Heart Laboratory (VHL, University of Minnesota). Magnetic resonance 

images (MRI) at end-diastole were segmented to create a finite element (FE) mesh. Diffusion tensor 

MRI (DTMRI) data was employed to prescribe principal fiber direction. As a first step, we utilized 

a conventional incompressible transversely isotropic Fung-based hyperelastic model was utilized for 

the passive mechanical properties and calibrated by a general end-diastolic pressure-volume relation 

(EDPVR). Time- and space-dependent active contraction was driven by epicardial electrical activity 

measured with monophasic action potentials (MAP). The pressure-volume (PV) loop, measured 

through catheterization and sonomicrometry, was used to best-fit the modulation of active 

contraction.   
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Figure 1 – Complete modeling pipeline for the single heart data source model. 

 

Next, in the Gorman Cardiovascular Research Group laboratory, we conducted novel regional 

experiments using an ovine model with a 27 sonoxtals implanted in a 3D array in the left ventricular 

free wall (Fig. 3).  From the motions of markers, we utilized a prolate spheroidal coordinate wedge 

that define the region delimited by the sonoxtals, from which the regional strain field was determined 

using finite element techniques with Sobolev norm regularization.  From the strain field we 

determined the regional dilatation (normalized volume change) in 3D wedge (Fig. 3).  Experimental 

data demonstrated a progress decrease in dilatation from the epi- to endocardial surfaces, and from 

base to the apex direction (Fig. 3).   These results indicated that the myocardium is compressible 

during systole only, and can only decrease myocardial tissue volume (with dilatation ranging from 

~0.75 to 1.0), so that a conventional compressible material model cannot be used. To account for this 

specialized type of compressible material behavior, we developed a specialized material model that 

utilized an additional penalty term to allow for a reduction in volume only (Fig. 4).   

 

3. RESULTS AND DISCUSSION 
 

MRI, DTMRI, MAP, and in vivo PV loops allow the construction of a physiologically significant in 

silico heart model. Passive mechanical properties compared favorably with previous literature, time-

modulation of active contraction shows good agreement with typical calcium-activated contraction, 

and qualitative comparison with in vivo 2D echo validated the baseline healthy model.  Testing of 

the material model was done in several steps, starting with a basic 3D cube to investigate how axial 

contraction produces transverse expansion (Fig. 6).  Note that as the level of compressibility 

increases, the level of transverse expansion reduces. Next, we simulated stiffening and loss of 

contractility in infarcted myocardium by inversely determined matching an infarcted PV loop. In 

vivo function was validated with the transmural strain smooth fields determined with sonocrystal 

arrays (Fig. 1f) validated quantitatively the baseline and infarct models. Changes in properties 

(passive mechanics and active contraction) in infarcted and border-zone regions around the LV apex 

to best-fit the in vivo MI PV loop resulted in good agreement with transmural strain field observed 

in vivo and with previous findings.  

 

In conclusion, the employment of a complete dataset from a single heart to develop an in-silico model 

avoids unnecessary image registration between MRI and DTMRI images. The coupling between 

electrical activity and active contraction is significant to heart biomechanics and is needed to obtain 

physiological realistic heart function. We have found that both impairment of contraction and 

stiffnening of myocardium were necessary to replicate appropriately MI biomechanics a t = 8 wk. 

Subsequent remodeling mechanisms of collagen fiber re-orientation may be important and are 

subject of future studies. A computational platform to accurately evaluate the effect of MI on cardiac 

function impairment, acutely and chronically, would be extremely valuable to understand etiology 

and pathophysiology of myocardium remodeling, its impact on tissue-level properties and organ-
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level cardiac function, and ultimately, to improve virtual surgery technologies, medical device 

development, as well as to provide quantitative risk stratification tools for these interventions. 
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HL063954). 

 

 
Figure 2 – Material modeling formulation used for the passive and active properties, prior to 

incorporation of myocardium material incompressibility.  

 
Figure 3 – Novel regional sonoxtal studies performed in the GCRG lab performed in an ovine model 

showing (left) the xtal layout, (center) the prolate spheroidal “wedge” used for strain analysis, and 

(right) regional dilatational results for normal myocardium, showing regional variations in 

dilatation in the normal heart. 

 

 
Figure 4 – Novel specialized compressible myocardium model using an additional penality term 

which is activated during systolic contraction. 
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Figure 5 – Initial simulation studies showing the effects of the same axial contraction on the 

corresponding transverse strains and dilatation, and indicated by J=det(F). As compressibility 

increases, the both J reduces and the level of transverse strain, which impacts the relation to wall 

thickening. 

 

 
 

 
Figure 6 – Simulations of myocardium using the new material model showing the effects of gradual 

increases in myocardial infarction, showing the effects of increased apical LV chamber dilation dur 

to the reduction in regional contraction.  Accuracy of such simulations are enhanced with the use of 

accurate material models. 
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SUMMARY
Multi-electrode surface ECG systems allow to acquire dense body surface potential maps (BSPM)
with the aim of improving diagnosis of cardiac arrhythmias. However, it is difficult to relate biomark-
ers based on the BSPM with arrhythmic events that occur in the atria. We have developed a machine
learning based pipeline to associate a BSPM with a minimum number of electrodes to a region of the
atria where an ectopic focus is generating a focal atrial tachycardia. We are able to predict with an
accuracy of 90 % the region associated to 57 different ectopic focus using less than 32 electrodes.

Key words: atrial arrhytmias, body surface potential map, estimation, machine learning

1 INTRODUCTION

Supraventricular tachycardias caused by ectopic foci in the atria can be treated by radio-frequency
ablation (RFA), which has shown a high long-term success [1]. Ectopic foci do not distribute ran-
domly, but on the contrary tend to appear in specific atrial regions [2]. Electro-anatomical mapping
systems can help in locating them more accurately. However, in many complex scenarios the search
might require long mapping times even for experienced electrophysiologists. Decision tree algorithm
based on the P-wave morphology at specific surface ECG leads have been developed to provide some
help in the search of ectopic foci source [2]. Other biomarkers such as P-wave integral maps [3]
have been recommended to summarize different atrial activation sequences and relate them to ectopic
foci. In the ventricles, other complex techniques such as electrocardiographic imaging (ECGi), have
been widely studied in the last decades to directly compute the cardiac action potentials by solving
an ill-posed inverse problem [4]. Many of those approaches use a priori information to improve their
results, such as, constrains in spatial and temporal domains, physiological knowledge about the ac-
tivation sequence or location of activation onset. In addition, the quality of the results depends on
the number and location of the surface ECG leads, which is related to the methods and biomarkers
selected.

In this work, we present a machine learning based pipeline to estimate from a minimal body sur-
face potential map (BSPM), the atrial region in which an ectopic focus is located. First, we model
and simulate focal atrial tachycardias arising from more than 50 different locations (once at a time)
distributed throughout left atria (LA) and right atria (RA). Next, we obtain the body surface poten-
tial maps (BSPMs) for each of the scenarios, and summarize them by calculating BSP integral maps
(BSPiMs). We cluster all BSPiM in different classes, which are propagated to the corresponding ec-
topic foci. Using a support vector machine (SVM) we perform a cross-validation procedure to test
whether we can classify each BSPiM into the class/region where the corresponding ectopic focus was
located. Finally, we study the minimum number and position of surface electrodes necessary to obtain
results with a classification accuracy higher than 0.9.
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2 METHODOLOGY

2.1 Modeling of atrial tachycardia

Simulations were carried out using the Elvira solver in our previously validated atria-torso model
described in [6] with improvements from [7]. The model consists of a highly detailed 3D atria model
(754 893 nodes and 515 005 hexahedral elements with a resolution of 300µm) coupled to a torso
model (254 976 nodes and 1 554 255 tetrahedral elements) made up of lungs, bones, liver, ventricle,
blood, and general torso. The Courtemanche-Ramirez-Nattel (CRN) ionic model was used to simulate
atrial electrophysiology and the modo-domain formulation was chosen for tissue simulation. The 3D
finite element model was first stabilized in sinus rhythm using a basic cycle length of 500ms to
obtain steady-state values at cellular scale in all the computational domain. Following, 57 ectopic
foci were distributed on the atria surface, and used one by one to stimulate the atria, obtaining 57
different activation patterns. Next, the forward problem of electrophysiology was solved to propagate
the extracellular potential from the atria to the torso external surface. From this step, we obtained the
P-wave signal at every node of the torso surface (14157 nodes), and we calculated the signal integral.
We obtained a body surface potential integral map (BSPiM) for each of the ectopic focus simulated
(see Figure 1, Phase 0). The BSPiM were all normalized in the range [-1,1].

2.2 A machine learning pipeline for ectopic area location

We developed a machine learning pipeline to learn the relationship between BSPiMs and the location
of the ectopic-foci on the atrial surface (see Figure 1). Our final goal is to predict the ectopic area
location (the minimum area where it should be contained) from a BSPiM.

Figure 1: Pipeline for classification of single ectopic beats from optimal reduced BSPM

Our initial data set consist on 58 BSPiM on the torso surface model obtained from the simulation of
the forward-problem. Each BSPiM is made up of a mesh with 14 157 nodes, were we have calculated
and normalized the integral of the P-wave. We must notice that the number of nodes,i.e. electrodes,
results from the finite element model is far from a feasible clinical scenario. We will consider these
data as the initial scenario which allows us to measure the P-wave signal virtually anywhere on the
torso.

Next we describe the phases of the pipeline:

1. Dimensionality reduction on the torso space. Current BSPM vest systems such as the Car-
dioInsight Technologies allow a maximum of about 256 electrodes placed on the torso of a
patient [5]. Therefore, we have split our torso model in 256 equally-sized patches, that will be
considered our maximum number of features or samples. Since the finite element model has
not homogeneous resolution, we have used the k-means algorithm to cluster all the torso nodes
(14157) in 256 patches (see Figure 1, phase 1), obtaining and average number of 55 nodes
per patch. From now on, a BSPiM will be a set of 256 samples, taken randomly from each
of the patches. Since in a clinical BSPM acquisition set-up the exact location of the mapping
electrodes, and the relative position between them may not be preserved among patients, we
generate several BSPiM per ectopic focus by sampling randomly the 256 patches N times. As
a result we obtain (58 x N) BSPiM maps with 256 samples in each of them. Therefore for each
ectopic focus we produce N BSPM maps.
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2. Clustering of BSPiM. For each ectopic focus we have N BSPiMs associated to it, resulted from
previous sampling. We hypothesized that similar BSPiM will be generated by ectopic foci
placed in a nearby atrial region. Therefore, if we cluster BSPiM maps, we should obtain clusters
of ectopic foci that form non-intersected regions on the atria. As a result of this clustering, the
training set is updated with a class/label associated to each ectopic focus (see Figure 1, phase
2).

3. Feature Selection. We want to find out the best or minimum number of features (among the
256 considered) necessary to perform a classification of a BSPiM into one of the classes pre-
viously defined (see Figure 1, phase 3). We will remove the features that are most likely to be
independent of the class label. To do that, we choose the features with the highest values for
the test chi-square statistic from the training set relative to the class labels.

4. Model Validation. In this phase we use the training sets provided to fit support vector machine
classifiers (SVC) with a radial basis function, devoted to analyze the accuracy of their predic-
tions. Once the SVC model has been trained we use stratified cross-validation techniques to
measure the accuracy of the classification (see Figure 1, phase 4). The complexity of the clas-
sification problem will increase with the number of classes considered, however increasing the
classes produces smaller ectopic groups which increases the clinical usefulness of the method.

3 RESULTS AND CONCLUSIONS

We performed 58 detailed electrophysiology simulations corresponding to each ectopic focus, and
obtained full resolution BSPiM maps by calculating the forward problem and integrating the P-wave
signals (see Figure 1, phase 0). Following, the BSPiMs were split in 256 regions or patches (see
Figure 1, phase 1). For each activation map we sampled all the patches N times, setting N to 5, 10,
15, and 20. As a result we obtained training sets that contained [58 x N] BSPiM with 256 samples or
features. We applied k-means clustering on the training set using values for k in the range [2 , 20],
which gave rise to 19 different classifications of the pairs BSPiM-ectopic focus (see Figure 1, phase
2). All the classifications were visually validated to check the consistency of the clusters.

We proceed with the feature selection phase in which we reduced progressively the number of features
from 256 to 2 features, and checked the accuracy of the system for each number of features and
number of groups for classification (see Figure 1, phase 3). Figure 2 (a) shows the accuracies
obtained by the classification models trained considering different number of features and classes in
the corresponding training set. The values obtained come from the cross-validation process which
averages the accuracies obtained for each fold and summarizes the result. We used 4 folds to split and
stratify homogeneously the training set and the test set. We have also included a line (acc = 0.9) that is
the minimum level of accuracy that we consider necessary to use the model in a clinical environment.
Figure 2 (a) shows that all the models (k=2, ...,18) are able to correctly predict (> 0.9) the ectopics
set learned when using enough features (electrodes). Figure 2 (b) shows an example of the optimal
electrodes selected from the BSPiM to perform the ectopic foci classification in groups. For example,
yellow spheres correspond to the best set of 2 electrodes, whereas yellow together with green spheres
correspond to the best set of 4 electrodes. Larger sets of optimal electrodes always contain smaller
sets. Figure 2 (c) shows the division of ectopic foci in 10 classes using different colors. There were
not intersecting classes, and all the ectopic groups were associated to different regions.

In conclusion, we have developed a pipeline to generate BSPiM corresponding to atrial activations
started from single ectopic foci. We use the pipeline to train a classification system, that it is able to
determine the minimum number and location of electrodes necessary to match a BSPiM to a class,
or atrial region where the ectopic focus was placed, with an accuracy higher than 0.9. The cross-
validation results obtained are indicating that selecting the most relevant electrodes, we can classify
any BSPiM to its corresponding region with less than 32 electrodes. To make the BSPiM partly
independent on the exact location of the electrodes, we split the torso in 256 patches, and chose
randomly the samples for each patch, from any point in the patch. As expected, the complexity of
the problem increases when we increment k, since the resulting regions are smaller. The method-
ology presented could be useful to help electrophysiologists to reduce the search area of an ectopic
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Figure 2: Classification of ectopic foci. (a) Accuracy of classification for different number of ectopic groups,
and number of features used. (b) Example of optimal selected features (sensors) for: 2 (yellow), 4 (+green), 8
(+red), 16 (+blue) features. (c) Example of ectopic foci division in k=10 groups.

focus non-invasively and plan the intervention. In addition, it can be used to initialize other complex
methods based on ECGi.
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SUMMARY 

 

Cardiac sarcomere contraction is triggered when calcium floods the intracellular space and binds to 

the troponin complexes on the thin filament. We previously developed the MechChem model of 

cardiac sarcomere contraction in which the mechanics (i.e. tension) in the thin filament directly 

impacts the related chemistry. In the current study, we extend the MechChem model with an 

expression of the sensitivity of troponin to bind calcium that linearly depends on sarcomere length. 

We have developed a model with four independent parameters that reproduces experimental 

calcium-tension relationships in cardiac sarcomeres ranging in length from 1.85 µm to 2.25 µm.  

 

Key words:  cooperativity, troponin activation, calcium-tension relationship 

 

 

1   INTRODUCTION 
 

The sarcomere is the most basic functional unit of muscle contraction. Sarcomeres are comprised 

of thin and thick filaments. The thin filament is a double helical array of actin monomers, each 

containing a binding site for the myosin heads that protrude from the thick filament [1]. Force is 

generated in the sarcomere when a myosin head binds to actin, forming a cross-bridge (XB) that 

pulls on the thin filament.  

 

 
 

Figure 1: Tn activation A) Subsection of the thin filament at rest (modified from Dupuis et al. [2] 

with permission).  At rest, the binding sites on the actin monomers are blocked by tropomyosin 

molecules (Tm). Tm is anchored in place by the troponin complex (Tn). B) Activation of Tn 

(reproduced from Dupuis et al. 2016 [2] with permission). The Tn consists of the subunits troponin 

I (TnI), troponin C (TnC), and troponin T (TnT). Calcium (Ca
2+

) binding to TnC triggers 

conformational changes in the Tn that result in TnI releasing actin and binding more tightly to TnC. 

Tm is then free to move away from its position blocking the binding sites. 

 

At rest, the myosin binding sites on the thin filament are blocked by a tropomyosin molecule (Tm) 

[3]. One Tm spans 7 actin monomers and is anchored to its blocking position on the thin filament 

by the troponin complex (Tn) (Figure 1A) [4]. Tn is composed of an inhibitory subunit troponin I 

(TnI), the calcium-binding subunit troponin C (TnC), and the tropomyosin binding subunit troponin 

T (TnT) [5]. During activation, calcium (Ca
2+

) floods the intracellular space and binds to TnC 

resulting in a conformational change in the Tn that we call the activation of the Tn (Figure 1B). 

More specifically, TnI releases actin and binds more tightly to TnC. This allows the Tm to move 
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azimuthally on the thin filament away from the blocking position covering the myosin binding sites 

and towards the center of the actin double helix. The unblocking of the myosin binding sites allows 

the formation of XB’s and the subsequent development of force. As the intracellular calcium 

concentration decreases, beginning relaxation, Ca
2+

 detaches from TnC. TnI reattaches to actin, 

prompting the movement of Tm back to its position blocking the binding sites on the thin filament. 

 

Experimental data has shown that there is a disproportionately large increase in developed force in 

the sarcomere with relatively small increases in intracellular Ca
2+

 concentration, an increase too 

large to be explained without cooperativity. There is no clear consensus regarding the underlying 

cooperative mechanism in cardiac sarcomere tension development, but there exist many current 

theories. Some groups suggest local cooperative mechanisms such as nearest neighbor 

cooperativity [6, 7]. The idea is that the formation of a XB enhances the binding of the next closest 

XB or the activation of the closest Tn. Additionally, this theory suggests that the activation of one 

Tn can influence the activation of the closest Tn on the thin filament. Others suggest longer range 

cooperative mechanisms. Daniel and colleagues [8] have suggested the compliant realignment of 

binding sites, claiming that the XB’s can strain the thin filament by up to 2 nm, a distance that may 

move the binding sites closer to a myosin head to increase the chance of a binding event. 

Conversely, there is the idea that the Tm molecules along the entirety of the thin filament act as a 

single strand and activate simultaneously [9].  

 

We propose that there is cooperativity intrinsic to the thin filament that is augmented by the 

mechanical tension in the thin filament. We hypothesize that high mechanical tension in the thin 

filament inhibits the detachment of Ca
2+

 from Tn, hence blocking deactivation. The mechanics of 

the thin filament directly impacts the related chemistry. We have previously developed the 

MechChem model of mechano-chemical interactions in the thin filament to test the latter 

hypothesis. In the previous version of the MechChem model, the sensitivity of Tn to Ca
2+

 was 

fitted per sarcomere length. In the current study, we extend the model so that the sensitivity of Tn to 

Ca
2+

 is a linear function of the sarcomere length, extending the working range of the model over a 

greater number of sarcomere lengths. The model simulates the calcium-tension relationship in the 

cardiac sarcomere, and we compare the results to the experimental data of Dobesh et al. [10]. 

 

2  METHODOLOGY 
 

We have further developed the MechChem model of mechano-chemical interactions in the cardiac 

sarcomere. The relation for the tension SMC(x) in the thin filament at position x along the single 

overlap region has been previously derived (Equation 1) [2]. We hypothesized that tension in the 

thin filament increases the affinity of Tn to bind Ca
2+

, and high tension renders it energetically 

unfavorable for Tn to deactivate. The exponential term in the denominator introduces this relation 

to our model. The relation depends on SMC(x), the intracellular calcium concentration ([Ca
2+

]), the 

equilibrium calcium concentration constant KTnCa0, and the intrinsic cooperativity constant n. We 

assume n = 3 according to the findings of Sun et al. [11]. Cs is a parameter with units of the inverse 

of tension. The parameter Cf represents the maximum tension density, i.e. the tension density 

assuming that all binding sites are unblocked. It is apparent from Equation 1 that the tension is not 

uniform throughout the entirety of the thin filament and instead changes with the position.     

 
𝑑𝑆𝑀𝐶(𝑥)

𝑑𝑥
=  

𝐶𝑓

1+ 𝑒
𝑛(−𝐶𝑠𝑆𝑀𝐶(𝑥)−𝑙𝑛(

[𝐶𝑎2+]
𝐾𝑇𝑛𝐶𝑎0

))

                                                                                               (1) 

 

It has been shown that the sensitivity of Tn to bind Ca
2+

 changes with sarcomere length (Lsarc) [10, 

12]. In our previous study [2], we fit the parameter KTnCa0 for each Lsarc. In the current study, we 

have introduced an expression for KTnCa0 that is dependent on Lsarc. We assume a linear relationship 

between Lsarc and KTnCa0 as shown in Equation 2. The parameters a and b are constants with values 

of 4.015 µM µm
-1

 and 16.495 µM, respectively. 

 

𝐾𝑇𝑛𝐶𝑎0 = −𝑎𝐿𝑠𝑎𝑟𝑐 + 𝑏                                                                                                                     (2) 

 

We simulate a time independent isometric muscle contraction. During each simulation, both the 

[Ca
2+

] and the sarcomere length remain constant. The model calculates the tension in the thin 
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filament. The simulations span a large array of [Ca
2+

] between 0.01 µM and 10 µM and 5 

sarcomere lengths ranging from 1.85 µm to 2.25 µm. We compare the results of the MechChem 

model to experimental data of Dobesh et al. [10]. In addition, we compare results between the 

MechChem model and the Hill model because the Hill model is the currently most utilized method 

to characterize the [Ca
2+

]-tension relationship in cardiac muscle. The Hill model is characterized by 

Equation 3. 

 

𝑆𝐻 =  𝑆𝑚𝑎𝑥
[𝐶𝑎2+]𝑛𝐻

𝐶𝑎50
𝑛𝐻+[𝐶𝑎2+]𝑛𝐻

                                                                                                                 (3) 

 

Smax represents the maximum possible tension developed in the thin filament, nH represents the Hill 

coefficient that characterizes the cooperativity as the slope of the [Ca
2+

]-tension relationship, Ca50 

represents the calcium concentration required to reach half the maximum tension, and [Ca
2+

] is the 

intracellular calcium concentration. 

 

3  RESULTS AND CONCLUSIONS 

 

Figure 2 displays the force-calcium curves produced by a typical Hill-type fit (Figure 2A) and the 

[Ca
2+

]-tension relationship generated by the MechChem model (Figure 2B). The experimental data 

of Dobesh et al. have been superimposed on the model-generated [Ca
2+

]-tension curves for 

comparison.   

 

 
 

Figure 2: [Ca
2+

]-Tension Relationship. A) [Ca
2+

]-tension relationship generated by a Hill model 

(reproduced from Dupuis et al. 2016 [2] with permission). The dots are experimental data from 

Dobesh et al. [10] B) The [Ca
2+

]-tension relationship generated by the MechChem model. The 

experimental data points of Dobesh et al. [10] were superimposed on the plot. 

 

The shapes of the curves generated by the MechChem model differed from those generated by the 

Hill type model because the MechChem curves are asymmetric. The Hill type model consistently 

overestimated the tension produced as the curves rounded toward saturation while the MechChem 

model did not show this systematic pattern. The root mean squared errors (RMSE) between the 

model-generated curves and the experimental data of Dobesh et al. [10] were calculated. The Hill-

type model produced a RMSE of 0.0327 SD (where SD is the unit of tension used by Dobesh et al. 

[10]), and the MechChem model produced a RMSE of 0.0325 SD. The results displayed that the 

MechChem model can predict the [Ca
2+

]-tension relationship as well as the Hill type model. 

However, the MechChem model offers a possible mechanism behind the cooperativity in the 

cardiac sarcomere whereas the Hill model prescribes the cooperativity with the Hill coefficient nH. 

 

The expression for KTnCa0 as a function of Lsarc was introduced in this study, increasing the 

parameter set to four while simplifying the model calculations. In the previous study [2], the 

parameter KTnCa0 had been fit per Lsarc, so the model did not predict the [Ca
2+

]-tension relationships 

for any Lsarc’s other than those tested by Dobesh et al. With the addition to the model, the fit to the 

experimental data of Dobesh et al. in this study (RMSE = 0.0325 SD) is nearly as good as that 

presented in our previous study when KTnCa0 was fit per Lsarc (RMSE = 0.030 SD). 

212



 

We have developed a model with 4 independent parameters and a single ordinary differential 

equation to represent the calcium-tension relationship in cardiac muscle. The model generates 

calcium-tension curves that are consistent with experimental data of Dobesh et al. [10] over the 

range of sarcomere lengths from 1.85 µm to 2.25µm (RMSE 0.0325 SD). Our results support the 

hypothesis that the sensitivity of troponin to bind calcium is linearly dependent on the sarcomere 

length.     
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SUMMARY
Computer simulations of the heart have experience great advances in the last decade, delivering a
powerful tool for studying the electrical activity in health and disease of the human heart. However,
the computational effort required for patient-specific simulations that recover physiological behavior
remains prohibitively high. Here we propose a finite-element spatial discretization that enriches the
element basis using incompatible modes. We show that our formulation results in simulations that
attain physiological conduction velocities with an accuracy close to the Q2 formulation, but with a
computational effort in the order of Q1 formulations, thus enhancing the accuracy-efficiency trade-off
of cardiac simulations.

Key words: Cardiac Electrophysiology, Incompatible Modes, Conduction Velocity

1 INTRODUCTION

Cardiac disease remains the main cause of death in the world [6]. Computational cardiology has made
great advances in simulating the electrical propagation in the heart. For example, complex cardiac
phenomena such as reentrant spirals can be studied in-silico, allowing researchers to better understand
arrhythmogenesis. Despite the great level of detail of computational models of the heart, the com-
putational load and computing time associated to whole-heart electrophysiology simulations remain
prohibitively high, mainly due to strict requirements on the mesh size needed to recover physiological
conduction velocities in cardiac tissue [5]. In the case of finite-element simulations, mesh sizes less
than 0.1 mm are typically employed, resulting in simulations with several million degrees of free-
dom. While higher order finite-element formulations have improved the computational efficiency of
cardiac simulations [2, 7], novel formulations that attain reasonable accuracy with coarse mesh sizes
while keeping the computational load tractable remain outstanding.

2 METHODOLOGY

In the sequel, we propose a novel finite-element formulation for cardiac electrophysiology that en-
riches the element basis using incompatible modes [8]. Let Ω be the domain of the problem, with
[0, T ] a time interval of intereset, φ : Ω × [0, T ] → R the normalized transmembrane potential and
r : Ω × [0, T ] → R a restitution variable. Electrical propagation of transmembrane potential is
modeled by the normalized cable equation

∂φ

∂t
−∇ · D∇φ = fφ(φ, r) (x, t) ∈ Ω× [0, T ] (1)

∂r

∂t
= f r(φ, r) (x, t) ∈ Ω× [0, T ] (2)
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where D is the conductivity tensor, and fφ and f r depend on the ionic current model selected. In our
case, we consider the modified Aliev-Panfilov model that attains physiological conduction velocities
[1, 4]. Time discretization is done using an implicit Backward Euler scheme [3]. For spatial dis-
cretization, we consider the Galerkin variational form associated to (1), and propose a discretization
of the transmembrane potential field of the form

φh(x) =

Nen∑
A=1

NA(x)ΦA +

Nim∑
C=1

ÑC(x)αC (3)

where NA are the standard isoparametric shape functions for the trilinear hexahedral element (Q1),
ÑC are the incompatible modes (IM), quadratic in the isoparametric domain [8], and Nen and Nim
are the number of element nodes and incompatible modes in the element. We note here that NA are
C0−continuos across the problem domain, but ÑA are not. This allows to solve for the coefficients
{αC} in a local fashion, thus preserving the number of degress of freedom equal to a formulation that
employs Q1 elements at the global level, at the expense of solving a reduced non-linear system at the
element level.

3 RESULTS

A cuboid with edge length equal to 10mm was discretized using hexahedral elements with variable
mesh size. Electrophysiological simulations of a plane wave travelling along the cube using Q1, Q2
and Q1+IM elements with different mesh sizes were performed. The study of the conduction velocity
(CV) for the different schemes considered is shown in Figure 1, where we observe that all three
element formulations converge to a unique CV as the mesh size tends to zero. For coarse meshes
( mesh size > 0.5 mm), the Q1 formulation resulted in much larger errors for the CV than Q2 and
Q1+IM. The computational effort for each formulation is reported in Figure 2, where we show that
simulations using Q2 elements always require the highest computing time and Q1 the lowest, while
Q1+IM exhibited computing times that are of the order of Q1.

Figure 1: Conduction velocity versus element size Figure 2: Computation time versus element size

To demonstrate the potential of the Q1+IM formulation in cardiac simulations, we simulated the
propagation of action potentials on an idealized biventricular geometry, see Figure 3.

4 CONCLUSIONS

In this work we present a novel and efficient finite-element formulation for cardiac electrophysi-
ology problems using the concept of incompatible modes. We show that our Q1+IM formulation
results in simulations that attain physiological conduction velocities with an accuracy close to the
Q2 formulation, but with a computational effort in the order of Q1 formulations, thus enhancing the
accuracy-efficiency trade-off of cardiac simulations.
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Figure 3: Simulations with incompatible modes on a biventricular mesh

REFERENCES

[1] Aliev, Rubin R. and Panfilov, Alexander V. A simple two-variable model of cardiac excitation.
Chaos, Solitons & Fractals 7(3):293, 1996.

[2] Arthurs, Christopher J., Bishop, Martin J. and Kay, David. Efficient simulation of cardiac elec-
trical propagation using high order finite elements. Journal of Computational Physics 231:3946,
2012.

[3] Göktepe, S. and Kuhl, E. Computational modeling of cardiac electrophysiology: A novel fi-
nite element approach. International Journal for Numerical Methods in Engineering 79(2):156,
2009.

[4] Hurtado, Daniel E., Castro, Sebastian and Gizzi, Alessio. Computational modeling of non-linear
diffusion in cardiac electrophysiology: A novel porous-medium approach. Computer Methods
in Applied Mechanics and Engineering 300:70, 2015.

[5] Krishnamoorthi, Shankarjee et al. Numerical quadrature and operator splitting in finite element
methods for cardiac electrophysiology. International Journal for Numerical Methods in Biomed-
ical Engineering 29:1243, 2013.

[6] Mozaffarian, D. et al. Heart Disease and Stroke Statistics At-a-Glance Heart Disease , Stroke
and Other Cardiovascular Diseases Heart Disease , Stroke and Cardiovascular Disease Risk
Factors. American Heart Association (1):710, 2015.

[7] Vicent, Kevin P. et al. High-order finite element methods for cardiac monodomain simulations.
Frontiers in Physiology 6:217, 2015.

[8] Wilson, Edward L. et al. Incompatible displacement models. Numerical and Computer Methods
in Structural Mechanics, 1973.

216



5th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2017

10–12 April 2017, United States

P. Nithiarasu, A.M. Robertson (Eds.)

A MODEL OF HUMAN CARDIAC CONTRACTION OPTIMIZED
FOR MULTI-SCALE SIMULATIONS

Sander Land1, So-Jin Holohan2, Nicolas Smith3, Jon Kentish2, and Steven Niederer1

1Department of Biomedical Engineering, King’s College London, UK
{sander.land,steven.niederer}@kcl.ac.uk

2Cardiovascular Division, King’s College London, UK
3Department of Engineering Science, University of Auckland, New Zealand

SUMMARY
Experimental data from human cardiac myocytes at body temperature is crucial for development of
whole-organ computational models for clinical purposes, but is currently very limited. To address
this deficiency, we have collected experimental data from human cardiac myocytes, and used it to
develop a computational model of contraction and passive viscoelasticity in human myocytes, which
is optimized for use in multi-scale cardiac simulations. We applied this model within multi-scale
simulations of biventricular cardiac function, which was a crucial step in revealing differences in
crossbridge cycling rates between skinned isolated myocytes and intact whole organ function.

Key words: contraction modelling, multi-scale cardiac modelling

1 INTRODUCTION

Computational models of human cardiac function are increasingly used to study cardiac physiology in
health and disease. These complex multi-physics and multi-scale cardiac simulations combine mod-
els that represent the distinct physiology of the constitutive properties, cellular electrical activity and
cellular contraction. When constructing multi-scale models of human function, there are currently
many options for characterizing the cellular electrophysiology or constitutive properties. Detailed
biophysical models of cardiac contraction do exist for other species and have been used to great ef-
fect in multi-scale computational models, particularly in the mouse and rat. These models have the
advantage that they can be used to link changes in sub-cellular physiology to whole organ contractile
function, predicting key indicators of cardiac output from changes to individual channels or proteins
involved in calcium regulation and contractile dynamics. However, there remains a deficit of human
biophysical models of tension generation which can be embedded within models of whole organ con-
traction. Currently whole organ frameworks typically rely on phenomenological models of cellular
function or models preferentially fitted to animal data.

A major reason for this disparity between human and animal models is the historically poor avail-
ability of contraction data from human isolated myocytes, trabeculae and muscle strips. Specifically,
although data for isometric twitch contractile function exists and has been used to parametrize con-
traction models, comprehensive data sets for human myocyte contractile function which characterize
length- and velocity-dependence of tension generation are not available. In addition, many measure-
ments across species are taken at lower temperatures, including measurements of human myofibrils,
which limits their application for explaining whole organ contractile function.

We have recently collected a comprehensive new data set in human cardiac myocytes at 37◦C, mea-
suring the relation between force, calcium concentration and sarcomere length, the response to fast
changes in length, and the passive viscoelastic response of these cells [1]. We used this data to develop
new model of human cardiac contraction at both the single cell and whole organ level.
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Figure 1: Passive and active modelling frameworks. Panel (A) shows the model we use for the viscoelastic
response, which is similar to a standard linear solid. F1 is a spring with an exponential stress-strain relationship,
F2 is a linear spring, and Fd a dashpot. The active contractile element TA is derived from the model shown
in panel (B). The active contraction model includes a model of calcium binding to troponin C, a cooperative
transition from the ‘blocked’ state to an ‘unblocked’ state of tropomyosin, and a three-state crossbridge model
representing unbound (U), pre-powerstroke (W), and post-powerstroke (S) states. These latter two states have
an additional state associated with them tracking their mean distortion. Force generated in the model depends
on attached crossbridges and their mean distortion.

Figure 2: Fitting experimental data from skinned cardiac myocytes Panel A shows fits to the steady-state
force-calcium-length relationship. Panel B shows response to a quick 2% stretch followed by a quick 2%
shortening of the cell. Panel C shows response to a slower, constant velocity shortening of approximately 10%.

2 METHODS

Our model includes the passive viscoelastic properties of myocytes, as well as the active contractile
response to changes in intracellular calcium. Figure 1 shows the modelling framework used for both
passive viscoelasticity and active contraction.

3 RESULTS

3.1 Skinned cell model

To parametrize our model to our experimental data collected in skinned cardiac myocytes, we first
reproduced the steady state response at sarcomere length 1.8, 2.0, and 2.2 µm to fit both cooperative
activation and the length-dependent changes in both maximum force and calcium sensitivity in our
model. In addition we have performed two sets of experiments relating to the acute dynamic tension
response after changes in length, also known as the velocity dependence of tension. We combine
these two data sets to select a set of model parameters which fits both types of experimental data.
Figure 2 shows a selection of experimental data and model fits.
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Figure 3: Results for isometric twitch tension. The left panel shows the human calcium transient used,
provided by Coppini et al. The right panel shows the isometric twitch tension produced by our model at resting
length (thicker yellow line, λ = 1) and the length-dependent response at different extension ratios.

3.2 Intact cell model

Our experimental data is limited to skinned myocytes, as the freezing process for unused donor hearts
compromises the cell membrane. From Figure 2B we can also see that crossbridge kinetics are slow
in skinned myocytes, with recovery of tension taking several hundreds of milliseconds after 2% short-
ening, resulting in tension levels below that consistent with whole organ function (Figure 2C). Thus,
we rely on published literature data to guide the reparameterization of the model to represent intact
muscle function, and make the model suitable for use in a multiscale cardiac mechanics modelling
framework. The calcium transient we use as input is based on work by Coppini et al. [2], which is
shown in Figure 3. We use isometric twitch measurements at body temperature [3, 4], to set target
ranges for time to peak tension (TPT) and relaxation time. The parameters changed between skinned
and intact cells are the calcium sensitivity and hill coefficient, consistent with differences in steady
state function reported by Bers [5], and changes in crossbridge cycling rate, which are potentially
related to the swelling of the filament lattice and increased interfilament spacing. The resulting twitch
transients are shown in Figure 3. Other parameters, including the binding kinetics troponin C, rate
constants for tropomyosin kinetics, crossbridge duty ratio, are all kept constant.

3.3 Biventricular mechanics model

We used our newly-developed single cell model of human active contraction to drive a three-dimensional
finite element simulation of the heart. For use in a multi-scale context, we apply the model of active
tension in an intact cell, including viscoelastic forces. However, elastic forces in the cell are assumed
to be captured by the consistutive law, and not included in the cell model. Three anonymised CT
data sets were obtained from patients at St Thomas’ Hospital in London for diagnostic purposes, but
who were all found to have healthy heart function. Each data set was segmented using the Philips
heart atlas based segmentation tool [6]. We use the meshing tool developed by Lamata et al. [7] to
fit a cubic order finite element mesh to each segmented data set. Figure 4C shows the resulting finite
element meshes. To simulate biventricular cardiac function, we use our multi-scale cardiac mechan-
ics framework [8, 9], which has recently been verified [10]. This process helps refine crossbridge
cycling rates from the unbound to weak state, and confirms that changing crossbridge cycling rates
are required for obtaining a healthy ejection fraction.

4 CONCLUSION

We have developed a new model of human cardiac contraction based on recently obtained data in
human cardiac myocytes at body temperature. The model is efficient, consisting of seven ordinary
differential equations, and is thus particularly suitable for use in a patient-specific computational
model of the heart.
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Figure 4: Computational meshes and pressure-volume loops. Panel(A) shows pressure-volume relations
for the original skinned model, and adjustment to crossbridge cycling rates using inferred parameters based
on isometric twitch tension. Panel(B) shows our three patient-specific meshes derived from CT scans, at their
end-diastolic configuration.
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SUMMARY
Estimation of the left ventricular load-free geometry in cases of human heart failure has been per-
formed using principal component analysis techniques to represent the cardiac geometry. This novel
method allows us to use multiple diastolic deformed geometries to inform the estimation of the load-
free geometry. This method has been applied to imaging and catheterisation data from 28 cardiac
patients, and results from simulated diastolic deformations to demonstrate feasibility of the approach.

Key words: left ventricular mechanics, load-free state, unloaded geometry, heart failure, finite ele-
ment modelling, patient-specific models

1 INTRODUCTION

Heart failure (HF) affects more than 5 million patients in the United States [1] and is forecast to reach
more than 8 million by 2030 [2]. HF involves pumping dysfunction of the heart, especially the left
ventricle. The current clinical diagnosis uses the ejection fraction to categorise the disease into heart
failure with preserved ejection fraction (HFpEF) or reduced ejection fraction (HFrEF). However, the
ejection fraction is a non-tissue specific measure of global chamber function and is of limited use in
personalised treatment planning across the spectrum of heart failure patients [3].

Computational modelling of the left ventricle (LV) has provided estimates of myocardial tissue stiff-
ness, which gives insight on the aetiology of the disease, and has the potential to drive personalised
treatment planning. Estimation of the load-free geometry of the LV for mechanical simulations and
tissue property estimation has been a significant challenge. Various groups have constructed numeri-
cal frameworks to estimate this load-free geometry from a single loaded configuration [4, 5, 6]. While
these approaches have been valuable, they are unable to take into account multiple frames of diastolic
deformation in the estimation of the load-free geometry, which introduces bias towards one particular
frame during diastole.

In this study, we propose a novel method to estimate the load-free LV geometry and myocardial tissue
stiffness using a principal component analysis (PCA) to represent the load-free geometry. The PCA
representation allows us to take advantage of deformation data from multiple frames to determine a
more representative estimate of the load-free geometry.

2 METHODOLOGY

A synthetic study was set up based on cardiac imaging and LV pressure data to demonstrate the
feasibility of estimating the load-free model using the PCA approach.

221



2.1 Clinical data

Our clinical data includes cine magnetic resonance images (MRI) as well as same-day catheter pres-
sure recordings of 28 subjects from the St Francis Hospital Heart Centre (NY, USA) of which there
were 5 control subjects, 11 HFpEF and 12 HFrEF subjects [7]. The local institutional review board
approved the study and all patients gave written informed consent. Semi-automatic segmentation
of cine MRI provided 16-element cubic Hermite finite element (FE) models of the LV at 20 to 30
frames throughout the cardiac cycle for each patient. Temporal alignment of imaging and pressure
measurements provided concurrent pressure data at each MRI frame.

2.2 Diastolic simulations

To test the feasibility of this approach, we generated a synthetic dataset by simulating diastolic infla-
tion for each patient. For this synthetic dataset, we used the LV geometries at diastasis as the synthetic
load-free geometries. We described the passive properties of the myocardium using the Guccione
transversely isotropic constitutive model [8], where the parameters controlling the nonlinearity were
taken from a previous study [9] and the bulk scaling parameter (referred to as c1 in this study) was
fixed at a previously estimated value [10]. We then inflated each model by applying patient-specific
pressure loading while constraining the displacements at the base to generate synthetic surface data
at 5 to 12 frames from diastasis to end diastole.

2.3 Principal component analysis

Based on methods found in [11] PCA was performed on the displacement data of the diastasis model
with respect to the estimated load-free model for each of the 28 studies. The cubic Hermite models
were converted to Bezier spline models with the same number of degrees of freedom (N = 960). Dis-
placement (dn) was calculated for each degree of freedom of the diastasis Bezier model (xn,diastasis)
with respect to the corresponding degree of freedom in the Bezier load-free model (xn,load-free):
(dn = xn,diastasis − xn,load-free).

The displacement vectors were then collated into a data matrix (D), which has as many rows as there
are studies (M = 28). The mean displacement was found for all 28 subjects using d̄ = 1/M

∑
m dm,

where dm is the displacement vector of subject m. The covariance (C) matrix of the data matrix is
then calculated as follows: C = 1/M · δi · δj (where δi = di − d̄). Eigen-analysis was performed
on the covariance matrix (C = PΛPT ) where P is an orthogonal matrix containing the modes of
the variation and Λ is a diagonal matrix of eigenvalues. Each column pk of P contains the mode
associated with the corresponding diagonal element of Λ, which is the weight parameter wk.

D =


d11 d12 · · · d1N
d21 d22 · · · d2N

...
...

. . .
...

dM1 dM2 · · · dMN

 , P =


p11 p12 · · · p1N
p21 p22 · · · p2N

...
...

. . .
...

p(M−1)1 p(M−1)2 · · · p(M−1)N

 ,w =


w1

w2
...

wM−1


(1)

Using this method, the first mode accounted for 91.3% of the displacement variation.

For each study, the load-free state can be fully reconstructed using all 27 modes as follows:

xload-free = xdiastasis − (
M−1∑
k=1

wkpk + d̄) (2)

For ease of interpretation, the weights were defined as normalised differences from the group average
(w̄m1):

ŵm1 = (wm1 − w̄m1)/σw (3)

where the differences were normalised by the standard deviations (σw).
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2.4 Load-free geometry estimation

The normalised weight of the first mode of variation (ŵm1) was estimated while the weights of the
remaining 26 modes of variation were fixed at the pre-calculated values. The stiffness parameter c1
was also fixed at the predefined value for each study. A load-free model was constructed for an initial
estimate of the weight of the first mode of variation. This load-free model was then inflated using
the same pressure loading and basal displacement conditions as applied in the diastolic simulations,
and the errors between the synthetic surface data and the model predictions were calculated by nor-
mal projections of the the synthetic surface data onto the endocardial and epicardial surfaces of the
model. The mean-squared projection error was then minimised by optimising the weight of the first
shape mode. Optimisation was performed using constrained optimisation by linear approximations
(COBYLA) [12] as implemented in the NLOpt package [13].

Figure 1: Framework for estimating the load-free model using diastolic simulation surface data with a fixed
tissue stiffness.

3 RESULTS AND CONCLUSIONS

Estimation of the load-free model reproduced the original shape parameter to within machine tol-
erance error for all 28 studies. This demonstrates the feasibility of this novel PCA approach for
estimating the load-free state. Feasibility has been demonstrated using this method to estimate the
load-free state using the PCA approach. This approach is able to incorporate deformation data from
multiple frames during diastolic filling. Future work will investigate the simultaneous estimation of
stiffness and load-free model before applying the framework to imaging datasets from both normal
and HF patients.

The next step in this study is to set up a similar framework where the c1 parameter is estimated
simultaneously with the ŵm1 parameters. A Hessian [14] matrix would be calculated to measure
identifiability and correlation of the two parameters.
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SUMMARY
Biomechanical modeling of the heart is increasingly being used to provide novel diagnostic and pre-
dictive outcomes. Core to the simulation of cardiac biomechanics is an accurate passive constitutive
equation that describes human myocardium. Using recently published triaxial data, we develop a
material model capable of describing the viscoelastic stress strain response of myocardial tissue that
reflects its hierarchical organization. A computational technique is then introduced, ensuring accurate
and efficient simulation of the governing equations. The model is compared with experimental data
and used in 3D simulations of the heart.

Key words: cardiac modeling, tissue mechanics, viscoelasticity, power law

1 INTRODUCTION

Biomechanical modeling has emerged as a powerful tool for describing the behavior of the my-
ocardium throughout the cardiac cycle. Alongside imaging and experimental data, models provide an
insight into myocardial structure, behavior, and function leading to a deeper understanding of cardiac
health and disease.

A critical component to these biomechanical analyses is the constitutive model used to simulate mus-
cle behavior. Mechanical tests applied to tissue samples has classically provided an important source
of data, enabling the identification of appropriate constitutive relations. However, the challenge of
performing these tests compounded with the difficulty in obtaining human myocardial tissue samples
has limited the availability of data sets. Recent work by Sommer et al [8] presented an extensive inves-
tigation into human left-ventricular tissue structure and its mechanical response to biaxial extension
and triaxial shear. Viscoelastic effects were clearly observed in stress response highlighting the po-
tential need for their inclusion in mechanical models. A model based on these experimental findings
was proposed in [3], which characterized viscoelastic tissue response using multiple Maxwell ele-
ments. While this model effectively captures behavior in individual tests, it was not able to describe
the behavior across tests.

Building on this work, we propose a new nonlinear orthotropic viscoelastic model. The introduced
model effectively captures the effects of multiple relaxation times through the use of a power law
approximation. A novel numerical technique is then introduced enabling the effective simulation of
the power law model through the use of a numerically derived Prony series. The resulting model is
then used to simulate mechanical function in the beating human heart.

2 METHODOLOGY

Many of the viscoelastic models used are some variant of the linear circuit analogues (see Fig. 1) using
arrangements of springs / dashpots. While use of linear models is not appropriate for cardiac tissue,
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these structural elements serve to assist in understanding the schema behind different viscoelastic
models. The most basic model – capturing both creep and stress relaxation – is the so-called Standard
Linear Model or Zener Model (see Fig. 1a). While this model can effectively capture these basic
phenomena, it results in a single dominant relaxation time that is often insufficient to describe soft
biological tissues. The Zener model can be extended by considering multiple dominant relaxation
times using the Maxwell-Wiechert model, consisting of multiple Maxwell elements in parallel with a
dominant elastic component (see Fig. 1b). While effective for fitting a range of relaxation scales via its
multiple Maxwell elements, the model leads to an increased number of parameters. An alternative is
to use the fractional Kelvin-Voigt (↵-Kelvin-Voigt) model, where the Maxwell element of the Zener
model is replaced with a spring-pot. Here the Caputo fractional derivative operator is employed
to provide a continuum of relaxation times reflective of the multiscale nature of the tissue. The
↵-Kelvin-Voigt model simplifies the parameterization and naturally extends to represent nonlinear
material behavior.

To emulate cardiac tissue, the ↵-Kelvin-Voigt model is extended by replacement of elastic elements
with hyperelastic equivalents (see Fig. 1c). The elastic components of the model are based on the
orthotropic Holzapfel-Ogden law [5], in which the strain-energy function for a hyperelastic material is
expressed as a sum of scaled exponentials. This component serves largely to replace the linear spring
/ spring-pot with nonlinear elements. The model has been extensively used to simulate experimental
[1] and in vivo [2, 4, 6] behavior of myocardial tissue. Moreover, parameter space reduction can be
employed to achieve good parameter identifiability from patient-specific datasets [4].

(a) Zener (b) Maxwell-Wiechert (c) ↵-Kelvin-Voigt

Figure 1: Schematic representation of viscoelastic models and their components.

The suitability of the nonlinear power law model for representing myocardial response was evaluated
using experimental data sets from triaxial relaxation and cyclic shear tests on small cubic specimens,
as detailed in [8]. Model parameters were estimated so as to minimize the difference between the
Cauchy stress measurements and the model predictions corresponding to different shear modes. We
seek a reduction of the model (with some of the parameters fixed at specific values) that does not sig-
nificantly compromise the quality of the fit while also simplifying the parameter space and providing
a unique minimum.

Using the proposed model we can simulate deformations in a realistic ventricular geometry through
multiple cardiac cycles, and observe the effect of the viscoelastic component. The presence of the
spring-pot incorporates the full kinematic history, introducing practical challenges into the classical
finite element approach to mechanics simulations. Direct treatment would result in increasing compu-
tation times and required storage for problem variables, and would not be sustainable for multi-cycle
simulations. Instead we introduce a representation of the relaxation response using a Prony series,
which effectively eliminates the need to store the kinematic history.
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3 RESULTS AND CONCLUSIONS

The triaxial shear experiment results were used to estimate optimal parameters for the model fit in
the full model as well as the different model reductions. An eight-parameter model was chosen as
the reduction providing good identifiability and a close match to experimental data, as illustrated by
Fig. 2. The relative total l2-distance between the measured and the estimated stress values is 14.11%,
compared to 12.56% for the full 28-parameter constitutive law. The model was able to produce an
even closer match if the parameters are selected individually for the relaxation and the cyclic datasets
(2% and 10% respectively).
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Figure 2: Comparison of the Cauchy stress � in the experimental data and the optimal power law
model fits.

By employing the proposed numerical method we can efficiently simulate the mechanical behavior
of realistic ventricular geometries through multiple cardiac cycles. In addition to kinematic variables,
we can estimate the energy loss in the system that is caused by viscous effects.

(a) End Systole (b) Mid Diastole (c) End Diastole

Figure 3: Differences in displacements computed using the viscoelastic power law and the purely
elastic model, ranging linearly from 0 (blue) to 5mm (red), in the first cardiac cycle run.

The proposed model shows both good identifiability and fidelity to experimental data, suggesting
strong potential for use in personalized simulations based on in vivo data. In addition to estimating
patient-specific tissue properties this would allow us to measure muscle efficiency, which can be
linked to cardiac health, via calculating energy loss.
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SUMMARY

Insufficient endovascular coiling can lead to regrowth of cerebral aneurysms (CAs), potentially due to
unrelieved wall stress. In this study, the wall stress was modeled and analyzed computationally in
seven patient specific CAs with or without coiling. Coiling reduced the peak stress in the dome of the
CAs, but the magnitude of reduction depended on the type of packing material, degree of residual
volume  (RV)  after  packing,  and  the  aneurysm  morphology.  The  mean  stress  of  the  dome  was
substantially reduced either to the level  of  mean stress of parent  vessel  or  less for RVs  ≤ 25%,
suggesting the existence of a threshold level of RV for any beneficial wall stress shielding effect.

Key words:  Cerebral Aneurysm, endovascular coiling, computational modeling, wall stress

1 INTRODUCTION

Endovascular coil embolization is commonly used for treating cerebral aneurysms (CAs); this strategy
involves placing metallic coils in the aneurysmal dome to induce a coil thrombus mass (CTM)[1].
Successful  endovascular  packing  mainly depends  on  the  morphological  features  and  size  of  the
aneurysm, and the relationship of the aneurysm to the cerebral arteries[2,3]. However, a significant
number of CAs are incompletely coiled, and recurrences are expected in the range of 11-36% after
coil embolization depending on the degree of filling achieved [4]. The coil packing density (CPD)
after coiling is therefore a major concern.

Computational models of CA coiling have predicted changes in wall shear stress in the presence of the
CTM [5], but the effect on wall stress has not yet been reported except in a recent study by our group
on a single CA model [6]. Patient-specific wall stress assessment may help clinicians determine the
level  of  coil  embolization  that  is  necessary  to  prevent  regrowth  and  help  guide  the  need  for
subsequent re-intervention.

Therefore, the purpose of this work was to estimate wall stress in patient-specific CAs before and
after coiling with different degrees of CPD or different residual volume (RV) after coiling.
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2 METHODS

Virtual  3D  geometries  of  CAs  were  constructed  from Digital  Subtraction  Angiography scans  of
patients (n=7) under observation using an approved IRB (#PRO13080334). First, scans were imported
into Mimics (Materialise, Plymouth, MI), where lumen boundaries of CAs and their parent vessels
were profiled using a pixel thresholding algorithm. After isolation, the boundaries were rendered into
coarse 3D volumes modeling the CAs. The models were further smoothed, corrected for rendering
flaws, and patched in Geomagic (3D Systems, Rock Hill, SC). Surface geometries of CA walls were
then exported and a CTM was created for each CA in SolidWorks (Dassault Systéms, Waltham, MA).
CTMs were modeled as solids filling the dome region of the aneurysms.

CA surface models and CTM solid models were then meshed into quadrilateral shell elements and
tetrahedral solid elements, respectively, in the commercial finite element analysis software, Abaqus
(Dassault Systéms, Waltham, MA). Each CA wall was treated as a homogenous, nonlinear, isotropic,
hyper-elastic,  and  incompressible  material  with  a  uniform thickness  of  0.36mm and modeled  as
reported in the literature with the strain energy function Wwall [7]:

(1)

where C1, C2, and C3 are material parameters [59.8, 16.8, 5710] characteristic of CA wall properties in
(kPa). I1 and I2 and are strain invariants.

CTMs were modeled into distinct homogeneous, nonlinear, isotropic, hyper-elastic, and compressible
materials. Five different mechanical properties of CTM were used in this analysis: four derived from
in-vitro uniaxial compression test data of clotted blood with 0, 10, 20, or 30% CPD and one from
literature measurement of the intraluminal thrombus from abdominal aortic aneurysm [8]. The strain
energy function used for in-vitro data was derived using equation fitting built into Abaqus. A reduced
fourth order polynomial strain energy function WCTM was created:

                               

  (2)

where Ci (defined in Table 1) is a set of parameters characteristic of CTM material properties. I1 is a
strain invariant.

Table 1: Filling Material Parameters

Filling
Coefficient (kPa)

C1 C2 (x103) C3 (x104) C4 (x106)
Blood Clot 92.14 23.88 -80.41 11.03
CPD10 405.97 12.32 -35.26 4.41 
CPD20 336.03 83.85 -281.30 38.53 
CPD30 702.10 100.50 -320.40 42.74 

For RV simulation, the distance between the parallel planes separating the sac base and dome was
measured as aneurysm length,  and the solid sac was segmented into 25%, 50% and 75% of this
length, which were used to quantify the RV after coiling.

3 RESULTS AND CONCLUSIONS

Peak wall stress (PWS) was defined as the maximum wall stress present in the model and mean wall
stress (MWS) was defined as the average von Mises stress acting on the aneurysm wall. Prior to
coiling, PWS (red color) was noticed at either the dome or neck of the aneurysm as seen in Fig. 1.

231



Fig. 1: von Mises wall stress (Ncm-2) in
representative side-wall (left) and branched
(right) aneurysms using the mechanical
properties of the AAA thrombus. PWS was
maximum prior to coiling (top). When
completely filled, coiling effectively reduces
PWS in the side-wall aneurysm but no
beneficial effect on PWS was seen in
branched aneurysm as a high stress
concentration remained at the neck.

Complete  CTM  filling  eliminated  PWS
from the  dome  and neck regions  of  all
five CPD materials in simple aneurysms
but not in branched aneurysms (data not
shown).  There  was  no  significant
difference in the spatial distribution and magnitude of stress when the mechanical properties of clot
versus intraluminal thrombus were used. In completely filled CAs, the MWS was significantly lower
than that of unfilled models (p < 0.05) as shown in Fig. 2. 

Fig. 2:  Plot of dome MWS for
unfilled  and  filled  aneurysm
models  (using  4  different
CPDs). N=7 for each case.

MWS  reductions  in  simple
CAAs  were  significantly
higher than that of branched
models (p < 0.05) when CTM
filled models are compared to

unfilled models. However, within each model the MWS estimated for the aneurysmal dome region for
each degree of RV (0, 25, 50, 75 & 100) and for the parent vessels (P) were compared using the
mechanical properties of the AAA thrombus for filling. 

Fig. 3 reflects the trend across our patient
pool, with wall stress averaged across all
seven cases.  

Fig. 3: Comparison of AWS estimated for the
aneurysmal dome region for different degrees
of RV and for the parent vessel (P) in each 
patient model using the mechanical 
properties of AAA thrombus. Notice that the 
AWS of the unfilled aneurysmal dome region
was twice that of the parent vessel in most of 
the models. The AWS of dome decreased to 
the level of the parent vessel in all cases for 
RV≤25% suggesting threshold filling. N=7 
for each case.

The results from our study indicate that
prior to coil embolization in both types of aneurysm, the PWS was located in the aneurysmal region,
either at the neck or at the dome, and the MWS of the dome region was at least twice that of the
parent  vessel.  This  is  consistent  with the  greater  propensity for  rupture  at  the  dome region seen
clinically [9]. The CTM reduced the PWS in the dome region but the magnitude of PWS reduction
depended on the type of CPD, degree of RV, and the aneurysm morphology. Our data suggests that for
any useful outcome of coil embolization the CTM must cover the area of the wall where PWS occurs
pre-treatment. Although statistically significant, the reduction in resultant wall stress with increasing
CPD is negligible in comparison to the difference observed after initial filling of CAs. The MWS of
the dome was substantially reduced either to the level of MWS of parent vessel or less for RVs ≤ 25%,
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suggesting the existence of a threshold level of RV for any beneficial wall stress shielding effect.
These results support Sadato et al., which suggests that residual volume after embolization of CAs is
the foremost consideration for preventing recanalization [10]. CTM filling did not show as much of a
beneficial effect in branched aneurysm models as the PWS either remained nearly same at the neck or
even elevated for different degrees of CTM filling. This may explain why certain patients are prone to
recurrences and recanalization at the neck of the aneurysm after coil embolization.
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SUMMARY 

The Pipeline® flow diverter (Covidien Medical) represents the current 
state of the art in what is essentially an intra-arterial graft for treating 
intracranial lesions. This device reportedly causes a number of delayed 
subarachnoid hemorrhages [1].  We have analyzed this situation and 
developed a novel device that is incapable of reproducing what we believe 
to be the central cause of these complications, namely an endoleak. The 
device, which we call a flow director, rather than blocking flow into the 
aneurysm, merely directs systolic flow away from it.  

Key words: intracranial, flow, modification, aneurysm, stent 

 

1 INTRODUCTION  

With the introduction of endovascular coils for treatment of intracranial aneurysms 
(IAs) [2], the need for stents became quickly apparent: a wide-necked aneurysm in itself 
has no means to retain coils, so a supporting intra-arterial structure is needed [3].  Early 
work with this combined approach was done in several different ways. 

One such way was the placement of the stent followed by a waiting period of several 
weeks before placing coils into the IA.  In a few instances, the mere placement of the 
stent caused the IA to thrombose without having to place anything into the lesion itself. 
This naturally raised the question of whether it would be possible to make a stent-like 
device that would do this reliably.  
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The Pipeline® flow diverter was the first commercial answer to the question.  What 
makes the Pipeline different from regular stents is its far greater coverage area (~35% vs. 
~ 3% for a stent).  This creates a partial barrier to flow across the aneurysm neck.  By 
using a woven pattern as opposed to a solid surface (like Dacron or Gore-Tex®), 
perforating arteries are preserved. 

The majority of patients thus treated have favorable outcomes, but a few percent suffer 
delayed subarachnoid hemorrhage, a convincing cause of which has not yet been 
published. 

Early unpublished CFD studies suggested to us that chaotic, and therefore unpredictable 
flow effects may direct streamlines directly into the inflow zones of some IAs.  With this 
in mind, we developed a device with much less neck coverage—so no flow barrier—but 
that nonetheless strongly directs systolic flow away from the IA and toward the center of 
the lumen of the artery from which the lesion arises. 

The basis of the approach is a completely novel shape of the cross-section of the struts 
that comprise the FD: the shape is a version of an airplane wing or hydrofoil [4].  In each 
of these, a fluid is directed downward, which causes the air- or watercraft to be lifted. 
Placing the FD across the neck of the aneurysm causes accelerating fluid to be directed 
away from the IA.  In addition, it almost completely removes shear stress at the IA dome. 

 
 
2 METHODOLOGY  

In conjunction with Cook Medical Corporation®, we contracted with Admedes 
Corporation to make prototypes of the FD.  We then placed them within a custom-made 
aneurysm model, which we then placed in a pulsatile flow simulator (FlowTek®).  
McCormick® food coloring served as a flow marker, using a non-Newtonian fluid (based 
on an aqueous suspension of guar gum and having rheological properties similar to those 
of anticoagulated blood) as the circulating fluid.   Initial imaging was done with a simple 
iPhone camera. 
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3 RESULTS AND CONCLUSIONS  

Results confirm the theory that wing-shaped struts direct systolic flow away from an IA 
and toward the center of the arterial lumen.  They further demonstrate a conspicuous 
avoidance of flow at the IA dome.  We will present these visual data at the symposium. 

It has not escaped our notice that similar strut shape modification would very likely 
decrease or eliminate complications, such as endoleaks and small vessel origin 
occlusions (e.g., paraplegia and loss of bowel and bladder control from occlusion of the 
artery of Adamkiewicz) for other stents and grafts, especially in treating aortic 
aneurysms. 

 

Conflict of interest:  The author holds US patent 9,339,400 on this device and has filed 
supplemental provisional applications dealing with other embodiments and methods of 
manufacture for them.  He is also the principal and founder of Arterial Dynamics, LLC, 
which intends to develop and market the flow director. 
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SUMMARY 

 
Stent replacement therapy is used as a low-invasive treatment for aneurysm occlusion. However the 
parent occlusion is reported after stenting as a main problem. Researchers show the vascular intima 
is injured and smooth muscle cells (SMC) multiply excessively after placement of stent. And then 
the problems may be happened. We focus on the flow effect and the surface treatment for solving 
the problem.  

 
Key words:  surface treatment, Endothelial cell, flow chamber, aneurysm 
 
 
1   INTRODUCTION 
 
Intracranial stent replacement for cerebral aneurysm has been started since 2001 and a flow diverter 
stent has been used since 2008. The stent replacement is widely used, however, the damage of 
endothelial cell (EC) is not yet solved and may lead several problems such as occlusion[1]. In this 
study, we focus on the backflow by stent strut on migration of EC[2]. 
 
 

 
Figure 1: Schematic diagram of flow chamber  

 
2  METHODOLOGY 
 
A flow circuit is shown in Figure 1 [3]. The circuit was connected in a flow exposure system called 
flow chamber consisted of roller pump, pulse damper and reservoir. And, Medium 199 added 20% 

22mm 

0.6mm 
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FBS and penicillin (Proliferative Medium, PM) was circulated with 170 ml/min flow rate which 
made 2 Pa Wall Shear Stress (WSS) on the bottom of flow circuit before implanting wire, for 24 
hours. Before wire placement, the flow circuit's height is 0.6 mm and width is 1.8 mm as a 
rectangle and the flow is run along the width. Then a flat WSS of 2 Pa is distributed in the circuit. 
A NiTi stent wire with 0.406 mm of cross-section was placed at the center of flow circuit and fixed 
by two gaskets.  
The P4~9 human carotid artery EC (HCtAEC) was cultured in the PM on the bottom of dish until 
cells became confluent. This cultured EC was placed at the bottom of the flow circuit. 
For comparing flow, we also performed CFD using Fluent. (14.5, ANSYS Inc.). The same 
geometry as the chamber shown in Figure 1 was constructed. The number of mesh was around 6.77 
million using ICEM-CFD (14.5 ANSYS Inc.). Two kinds of wire were prepared. One is a bare wire 
and the other is a wire with surface treatment based on Kobayashi et al. 
 
3  RESULTS AND CONCLUSIONS 
 
CFD results show the backflow after stent strut in chamber. The backflow constructs a circulation 
flow just after the strut and a reattachment point on the base of chamber. The points are lined along 
the strut with some distance. And two low WSS areas are observed along the reattachment line. 
One is the before the reattachment line and the other is after the line. 
Higher density area of EC is observed and they seem to follow the low WSS areas. These higher 
areas are basically performed by EC migration, but not performed by EC proliferation under the 
consideration of circuit duration (24 hours). As conclusion, the stent replacement may sometimes 
disturb the EC distribution because of the disturbance of flow. 
 
4  ACKNOWLEDGEMENT 
 
We acknowledge financial support received from the ImPACT Program of Council for Science, 
Technology and Innovation (Cabinet Office, Government of Japan). 
 
 

REFERENCES 
 
[1] N.Kipshidze，G.Dangas，M.Tsapenko， J.Moses，M.B.Leon，M.Kutryk， P.Serruys， 
“Role of the Endothelium in Modulating Neointimal Formation. Vasculoprotective Approaches to 
Attenuate Restenosis After Percutaneous Coronary Interventions” ，Journal of the American 
College of Cardiology, 44: 733-739, 2004; 
[2] S. Matsumoto, X.B. Han, H. Kobayashi, N. Tomita, M. Ohta. Proc. 10th ICFD. 602, 2013 
 
 

238



5th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2017

10–12 April 2017, United States

P. Nithiarasu, A.M. Robertson (Eds.)

EFFECT OF HELICAL FLOWS IN THE INITIATION PROCESS OF
LATERAL TYPE INTRACRANIAL ANEURYSMS

B. Csippa1, G. Zavodszky1, G. Paal1, and I. Szikora2

1Budapest University of Technology and Economics, 1111, Budapest, Műegyetem rkp. 3.,
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SUMMARY
This study focuses on a controversy in the literature caused by the uncertainties that influences the nu-
merical computation of wall shear stresses. This issue emerges because of some subjective decisions
throughout the processing of medical images. In order to avoid these uncertainties we investigated
the flow field. After a digital removal of the aneurysm the parent-vessel of the pre-anerusysmal state
was examined. The results revealed that an unusually strong helical flow pattern appeared at the site
of future aneurysms. This condition can exert a load on the wall which can initiate the process of
aneurysmal growth.

Key words: aneurysm initiation, digital reconstruction, helical flow pattern

1 INTRODUCTION

Aneurysms are pathological lesions that develop on arterial walls due to some complex biological and
hemodynamical processes. Cerebral aneurysms commonly appear on the branches of the Circle of
Willis, and they carry a high risk of morbidity and mortality in case of rupture. It has been proven that
5–8% of the adult population has this kind of intracranial disorder [1, 2]. Cerebral aneurysms often
manifest as saccular dilatation on the vessel wall, mostly at bifurcation points, and less frequently on
the side-walls. In the past decade research investigating the associated factors of the initiation process
have focused on the evaluation of wall shear stresses (WSS) or quantities derived directly from it
[3, 4, 5]. In 2006 the publication of [6] presented a method for virtual reconstruction and formulated
the aneurysm formation index (AFI) derived from directional wall shear stresses. In another major
study, Shimogonya (2009 [7]) failed to recreate these findings of [6], and formulated a different index
called gradient oscillatory number (GON) for the prediction of the site of aneurysmal growth. The
problem is that one can easily find controversy in the literature [8] on whether low WSS[3] or high
WSS [9] or some other derived quantity is the appropriate indicator for the site of a future aneurysm.
In order to compute these quantities correctly, one has to capture the actual shape of the vessel surface
accurately yet there are inevitable reasons why it couldn’t be achieved. The issue is caused by the
various tasks that concerns the geometry preparation from the segmentation of medical images to the
final smoothing of the surface mesh.

This study focuses on side-wall aneurysms located on the posterior communicating artery (PCom).
After an appropriate digital removal of the aneurysmal sac the pre-aneurysmal state was simulated by
means of computational fluid dynamics (CFD). In order to avoid the uncertainties regarding the wall
shear stress computation, the flow field was inspected.

2 METHODOLOGY

2.1 Geometry preparation

The medical images were recorded by 3D DSA-angiography at the National Institute of Clinical
Neurosciences of Hungary with a GE Innova IGS 630 imaging system. The average resolution of
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the images were 0.22 mm and each geometry contained about five hundred slices of conventional
DICOM images. The segmentation was done by the fast marching algorithm implemented in VMTK
[10]. For small lumen surface corrections a comprehensive open-source software [11] was used. The
virtual reconstruction of the parent-vessel vasculature was done by applying an algorithm based on
the work of Ford et al. [12]. Figure 1. briefly demonstrates the steps of reconstruction. This includes
two previously prepared centerlines, one launched from the proximal and another from the distal
end of the vessel section, and the Voronoi representation of the lumen surface. First the algorithm
identifies those two points at which the two centerlines diverge from each other at the neck of the
aneurysm. The segment between these points is removed from the centerline and from the Voronoi
representation. The centerline and the Voronoi representation are then remodeled with a cubic spline
interpolation. In the last step the reconstructed geometry can be prepared for the CFD simulations. It
consists of some surface smoothing and the extension of the inlet and outlet sections to allow for the
development of adequate velocity profiles.

Figure 1: Digital reconstruction of the parent-vessel.

2.2 CFD simulations

The calculations were carried out by ANSYS CFX 17.0, each numerical mesh consist of approxi-
mately one million cells including six prismatic layers on the wall boundaries. During the cardiac
cycle the Reynolds number did not exceed the value of 1500 anywhere in the simulation domain, thus
the laminar assumption was reasonable. On the inlet, a parabolic velocity distribution was imposed
with a time-varying amplitude as in [13]. The Reynolds number was set to 450 for all cases under
the assumption of a 0.034 Pas as the dynamic viscosity, at the highest flow rate instant, around 0.3 s
throughout the cardiac cycle. On the outlet, 0 Pa was assumed. In the occurrence of relatively large
artery diameters (∼3-5 mm) as here, the use of the Newtonian rheology is proven to be adequate.
During the calculation, three cardiac cycles were simulated, from which only the last period was
evaluated to avoid any initial transient effects.

3 RESULTS AND CONCLUSIONS

3.1 Results

In this paper three sidewall aneurysm were considered (Patient 1, 2 and 3 in Figure 3.). After exporting
the results into a proper format, Paraview was utilized for every post-processing task. As mentioned
before, the preparation steps (segmentation methods, smoothing) have an inevitable influence on the
final surface geometry. It is generally accepted to use a Taubin [14] filter for the smoothing since
it has the advantageous property that it will not shrink the volume of the geometry. One side of the
controversy in the literature comes from the subjective decision making about applying the sufficient
amount of smoothing steps on the surface. To showcase this phenomenon the geometry of Patient 1
was tested, and the results can be seen on Figure 2. Both of the cases represents the same registration
and segmentation, the only difference is that with the smoother surface one more smoothing step was
involved in the preparation process. On the one hand it can be stated that only one more applied step
of smoothing can result in a qualitatively different WSS distribution. On the other hand it is clear that
the calculation of the velocity field is more robust in terms of sensitivity to small surface entities.
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Figure 2: Influence of surface smoothing on WSS amplitudes on a given cross-section arc normalized by it’s
length. The left hand side depicts the wall shear stress contours on the vessel wall with the location of the
visualized cross-sections, on which the secondary flow velocity magnitudes can be observed.

The simulation results are exhibited in Figure 3. From the streamlines, a strong swirling motion can
be identified, resulting in a helical pattern next to the vessel wall at the site of the future aneurysm. In
order to understand this pattern deeply, two more properties are shown in the figure. Diagram type (a)
demonstrates the angle of inclination from the bulk flow velocity (associated with the local direction
of the centerline to which the visualized cross-section is always perpendicular). Diagram type (b)
depicts the secondary flow velocity magnitudes in this predefined plane.

Figure 3: Results of patient 1, 2 and 3 visualized by streamlines at the systolic peak. Diagram type (a): angle
of inclination of the local flow velocity from the bulk flow direction. Diagram type (b): in-plane velocity
magnitudes.

3.2 Conclusions

This paper presents an examination on the initiation process of lateral type brain aneurysms based
on simulation results for pre-aneurysmal geometries. We argue that a specific helical flow pattern
appears at the future site of the aneurysm. By identifying the location where both the in-plane velocity
magnitudes and the angle of inclination from the bulk flow direction is high, aneurysm initiation is
probable. Furthermore, the investigation of the velocity field yields a more robust quantification than
quantities based on the local wall normals, since the calculation of this field is insensitive to small
surface features. Rather, it is defined by the global topology of the vessel section.
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SUMMARY 

 

This article summarizes recent results obtained with a large number of image-based computational 

fluid dynamics models of cerebral aneurysms constructed from 3D angiographies. The results 

suggest that in general hemodynamic environments characterized by larger velocities, focalized 

elevations of wall shear stress, oscillatory and complex flow patterns are associated with aneurysm 

rupture. 

 

Key words:  cerebral aneurysms, hemodynamics, database 

 

 

1   INTRODUCTION 
 

The use of computational fluid dynamics (CFD) for evaluation of cerebral aneurysms and their 

treatment requires on the one hand demonstration of strong statistical associations between 

hemodynamic parameters and clinical outcomes, and on the other hand a detailed understanding of 

the underlying mechanisms responsible for the progressive aneurysm weakening and eventual 

rupture.  

 

Several previous studies have suggested possible associations between hemodynamics and 

aneurysm status, and have proposed a number of hemodynamic parameters that could potentially 

be used for identifying aneurysms at risk of rupture [1-3]. However, these studies have been limited 

by the small sample sizes considered and/or by mixing all aneurysms locations.  

 

The purpose of this paper is to summarize recent results obtained with a large number of image-

based CFD models of cerebral aneurysms that address a variety of clinical observations and 

questions. The goal of these studies is to accumulate evidence and add confidence that CFD models 

could be used to discriminate between high and low risk aneurysms, and at the same time shed light 

on the underlying mechanisms of aneurysm evolution. 

 

2  METHODOLOGY 
 

We have constructed a database of over 2000 cerebral aneurysms that have been imaged with 3D 

rotational angiography (3DRA) at Inova Fairfax Hospital, Mt. Sinai, and Mayo Clinic. The 

database contains the 3DRA images and corresponding image-based CFD models, as well as basic 

clinical information including aneurysm size, location, rupture status, and patient age and gender. 
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The CFD models were constructed using previously described methodology [4] and run under 

pulsatile inflow conditions derived from flow-area relations in internal carotid arteries obtained 

from phase-contrast measurements in normal subjects [5]. Outflow boundary conditions were 

selected to produce flow divisions consistent with Murray’s law. Additional assumptions included 

Newtonian flow and rigid walls. Unsteady simulations were carried out for two cardiac cycles with 

a time resolution of 0.01 sec and results from the second cycle were used to calculate a number of 

aneurysm hemodynamic variables previously described [6]. Variables included: inflow 

concentration index (ICI), aneurysm inflow rate (Q), mean shear rate (SR), mean vorticity (VO), 

mean viscous dissipation (VD), mean kinetic energy (KE), mean velocity (VE), maximum velocity 

(Vmax), maximum wall shear stress (WSSmax), minimum WSS (WSSmin), mean WSS 

(WSSmean), mean WSS normalized with parent artery WSS (WSSnorm), low WSS area (LSA), 

WSS concentration index (SCI), maximum oscillatory shear index (OSImax), mean OSI 

(OSImean), vortex core line length – a measure of flow complexity (corelen), and POD entropy – a 

measure of flow instability (podent). Multiple univariate statistical tests (Mann-Whitney U test) 

were performed to determine whether the mean values of each variable between ruptured and 

unruptured aneurysms were statistically different (i.e. if p<0.05) at different aneurysm locations. 

 

3  RESULTS  

 

3.1 Location 

 

The distribution of ruptured and unruptured aneurysms by location is shown in Figure 1 and listed 

at the top of Table 1. The locations were ordered by rupture rate: anterior communicating artery 

(ACOM), posterior communicating artery (PCOM), vertebral artery (VA), basilar artery tip (BA-

TIP), anterior cerebral artery (ACA), middle cerebral artery bifurcation (MCA-BIF), basilar artery 

other than tip (BA-other), supraclinoid internal carotid artery (ICA-SUP), internal carotid artery 

bifurcation (ICA-BIF), internal carotid artery – anterior choroidal (ICA-ACHOR), internal carotid 

artery – ophthalmic (ICA-OPH), middle cerebral artery other than bifurcation (MCA-other), and 

cavernous internal carotid artery (ICA-CAV). 

 

 

 
Figure 1: Distribution of ruptured and unruptured aneurysms by location (ordered by rupture rate).  

 

Table 1 shows the hemodynamic variables that were statistically different (p<0.05) between 

ruptured and unruptured aneurysms at each location according to the univariate analysis. Variables 

that were larger in the ruptured group are indicated with an “R”, while those that were larger in the 

unruptured group are indicated with a “U”. Interestingly, variables that were significantly different 
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were always larger in the ruptured than in the unruptured group, except for WSSnorm and 

WSSmin. In general, the results seem to indicate that ruptured aneurysms have higher flow 

hemodynamic environments characterized by larger velocities, larger maximum WSS, more 

oscillatory flows (larger OSI) and more complex flow patterns (larger corelen), than unruptured 

aneurysms at the same location. In some locations the sample size, especially the number of 

ruptured aneurysms, was small and the results did not achieve statistical significance. Interestingly, 

the normalized WSS was lower in ruptured than in unruptured aneurysms at some locations, 

consistently with some previous reports [REF]. However, the maximum WSS was larger in rupture 

aneurysms at the same locations as in other previous studies [REF]. This could be explained by 

WSS distributions characterized by a focalized region with elevated WSS and a large region of the 

aneurysm under low WSS compared to the parent artery. This finding suggests that previous results 

may not be conflicting or contradictory but rather that the different metrics used in different studies 

characterize different aspects of the flow environment.  

 

 
location ACOM PCOM VA BA-TIP ACA MCA-BIF BA-other ICA-SUP ICA-BIF ICA-ACHOR ICA-OPH MCA-other ICA-CAV

total 281 312 50 81 67 283 57 153 72 51 304 74 169

ruptured 170 144 21 31 23 86 11 26 12 7 22 5 6

unruptured 111 168 29 50 44 197 46 127 60 44 282 69 163

rupture rate 61% 46% 42% 38% 34% 30% 19% 17% 17% 14% 7% 7% 4%

ICI              

Q             R

SR              

VO              

VD              

KE             R

VE             R

Vmax R R    R  R R    R

WSSmax R R    R  R R    R

WSSmin U U            

WSSmean              

WSSnorm  U    U        

LSA  R            

SCI R   R  R    R    

OSImax R R   R R  R      

OSImean  R    R        

corelen R R  R  R        

podent     R         

co
u

n
ts

h
e

m
o

d
yn

am
ic

s

 
 

Table 1: Comparison of hemodynamic variables between ruptured and unruptured aneurysms at 

different locations ordered by rupture rate. R indicates the variable is significantly (p<0.05) larger 

in the ruptured group, and U indicates that it is significantly (p<0.05) larger in the unruptured 

group.  

 

 

3.2 Anterior / Posterior Circulation 

 

Since the posterior circulation has been previously identified as a rupture risk factor, we compared 

the hemodynamics in aneurysms at two anatomically similar locations: the tip of the basilar artery 

(BA-TIP, n=63, 27 unruptured, 36 ruptured) in the posterior circulation and the internal carotid 

bifurcation (ICA-BIF, n=54, 11 ruptured, 43 unruptured) in the anterior circulation. On average, 

aneurysms at the basilar tip had more concentrated inflow (ICI, p<0.001), larger inflow rate (Q, 

p<0.001), larger maximum OSI (p=0.003), more complex flows (corelen, p=0.033) and smaller 

areas under low WSS (LSA, p<0.001) than aneurysms at the bifurcation of the internal carotid 

artery. In general, ruptured aneurysms had larger inflow concentration (ICI, p=0.010), larger inflow 

rate (Q, p=0.041), larger WSS concentration (SCI, p=0.011), more complex flows (corelen, 

p<0.001) and smaller minimum WSS (p=0.002) than unruptured aneurysms at these two locations.   

 

3.3 Multiplicity 

  

Data from patients with multiple aneurysms, one of which ruptured, offers the opportunity to 

compare the hemodynamics of ruptured and unruptured aneurysms controlling for location (mirror 
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aneurysms) and for inflow conditions (ipsilateral aneurysms on the same arterial tree). We 

identified 24 patients with mirror aneurysms (one ruptured, one unruptured) and 58 patients with 

same-tree ipsilateral multiple aneurysms (one ruptured, one or more unruptured). Paired Wilcoxon 

tests were used to compare the hemodynamic variables between ruptured and unruptured 

aneurysms in the mirror and ipsilateral cases. On average, ruptured mirror aneurysms demonstrated 

higher oscillatory flows (OSImax, p=0.017) compared to the corresponding unruptured aneurysm. 

Ruptured ipsilateral aneurysms had higher flow conditions (Q, p<0.001, ICI, p<0.001, Vmax, 

p<0.01), more complex and unstable flows (corelen, p<0.001, podent, p=0.008) and were found to 

be located in an arterial segment more distal to the heart than the unruptured ones (dist, p=0.01). 

 

3.4 Gender 

  

The association between gender and aneurysm rupture is unclear. In our database, the rupture rate 

in males was significantly higher than in females for aneurysms located at the MCA-BIF (M=44%, 

F=27%, p=0.0204), the ICA-BIF (M=45%, F=13%, p=0.0432), and the ICA-OPH (M=20%, 

F=6%, p=0.0028). Since the number of ruptured male aneurysms at the ICA-OPH and ICA-BIF 

were small, we focused on aneurysms at the MCA-BIF (males: 26 ruptured, 33 unruptured; 

females: 53 ruptured, 138 unruptured). Ruptured MCA-BIF aneurysms had larger maximum WSS 

(p=0.005), and maximum and mean OSI (p=0.0119 and p=0.001) compared to unruptured 

aneurysms. Compared to females, aneurysms in males had larger inflow rates (Q, p<0.001), mean 

velocity (VE, p=0.0023), viscous dissipation (VD, p=0.0201), maximum and mean WSS 

(WSSmax, p=0.0083; WSSmean p=0.0105) and more complex flows (corelen, p=0.024). 

 

4  CONCLUSIONS 

 

A series of studies based on a large number of CFD models of cerebral aneurysms constructed with 

patient-specific geometries derived from 3D angiography images seem to suggest that 

hemodynamic environments characterized by larger velocities, focalized elevations of wall shear 

stress, oscillatory and complex flow patterns are associated with aneurysm rupture. These 

preliminary results are consistent with previous studies and suggest that CFD could potentially be 

used to aid in the aneurysm evaluation and management process. 
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SUMMARY
Oxygen transport from the blood through the wall in a cerebral bifurcation aneurysm is
numerically investigated. In particular, focus is directed at the impact of aneurysm geometry
on oxygen transport relative to the parent vessel. Findings herein suggest that at least
one mechanism responsible for inhibited oxygen transport to the wall is an aneurysmal flow
structure which likewise promotes low wall shear stress magnitude (WSSM). Such a flow
structure is in turn linked to aneurysmal geometry. These results demonstrate the need
for further computational and experimental investigation of aneurysmal mass transport to
provide a better understanding of its role in the disease.

Key words: mass transport, cerebral aneurysm, hypoxia, computational fluid dynamic

1 INTRODUCTION

Cerebral aneurysms are abnormal structures in brain arteries that can be saccular or fusiform
in shape. These structures are often mechanically inferior to the healthy vessel in that their
yield strength is significantly reduced such that they possess the propensity and possibility
of rupturing due to a failure to withstand physiological stresses [1]. The exact cause(s) of
these conditions within the wall has been the subject of much investigations and has yet to be
fully determined. Many computational hemodynamic studies have suggested wall shear stress
magnitude (low, high, or both low and high) and direction (temporally stable or unstable) as
well as flow structure play an important role in wall degradation [2,3]. Significantly enriched
presence of hypoxia-inducible factor-1A has been found in ruptured intracranial aneurysm
walls [4]. Hypoxia has furthermore been associated with wall weakening in abdominal aortic
aneurysms [5]. However, this oxygen transport to the wall has not been previously inves-
tigated in the context of computational hemodynamic studies of cerebral aneurysm. We
therefore conducted a computational study of oxygen transport in two cerebral aneurysms
having identical parent vessels but different sac geometries. The impact of geometry on flow
structure and mass transport was then analyzed. Qualitative relationships between oxygen
transport and WSS were also explored. This gave an assessment as to the degree to which
aneurysm geometry can influence oxygen transport in cerebral aneurysms.

2 METHODOLOGY

2.1 Geometry and domain models

Using Ansys Design Modeler (Ansys Inc., Canonsburg PA), the lumen surface of a basilar
bifurcation aneurysm selected from our library was parametrically reconstructed such that
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two cases, a high volume (Case 1), and a low volume (Case 2) aneurysm, Table 1, having
identical parent geometry were created. The lumen wall was then offset along the outward
normal direction a uniform 500 microns to produce a thick rigid-wall domain. Blood was
modeled as an incompressible Navier-Stokes fluid while the wall transport was approximated
using the Darcy porosity model. Both domains were meshed in ICEM CFD (Ansys Inc.,
Cannonsburg PA); the fluid domain was meshed using first order tetrahedral elements with
a prismatic boundary layer having the first node approximately one micron from the lumen
surface. The wall domain was meshed using linear hexahedral elements. The final models
consisted of approximately 4,500,000 fluid elements and 500,000 wall elements.

2.2 Assumptions, boundary conditions, and sub-scale models

Due to the vast differences in the advective versus diffusive timescales found throughout
the model, only steady-state flow was considered. The time-averaged velocity in the basi-
lar artery was imposed at 32cm/s with the assumption of a parabolic velocity profile based
on data from [6]. The oxygen tension (PO2), related to the concentration of free oxygen
in plasma by Henry’s law, was set to 100 mmHg at the basilar artery inlet [7]. The PO2
on the outer surface of the wall was imposed to be that of the cerebral spinal fluid (CSF)
surrounding the artery at 38 mmHg [8] and the PO2 at the lumen surface was computed.
Zero-gradients in the normal direction were imposed for both velocity and PO2 at the vessel
outlets. The modeling of oxygen dissociation in plasma and the shear-rate dependence of
oxygen diffusivity in plasma as well as the oxygen consumption within the wall were mod-
eled as discussed in [7]. The computational models were implemented in Ansys CFX (Ansys
Inc., Canonsburg PA) using several user-defined functions, expressions, and variables, and
solved using the finite volume method. The governing equations were discretized in space
using the “high resolution” scheme, which calculates an optimal blend of second order central
difference terms with first order upwinding terms based on the cell Peclet number (average
2.7) to minimize numerical diffusion while maintaining numerical stability. A fourth-order
Rie-Chow velocity interpolation was implemented to avoid pressure chequerboarding. The
incompressibility constraint and the balance of linear momentum equations were then solved
simultaneously followed by the mass transport equation equation (solved separately). To
lessen the dependence of our results on the uncertainty in material constants and velocity
boundary conditions, we normalized each quantity in our results with respect to its corre-
sponding averaged value in the parent artery (unless otherwise indicated).

3 RESULTS AND CONCLUSIONS

The lumen wall PO2 of Case 1 was found to be notably lower in the aneurysm than in Case
2 (Figure 1). Regions of high/low lumen wall PO2 were seen to correspond with regions of
high/low WSS magnitude (Figures 1,2). A notable exception to this observation can be seen
in the Case 1 dome, where although WSSM is quantitatively low (Figure 2) , it is seen to be
qualitatively elevated in a local sense, and at this location PO2 similar to that found in the
parent vessel (Figure 1).
The velocity magnitude in the Case 1 aneurysm was found to be notably lower than that
in the Case 2 aneurysm (Figure 3), which was most probably responsible for the reduced
WSS magnitude (WSSM) seen in Figure 2. From observing the Case 1 streamlines, one can
visualize the inflow jet impinging mostly normal to the aneurysm dome, and can relate this
impingement zone to both the correspondingly elevated WSSM seen in Figure 2 and the
elevated PO2 in Figure 1. Figure 4 shows the lower PO2 in the wall cross-section in regions
where lumen wall PO2 is reduced. The monotonicity of the PO2 gradient is dependent on
the assumed PO2 of the CSF; higher CSF PO2 values could induce inflection points in the
normal PO2 gradient.
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Figure 1: PO2 on lumen wall for: Case
1 and Case 2. Normalization is with re-
spect to parent vessel average.

Figure 2: WSSM on lumen wall for: Case 1
and Case 2. Normalization is with respect to
with parent vessel average.

Figure 3: Velocity streamlines for Case 1 and
Case 2.

Figure 4: PO2 values in aneurysm wall cross-
section.

Table 1 summarizes the average parameters considered in the study. There was an appre-
ciable difference in the volume-averaged normalized velocities of Case 1 versus Case 2 which
corresponded to a similar difference in surface-averaged WSSM. These two parameters are
seen to be associated with a notable reduction in surface-averaged lumen PO2. Geometric
information on both cases is also given. The findings herein suggest that larger aneurysms

Table 1: Summary of relevant parameters in Case 1 and Case 2 aneurysms
Aneurysm Quantity Case 1 Case 2
Height [mm] 8.84 4.32
Max Diameter [mm] 7.30 4.75
Neck [mm] 3.56 4.17
Area [mm2] 224 69.9
Volume [mm3] 434 59.0
Velocity, normalized 0.230 0.580
WSS, normalized 0.123 0.478
PO2, normalized 0.862 0.987

with large areas of low WSSM are generally more susceptible to reduced oxygen transport
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through the wall than smaller aneurysms. However, the existence of large areas of low WSSM
is seen to not be a sufficient condition for reduced oxygen transport, as flow features such
as jet location/impingement can offset the low WSSM effect and increase oxygen transport
levels to those found in the parent artery. This finding suggests that simply considering “low”
or “high” WSSM may not be sufficient to assess the degree of hypoxia (if at all) present in the
wall. Furthermore, the presented data promotes the notion that mass transport in cerebral
aneurysms can be substantially influenced by the intra-aneurysmal advective-diffusive con-
ditions present which are determined in part by geometry. Further investigation into mass
transport in cerebral aneurysms could include computing the mass transfer in ruptured vs
unruptured aneurysms, as well including transient terms in the computational model and
analyzing their impact on mass transport.
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SUMMARY 

 

Watton et al. [1] proposed a Fluid-Solid-Growth framework for modelling intracranial aneurysm 

(IA) evolution. This utilises a realistic constitutive model of the arterial wall and then simulates the 

evolving structure/composition of the tissue. The framework has been integrated into physiological 

vasculature geometries and extended to explicitly link G&R to local haemodynamic and cyclic 

deformation stimuli. The framework is now sophisticated to represent: distribution of collagen fibre 

attachment stretches and their adaption to reflect the changing load bearing role of the adventitia; 

biochemical signalling pathways regulating collagen turnover. An illustrative example of a saccular 

IA is considered that stabilizes in size. 

 

Key words: aneurysm, fluid-solid-growth, chemo-mechano-biology, growth and remodeling 

 

 

1   INTRODUCTION 
 

Intracranial aneurysms (IAs) are a disease of the brain vasculature. They appear as a sac-like out-

pouching of a part of the arterial wall, inflated by the pressure of the blood that fills them.  They 

are relatively common and affect up to 5% of the adult population. Most remain asymptomatic; 

however, there is a small but inherent risk of rupture. If rupture occurs there is a 30% to 50% 

chance of fatality. Consequently, if an IA is detected, clinical intervention may be deemed 

appropriate. However, interventional procedures are not without risk to the patient. Given the 

relatively low risk of rupture it would be desirable to be able to identify those aneurysms most at 

risk of such an episode. This would assist clinical diagnostic procedures and avoid the potentially 

undesirable consequences of an unnecessary operation. It is envisaged that computational models 

of IA evolution may help in achieving this aim.  

 

Most IA evolution models to date have focused on modelling the microstructural changes to the 

arterial wall that give rise to IA enlargement. To move forward, there is a need for a new class of 

models which explicitly represent the vascular cells and the regulatory signaling pathways in the 

arterial wall. This may assist in stratifying aneurysms which are (chemo-mechano-biologically) 

stable from those that are likely to enlarge/rupture. 

 

 

2   METHODOLOGY 
 

Watton et al. proposed a Fluid-Solid-Growth framework for modelling IA evolution [1]. This 

utilises a realistic constitutive model of the arterial wall [2], and the evolving structure and 

composition of the tissue is explicitly linked to local haemodynamic stimuli. This framework has 

been integrated into physiological vasculature geometries and extended to explicitly link G&R to 

the local haemodynamic and cyclic deformation stimuli [3]. 
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The framework is now sophisticated by combining it with a novel Chemo-Mechano-Biological 

(CMB) model of cell‒driven arterial growth and remodelling (G&R) [4] (see Fig. 1). The CMB 

model explicitly represents Transforming Growth Factor (TGF)- regulation of fibroblast 

activation and collagen turnover [5]. 

 

 
Figure 1: Chemo-Mechano-Biological Fluid-Solid-Growth (CMG-FSG) Framework. 

 

 

An illustrative application of evolution of a saccular IA on an internal carotid artery is considered 

following prescribed immune cell infiltration and degradation of medial load-bearing elastin and 

collagen. We simulate the changing mechanical role of the adventitia, i.e. from protective sheath to 

a main load bearer; this is achieved by modelling a collagen attachment stretch distribution that can 

adapt.  

  

  

3   RESULTS 
 

The model simulates the enlargement of a saccular IA that stabilises in size, reaching a chemo‒

mechano‒biological steady state. Our numerical results show that the novel CMB-FSG framework 

is able to simulate the heterogeneous distributions of mechanical and biomolecular variables in the 

non–axisymmetric geometries arising during saccular aneurysm development, Fig. 2. 

 

Following an initially prescribed degradation of medial load-bearing elastin, the model predicts a 

compensatory increase in adventitial collagen mass density, which is signalled by (transiently 

increased) TGF-β and mediated by adventitial fibroblasts. In addition, the model also captures the 

increasingly important load-bearing role of the adventitia by predicting that adventitial collagen 

fibres become permanently stretched following medial perturbation (collagen fibre stretch greater 

than one). 

 

Additionally, we simulate the application of a collagen‒promoting drug (exogenous TGF- 

delivery at t=2 years) to stablise the IA, Fig. 2. Aneurysms receiving this "virtual therapy" are 

predicted to develop larger profibrotic responses characterised by further increases in adventitial 

collagen mass density; this in turn promotes earlier stabilisation of smaller aneurysms whose 

fibrous matrix was less stretched. 
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Figure 2: CMB-FSG framework modelling saccular aneurism development. Wall distributions of 

mechanical, structural and biochemical quantities predicted to evolve by the CMB-FSG framework 

over t=8 years are plotted for the untreated (No therapy) and treated (TGF-β therapy) cases. 

 

 

4   CONCLUSIONS 
 

This study illustrates the potential of a 3-dimensional Chemo-Mechano-Biological Fluid-Solid-

Growth (CMB–FSG) framework capturing cell–mediated and patient–specific arterial response to 

different classes of stimuli. Further development of this computational framework is envisaged to 

support the development of an advanced tool to investigate in silico novel therapeutic strategies 

such as pharmacological, genetic or stem cell therapies. 
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SUMMARY 

 

Constrained mixture models provide a powerful tool to capture the individual growth and 

remodeling of several distinct constituents in the arterial wall. The three-dimensional constrained 
mixture models published so far are either limited  to very specific geometries or the special case of 

isotropic growth. There is experimental evidence suggesting that mechano-regulated growth in 

arteries is typically anisotropic. Here we present the first constrained mixture model that can 

capture general anisotropic volumetric growth and remodeling in arbitrary three-dimensional 

geometries. This model may serve as an ideal basis for future computational studies of growth and 

remodeling in intracranial aneurysms. 

 
Key words:  growth and remodeling, aneurysm, mechanobiology 

 

 

1   INTRODUCTION 

 

The enlargement of intracranial aneurysms is governed by complex growth and remodeling 

processes in the arterial wall. These are governed both by mechanical and biochemical stimuli. In 

section 1.1 we first summarize general observations about mechano-regulated growth and 

remodeling in arteries. Subsequently, we briefly review in section 1.2 mathematical and 
computational models developed in this field over the last two decades. In section 2 we introduce a 

new computational model based on the concept of homogenized constrained mixtures. In section 3 

we discuss the results we obtained with this model and its future potential application fields. 
 

1.1 Mechano-regulated growth and remodeling in arteries 
 
Growth and remodeling in soft tissues are to a large extent driven by mechanical stimuli. In healthy 

blood vessels, the average wall tension varies significantly between different species such as mice, 

rats, rabbits, pigs or humans. By contrast, the wall stress (i.e., the ratio of wall tension and wall 

thickness) is very similar and on the order of 10²kPa [1]. This observation suggests that there is a 

preferred so-called homeostatic stress in soft tissue. The mechanism establishing and maintaining 

this homeostatic stress is called tensional homeostasis [2]. Tensional homeostasis is based on two 

cornerstones, mechano-regulated growth and mechano-regulated remodeling. If the wall stress in 

blood vessels is perturbed by a sudden and permanent change of blood pressure, the vessel walls 

thicken, that is, grow, over several weeks until the original wall stress is reestablished [3]. Not only 
the production and degradation of soft tissue is regulated by mechanical stimuli but also the 

continuous reorganization of its microstructure by the inhabiting cells. If collagen gels seeded with 

fibroblasts are stretched or compressed so that their stress deviates from the homeostatic stress, 
cells alter the microstructure of the gel by reorganizing the inter-fiber cross-links and exerting 

tension on their neighboring fibers until the homeostatic stress is restored [4]. In arteries not only 

wall stress is supposed to regulate growth and remodeling processes in the vessel wall but also wall 
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shear stress, although its exact role remains so far still controversial and subject to ongoing 

research (e.g., [5, 6]). 

At the end of this section, it is worth mentioning that due to the close relationship between stress, 
strain, and stiffness in soft tissue, it is currently not yet clear which or which combination of these 

three quantities is the mechanical stimulus governing growth and remodeling [7]. Herein, we will 

assume that growth and remodeling is governed by stress, noting that the resulting equations could 
easily be reformulated in terms of strains or stiffness, pending on future experimental observations. 

 

1.1 Constrained mixture models of growth and remodeling in soft tissues 

 

Growth and remodeling in soft tissues typically involves large deformations and is thus formulated 

within the framework of nonlinear continuum mechanics. A simple kinematic approach based on a 

multiplicative split of the deformation gradient into an elastic and inelastic part was introduced in 

[8] and is still widely used [9, 10]. Its major limitation is that it cannot capture the simultaneous 

presence of several structurally distinct constituents in soft tissue that are subject to individual 

growth and remodeling processes. Therefore, this approach can, for example, not capture the 
change of the opening angle of an artery after the application of proteases such as collagenase or 

elastase [11]. Constrained mixture models were introduced to overcome such deficiencies [12, 13]. 

However, only recently implementations of these models in three dimensions were proposed. These 

were either limited to special geometries like axisymmetric blood vessels [14-16] or to isotropic 

growth [17, 18]. Given that experiments suggest that growth in arteries is anisotropic (i.e., happens 

at least mainly in wall-thickness direction) [3], there is a pressing need for constrained mixture 

models that can be applied to general (and thus also patient-specific)  three-dimensional geometries 

and that capture the apparent anisotropy of vascular growth and remodeling. 

 
 

2  METHODOLOGY 

 
In constrained mixture models, living tissue is conceptualized as a mixture of several distinct 

constituents (such as elastin, collagen fiber families or smooth muscle) subject to individual growth 

and remodeling processes. These growth and remodeling processes were modeled by Humphrey 
and Rajagopal as a continuous deposition and degradation of differential mass increments of each 

constituent, using multi-network theory [12]. To avoid the complex and computationally expensive 

history integral involved in this approach, we homogenize across the differential mass increments 

of each constituent deposited at different points in time. This way, we arrive at a mathematical 

formulation where growth and remodeling can be represented by a simple multiplicative split of the 

deformation gradient of each constituent into a standard elastic part, a remodeling part, and a 
growth part. The remodeling part is computed such that it leads to a mechanical behavior that is 

very similar (and in certain limit cases identical) to the mechanical behavior of a multi-network 

constrained mixture model [19]. The growth part allows arbitrary and also anisotropic growth in 
three-dimensions [20]. This way, we can model within the general framework of constrained 

mixture models anisotropic growth and remodeling in arbitrary three-dimensional geometries.  

 

3  RESULTS AND CONCLUSIONS 

 

Only recently three-dimensional constrained mixture models were developed that are able to 

capture growth and remodeling in fusiform aneurysms. The enlargement of saccular aneurysms has 

been simulated so far only using two-dimensional membrane models of the vessel wall. Using the 

novel computational framework described in section 2, we can for the first time reproduce within 

the framework of constrained mixture models the enlargement of both fusiform and saccular 

aneurysms, using three-dimensional solid finite elements (Figure 1). Thereby, we can, using an 

anisotropic growth deformation gradient, account for the anisotropy of mass deposition observed 

by [3]. The computational framework we are using is conceptually similar to the one used in 
computational inelasticity (e.g., for viscoelastic fluids or plasticity). It can therefore be 

implemented easily in most open-source and even many commercial finite element codes as a 

particular constitutive law. This way, it will enable in the future also researchers without 

specialized computational know-how to study growth and remodeling in intracranial aneurysms 
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and to focus more on relevant biological and biomedical aspects rather than on computational and 

coding problems.  

The computational framework presented here only addresses the vascular wall. It will be a natural 
next step combining it with a computational fluid dynamics framework for the blood flow in order 

to account for the effect of wall shear stress (cf. also [17]). 

 

 

Figure 1: enlargement of a saccular (left) and fusiform (right) aneurysm in a finite element simulation using the 

anisotropic volumetric homogenized constrained mixture framework discussed in section 2 
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SUMMARY

Peripheral pulmonary stenosis (PPS) is a rare congenital cardiovascular abnormality resulting in right
ventricular hypertension and pulmonary flow disparity. The hemodynamic effects are ill-defined and
optimal patient management and treatment strategies are not well established. This study sought to
evaluate our surgical strategy and quantify the impact of pulmonary artery reconstruction on hemody-
namic performance in pediatric patients with PPS. Simulations accurately predicted the post-operative
pulmonary flow distribution and showed that altered pulmonary flow due to the surgery leads to va-
soreactivity of the distal pulmonary arteries.

Key words: Peripheral pulmonary stenosis, post-operative prediction, blood flow simulation,microcirculation
vasoreactivity

1 INTRODUCTION

Peripheral pulmonary artery stenosis (PPS), one of the most common cardiac malformations seen in
patients with Alagille and Williams syndromes, can result in pulmonary flow disparity, right ventricu-
lar (RV) hypertension, RV hypertrophy and eventually ventricular failure.1,2 Persistent flow disparity
may result in irreversible growth impairment to the pulmonary arteries (PAs).

Surgical repair is indicated when PPS results in significant RV hypertension and pulmonary flow dis-
parity.2 For complex bilateral PPS, staged repair may be preferred to single repair. But the rationale
behind staged repair has not been examined from hemodynamic point of view and patient specific ap-
proach to PPS in the Alagille population is lacking. The purpose of this study is to use computational
modeling to characterize hemodynamic changes in pediatric patients undergoing PA reconstruction
for PPS.

2 METHODOLOGY

With approval of the Institutional Review Board, we identified three patients (male, age range: 1.8-2.9
years) who were diagnosed with Alagille syndrome and underwent PA reconstruction for PPS at Lu-
cile Packard Children’s Hospital Stanford. Each patient presented significant PPS, RV hypertension,
and pulmonary flow disparity.

SimVascular (simvascular.org)3 was used to create three dimensional PA models with PPS from pre-
operative CT images. Virtual post-operative models were derived from pre-operative models under
the guidance of the surgeon by augmenting PA segments with PPS. To compare with the original
staged surgical plan, single stage repair was tested as well. Patient A underwent staged repair in
which the main LPA with diffuse stenosis was reconstructed in the first surgery and the PPS in the
RPA was repaired at the second surgery. Similarly, a staged plan was employed for patient B whose
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Figure 1: CT images and pre-operative models for Alagille patients with PPS. The LPA is hypoplastic and
multiple stenoses present at the origins of branch PAs.

remaining stenoses in the RPA were not addressed until 2 years after stage 1. However, pre-operative
CT images for stage 2 were not available. Patient C underwent single stage repair. Figure 1 shows
representative CT images and pre-operative models for each patient.

To simulate blood flow, a finite element solver based on a coupled momentum method that accounts
for the arterial compliance is used to solve the Navie-Stokes equations.4 First, a conventional inflow
condition with prescribed waveforms is employed at the MPA inlet. Pulmonary mean flow rates are
based on the catheterization derived values. Mean flow rates for the MPA are assumed unchanged
immediately after surgical repair. It was found that pulmonary flow distribution is not sensitive to
changes in cardiac output.5 Then, a heart model will be coupled to the MPA in order to incorporate
cardiac responses into simulations.6 For outflow boundary conditions, three element Windkessel
models were used.7,8 To predict post-operative outflow resistance, a structured tree model9 is used
and a constant shear stress assumption is applied to model vasoreactivity due to surgically altered
perfusion.5,10

3 RESULTS AND CONCLUSIONS

Figure 2 shows mean pulmonary artery pressures in the pre- and post-operative models for patient A.
In patient A, the diffuse LPA stenosis results in a pressure drop of>30 mmHg. Surgical reconstruc-
tion effectively reduces the gradient and overall PA pressure. Table 1 shows a comparison between
lung perfusion scans and predictions using two outflow boundary conditions (fixed vs. adaptive).
Satisfactory agreement between simulations using adaptive outflow boundary conditions and in-vivo
measurements was found. In contrast, post-operative perfusion to the LPA would be underestimated
by up to 12% if outflow boundary conditions were not adapted for vasoactivity. In addition, simula-
tions show that the one-stage repair for patient A was not superior to the original two-staged repair as
flow distribution after single stage repair was less evenly distributed than staged repair.

In conclusion, hemodynamics in patients undergoing surgical repair for PPS is characterized by flow
simulations. We found that PPS plays an important role in RV hypertension and pulmonary flow
disparity. Post-operative flow distribution can be predicted accurately by using adaptive outflow
boundary conditions that models downstream pulmonary vasoreactivity in response to surgical repair.
Surgical repair needs to be carefully planned for patients with complex PPS. Combining computer
simulation with other diagnostic procedures may be beneficial to identify suitable surgical strategies.
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Figure 2: Mean pressures in the pre- and post-operative models for patient A.

Patient Pre-op LPS Post-op LPS Fixed outflow BCs Adaptive outflow BCs

A (1st stage) 86/14 53/47 65/35 52/48
A (2nd stage) 37/63 48/52 44/56 51/49

A (virtual single stage) N/A N/A 75/25 68/32
B (1st stage) 80/20 63/37 74/26 67/33

C 66/34 49/51 59/41 54/45

Table 1: Post-operative lung perfusion scans (LPS) and simulation derived pulmonary flow distribution.
Overall, simulations without changing outflow boundary conditions (fixed outflow BCs) underestimate post-
operative perfusion to the reconstructed pulmonary artery, as compared to simulations with adaptive outflow
boundary conditions that account for downstream vasoactivity in response to altered flow.
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SUMMARY 

 

We present a novel modeling approach for refining the search for an improved design for an 

implantable tissue engineered bilayered arterial graft. Considering multiple materials allows greater 

control of graft-host interactions, but increases the complexity of the design problem with 

additional parameter choices. To better understand the effect of parameter selection on graft 

functionality, a computational model was developed to consider both structural and material 

factors. A series of parametric studies revealed the importance of additive effects on graft 

performance and suggested a route forward for optimal design.  

  

Key words:  tissue engineering, vascular grafts, rational design 

 

 

1   INTRODUCTION 
 

Tissue engineered arterial grafts initially met with difficulties in suture retention strength, burst 

pressure, and thrombogenecity [1]. Recent advances in fabrication techniques have enabled many 

advances, however, and attention is now focused more on long-term evaluations of graft 

functionality, including matching mechanobiological responses with those of the host [2]. This goal 

of matching native vessel properties throughout the graft lifespan requires an understanding of the 

initial mechanical environment to which infiltrating immunological and synthetic cells will be 

exposed. These cell types have been shown to respond to changes in mechanical environment on 

both global and local scales [3]. By controlling the mechanical stimuli throughout the remodeling 

process, it may be possible to match native vessel compliance while preventing aneurysmal 

dilatation and rupture.  

 

Studies in single layered polymeric vascular grafts revealed the role of stress shielding as a 

contributor to long-term graft failure [4]. Grafts were implanted with a high initial stiffness that 

prevented the neotissue from bearing loads in the physiologic range. After the stiff polymer 

degraded at long times, the grafts lost mechanical integrity, leading to dilatation and rupture of the 

unprepared neotissue. Recent studies utilizing a bilayered graft design have met with some success 

due to the use of an elastomeric core that better matches the mechanical properties of native tissue 

[2]. However, resident cells lacked markers showing differentiation into functional arterial cells and 

concerns with slow degrading, stiff polymers remain, particularly when prolonged immunological 

exposure leads to excessive scar-like matrix deposition [5]. 

 

These in vivo studies revealed the need for continued design improvements. The experimental 

burden of iterative implanting and testing renders true optimization of host response to graft 

properties prohibitively expensive. In this work, we developed a computational model of the initial 

mechanical state of the graft for a number of global parameters of interest, including geometry, 
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material properties, and residual stress fields. Iterative studies revealed regions of interest in the 

parameter space with preferable conditions for cell differentiation and mechanical integrity. 

 

2  METHODOLOGY 

 

We restricted our attention to bilayered, incompressible, axisymmetric cylindrical grafts with a 

rubber-like material behavior represented by a neo-Hookean strain energy function at moderate 

strains and/or a Hart-Smith strain energy function at large strains [6]. Residual stresses from 

fabrication, such as basal tension from electrospinning, were characterized by an opening angle 

applied to the grafts as a multiplicative deformation. Volumetric swelling from solvent absorption 

in each of the graft layers was accounted for via the method of Demirkoparan and Pence, whereby 

a swelling ratio was prescribed and equated to the determinant of the deformation gradient [7]. The 

governing equation from linear momentum balance was solved with Newton’s method for a given 

pressure and pressure induced deformation [8]. Non-dimensionalization using the Buckingham-Pi 

method helped to normalize graft variables of interest, including unloaded radius, unloaded 

thickness, and shear modulus. Variations in four parameters were considered for both the core and 

the sheath: shear modulus, unloaded thickness, opening angle, and swelling ratio. Simulations were 

run while simultaneously varying two parameters of interest to obtain a two-dimensional slice in 

the parameter space. 

 

 

3  RESULTS AND CONCLUSIONS 

 

Recent experimental graft designs have used a sheath with a shear modulus that is two orders of 

magnitude larger than that of the core. These simulations showed that if the structural stiffness of 

the sheath, which is a function of both modulus and thickness, is orders of magnitude larger than 

the structural stiffness of the core, then compressive circumferential stresses are experienced by the 

core. Compressive stresses could contribute to long-term calcification of the grafts due to a 

mechanical miscue to the invading cells, leading to chondrocyte-like phenotypes. Low core stresses 

can be alleviated by increasing the structural stiffness of the core or decreasing that of the sheath, 

but increases in structural stiffness of the core were shown to reduce the overall compliance of the 

graft. These observations reveal trade-offs between matching native wall circumferential stress and 

compliance.  

 

Introduction of pre-stress via an opening angle in the sheath led to a negative mechanobiological 

outcome, whereby the sheath caused further compression of the core. Electrospinning has been 

used to construct these bilayered grafts, often with the non-zero tension in the fibers as they are 

added to the mandrel. Additional manufacturing steps to relieve the pre-stress from the sheath, such 

as annealing, could prove beneficial to graft outcomes. Negative stresses, induced by fabrication 

induced sheath pre-stress, can not only adversely affect the mechanobiology, they could also lead to 

circumferential buckling of the graft, leading to a tortuous luminal geometry with a reduced radius 

[9]. Changes in geometry from circumferential buckling could facilitate thrombus formation, which 

creates an additional failure mode for the grafts.  

 

Swelling in the graft core led to a reduction in the graft luminal diameter and the core 

circumferential stresses in a way similar to the effect of pre-stress in the sheath. While pre-stress 

(introduced via an opening angle) reduced the circumferential stress in the sheath, swelling of the 

core increased the sheath stress. Because failure of the graft at long times occurs when the sheath 

fails suddenly, a chronic increase in stress could lead to failure before adequate neo-tissue 

formation or remodeling. Additionally, swelling and pre-stress were shown to have a combined 

effect on circumferential stress in the core. This showed the importance of modulating both 

parameters in tandem to best match the native core mechanical state. 

 

Overall, it was shown that careful selection of both core and sheath materials play a critical role in 

enhancing graft performance. The effect of manufacturing technique was also demonstrated to have 

important implications for the success of the graft since new failure modes could be introduced by 

factors not immediately evident after fabrication. Understanding the effects of parameter choice 

through relatively simple computational modeling could greatly speed the design process by 
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limiting the experimental search space to combinations with the best chance for success. Also, 

these parametric studies set the stage for microstructural growth and remodeling and numerical 

optimization of arterial graft designs to couple effects at the cell level with the end results at the 

tissue level. Rational design of vascular grafts, and medical devices in general, could then combine 

experimental work with guiding models that allow for faster progress towards optimal designs 

while validating the predictive capability of the model. 
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SUMMARY
This work is devoted to the study of a fluid-structure interaction model accounting for autoregulation
in arterioles. It was motivated by the investigation of the retinal micro-circulation.

Key words: Fluid-structure interaction, autoregulation, retinal micro-circulation

1 INTRODUCTION

This work deals with a 3D fluid-structure interaction model to describe autoregulated blood flow in ar-
terioles. The motivation of this work is the study of the retinal micro-circulation, that is an exceptional
window on the central nervous system circulation and through which a number of systemic diseases
can be anticipated. Autoregulation is important in order to maintain an almost constant blood flow
despite changes in pressure, ensuring homeostatic conditions for the peripheral organs. A failure or
an impairment of autoregulation has been observed in diabetic retinopathy, glaucoma, hypertension.
This active control mechanism is a result of an interplay of metabolic signals and it takes place in the
microcirculation regime. In particular, as a result of pressure increase, or metabolic needs, signals
are sent to the smooth muscle cells surrounding the arterioles, making them shrink or enlarge. In this
work, the flow control in presence of different systemic pressure is described. A 3D model is set up,
accounting for realistic geometry of the arterioles. The flow inside the arterioles is described by the
Navier-Stokes equations, the wall mechanics is rendered through a non-linear shell model with active
fibers to account for the presence of smooth muscles. A phenomenological feedback law is used to
describe the control mechanism.

2 THE MODEL

The model which is introduced is a 3D simplified fluid-structure model, in which the structure dynam-
ics is embedded as a boundary condition of the fluid problem. Let us consider a portion of arteriole,
Ωt, which is time-dependent, since the wall is an elastic structure in interaction with the blood which
is flowing inside. The boundary ∂Ωt is subdivided into two subsets: Γt, which is the interface be-
tween the fluid and the structure, and Σt, representing the artificial boundaries of the domain where
inlet and outlet boundary conditions are enforced. Under the hypothesis of small displacements, a
fixed reference configuration denoted by Ω can be used to write the equations. A schematic represen-
tation of this setting is given hereafter. In order to describe the blood flow in the arterioles, a simple
Newtonian incompressible flow model was used, described by the incompressible Stokes equations.
Although this model is not completely adequate in describing the flow in the microcirculation regime,
the focus of the present work is the investigation of the regulation mechanisms of the blood flow by
the fluid-structure interaction under different systemic pressure conditions.{

ρf∂tu = ∇ · σf in Ω,

∇ · u = 0 in Ω,
(1)

where σf = −pI + µ(∇u +∇Tu).
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ΣΣ

Figure 1: The fluid domain Ωt is within the two curved lines, however the equations are solved on the fixed
computational domain Ω depicted in gray. The displacement field η, which depends on time, maps Γ into Γt.

On the lateral boundary, continuity of the velocity and normal stress are imposed. These depends on
the structure dynamics.

The wall mechanics is described by a non-linear Koiter shell model, without bending. This is con-
sistent to the observation that the endothelium of the arterioles (in contrast to the endothelium of
large vessels) is thin and it is not very resistent to bending loads. The passive and active behavior
of arterioles is determined by the presence of smooth muscle cells. They are described by elastic
fibers, which are wrapped around the endothelium. Their kinematics and mechanics are described in
a realistic configuration by using differential geometry.

The equations for the structure dynamics, appearing as a boundary condition of the system, are ob-
tained by adding the inertia terms to the elastic energy of the structure. In particular, the dynamics
equations in weak form can be written as:∫

ω
ρshs(∂2ttη)χ

√
a dξ + Ψs(η, χ) = 0, (2)

where the thickness of the structure is denoted by hs and its density by ρs. The form Ψs describes the
behavior of the structure. It is considered as the sum of several contributions:

Ψs = Ψκ + Ψw + Ψv, (3)

where Ψκ, represents the contribution of the endothelium and Ψw,Ψv, represent the contribution of
the fibers aligned in the directions w and v respectively.

ψκ(η) =
1

2

∫
ω
Eαβστgστ (η)gαβ(η) hκ

√
a dξ −

∫
ω
f · η hκ

√
a dξ, (4)

where Eαβστ encodes the material properties,
√
a =

√
det(A), hκ is the shell thickness and ~f are the

external forces, g(η) is the change of metric tensor.

ψw(η) =
1

2

∫
ω
%w [k0 + k1ε1D(η)] ε1D(η) hf

√
a dξ +

∫
ω
rw hf

√
a dξ, (5)

where ki are the fiber properties, ε1D(η) is the fiber deformation induced by a generic displacement
of the shell (η), hf is the thickness of the smooth muscle cell layer, rw represents the potential energy
of a force acting on the fibers aligned with the direction w. The detailed derivation of these equation
can be found in [1].

The active part of the fibers (modeled by specifying the term rw) is responsible for the actuation of
a control. A phenomenological feedback is used, relying the systemic pressure to the force in the
smooth muscle cells fibers. All the details of the control model are detailed in [2].

The equations are discretised by using Finite Elements. For the fluid part, SUPG stabilized P1-P1
finite elements are used. The equations for the structure are embedded as boundary conditions for the
fluid problem. The differential operators appearing are discretized by exploiting the finite elements
on the boundary. All the details are omitted for sake of brevity and can be found in [1, 2].
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Figure 2: On the left, geometry of the network, on the right, the control points used for the comparison with
the experimental results.

3 NUMERICAL EXPERIMENTS

After having validated the proposed approach on benchmarks, the model has been tested on an image
based network of retinal arterioles.

The 3D geometry is shown in Fig.2. On the network, a number of control points is taken, in which the
mean blood velocity is monitored, at different vessel diameters. The results are plotted and compared,
in Figure 3, with experimental results reported in [3]. The statistical agreement between the data and
the simulation is satisfactory.

The model is able to reproduce the main features of autoregulation in arterioles. The proposed model
can be personalised on a realistic geometry, it is 3D, no phenomenological models for structural
mechanics are introduced. The inclusion of non-Newtonian blood flow will be the object of a further
investigation.

This research was made possible by a Marie Curie grant from the Euro- pean Commission in the
framework of the REVAMMAD ITN (Initial Train- ing Research network), Project number 316990.
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Figure 3: Experimental results in [3] vs simulations.
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SUMMARY
In this study, we have presented preliminary results using data and a one-dimensional fluid dynami-
cal network model to simulate the observed pulmonary hemodynamics for healthy and hypoxic mice.
The aim is to understand the effects of hypoxia induced pulmonary hypertension on the qualitative be-
havior of pertinent hemodynamic parameters. Some of these parameters, such as vascular resistance,
characteristic impedance and pulse wave velocity can be used to characterize remodeling during pul-
monary hypertension. Finally, we used simulations to assess the consistency of time and frequency
domain approaches to estimate characteristic impedance based on hemodynamic waveforms.

Key words: pulmonary hypertension, simulations, impedance analysis, wave intensity analysis

1 INTRODUCTION

Analysis of observed hemodynamic behavior in the pulmonary circulation under normal and hyper-
tensive conditions is useful for understanding the process of vascular remodeling and disease progres-
sion. Remodeling during pulmonary hypertension involves stiffening, thickening, constriction and
microvascular rarefaction in the proximal and distal vasculature [1]. Consequences of these changes
include change in the characteristic impedance (Zc (mmHg s/ml)), pulse wave velocity (PWV (cm/s)),
total vascular resistance (Z0 (mmHg s/ml)) and the index of wave reflection (IR) [2]. Zc and PWV
characterize proximal arterial stiffness [3], Z0 quantifies the mean cardiac workload and IR indicates
the behavior of reflection sites present in the vasculature [2]. Quantification of these parameters
requires analysis of simultaneously measured dynamic pressure and flow data. Except Z0, the afore-
mentioned parameters are interrelated via Water-Hammer equation, which is also the basis for the
methods of wave separation, including the time domain method of wave intensity analysis (WIA) and
the frequency domain method of impedance analysis (IA) [4]. Both methods are shown to be alternate
approaches for estimating parameters [5] and investigating aortic hemodynamics [4]. However, data
analysis for mice representing control and hypoxic groups show that the two approaches generally
yield different results when applied to the main pulmonary artery (MPA).

In order to investigate the observed hemodynamics in the control and hypoxic cases, we used model-
ing to simulate the measured pressure and flow waves in the MPA of a representative control and hy-
poxic mouse. Specifically we developed a 1D model of pulse wave propagation in a mouse pulmonary
arterial network. An actual flow waveform was used to simulate the observed pressure. Simulations
were validated against the data and qualitative behavior of pertinent parameters was predicted for
each mouse. Moreover, in light of the observed discrepancies among the time and frequency domain
estimates of Zc, we used the simulated waveforms to assess the accuracy and consistency of the two
approaches.This was done by estimating Zc using the simulated waveforms in the time and frequency
domains. Simulations and data based estimates of Zc were compared with the actual parameters used
in the model. This approach is advantageous for two reasons: (a) the simulated waveforms are free
from errors and uncertainties that arise due to experimental conditions, and (b) based on the analysis
of validated simulations, it is possible to track experimental errors and correct them in the raw data
before any further analysis.

The primary outcome of this study shows that during hypoxia arterial tree stiffness and peripheral
vascular resistances increase while the peripheral compliance decreases. It was also demonstrated
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Figure 1: Left: Depiction of the pulmonary arterial network (4 generations) of a mouse showing a flow profile
imposed at the inlet of the MPA and 3-element Windkessel models attached to the outlet of terminal arteries.
Right: Scatter plots of parameters of the Windkessel model (eq. (3)) for the control and hypoxic case simulation:
(a) R1, (b) R2 and (c) C. (d) Behavior of arterial stiffness (Eh/r0) across the network (eq. 2).

that hypoxic conditions cause augmentation of both incident and reflected waves. Finally, it was
observed that time domain estimates of Zc are more consistent with the actual Zc computed in the
model as compared to the frequency domain estimates.

2 METHODOLOGY

Data used in this study include dynamic pressure and flow waveforms obtained from a study in male
C57BL6/J mice, 12-13 weeks old with an average body weight of 24 g. The mice were obtained from
the Jackson Laboratory (Bar Harbor, ME) and they were divided into control (n = 7) and hypoxic
groups (n = 5). The mice in the hypoxic group were exposed to 10 days of chronic hypoxia (10%
Oxygen) and both groups were exposed to a 12 hour light-dark cycle. All the procedures associated
with obtaining the flow and pressure waveforms were performed as described in [6], approved by the
University of Wisconsin Institutional Animal Care and Use Committee. Two representative datasets
(one control and one hypoxic) were selected for the simulation study presented here.

Pulmonary arterial pressure and flow were simulated using a 1D fluid dynamics model derived from
the Navier-Stokes equations. The model assumes that vessels are cylindrical, vessel length is signifi-
cantly greater than the vessel radius, blood is incompressible, and flow is Newtonian and axisymmet-
ric. Under these conditions, conservation of mass and momentum [7] are given by

∂A

∂t
+
∂q

∂x
= 0,

∂q

∂t
+

∂

∂x

(
q2

A

)
+
A

ρ

∂p

∂x
= −2πνr

δ

q

A
, (1)

where x and t are the axial and temporal coordinates, p (mmHg) is blood pressure, q (ml/s) is the
flow rate, and A (cm2) is the cross-sectional area. The momentum equation assumes a Stokes-layer
velocity profile with a boundary layer thickness δ [7] set to 40µm. The blood density ρ = 1.055g/ml
and kinematic viscosity ν = 0.0528cm2/s are assumed constant. Assuming that the arterial walls are
thin, homogeneous and isotropic, the constitutive pressure-area relation is given by

p− p0 =
4

3

Eh

r0

(
1−

√
A0

A

)
, =⇒ c2(p) ≡ A

ρ

∂p

∂A
=

2

3ρ

Eh

r0

√
A0

A
, (2)

where p0 is the extramural pressure, A0 and r0 are the vessel cross-sectional area and the radius (at
p = p0), respectively; Eh/r0 = k1 exp(−k2r0) + k3 is the radius dependent stiffness modulus of the
network, where E and h are stiffness and thickness of the arterial wall and k1 , k3 (g cm/s2) and k2
(cm−1) are the material parameters. Finally, c2(p) is the square of the PWV.

These equations are solved in a vessel network extracted from micro-CT images of a control mouse
perfused at four different pressures [8]. The network (shown in Fig. 1) includes four generations. For
each vessel, lengths and radii are prescribed in the network.
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Figure 2: Simulation and validation against dynamic and frequency response curves. (a) Flow waveform, q(t):
R2 = 0.99 both for control and hypoxic case, (b) pressure waveform p(t): R2 = 0.98 and 0.99 for the control
and hypoxic case, respectively. (c) Corresponding impedance modulus, |Z|, and (d) phase, θ, plotted for 0–12th
harmonics in the frequency domain.

To solve the equations in (1) and (2), boundary conditions must be specified at the inlet and outlet
of each vessel in the network. Actual flow waveforms for two representative mice were imposed at
the inlet of the MPA. Conservation of pressure and flow was ensured at the bifurcations i.e. pp = pdi
and qp =

∑
i qi for i = 1, 2, where the subscripts p and di denote the parent and daughter vessels,

respectively. A three element Windkessel model with two resistors (R1, R2) and a capacitor (C) was
applied at the outlet (see Fig. 1) of the large arteries [9]. The Windkessel model relates pressure and
flow over a cardiac cycle of length T in the time domain via the input impedance Zwk(ω) by

Zwk(ω) = R1 +
R2

1 + iωCR2
=⇒ q(L, t) =

1

T

∫ T

0
p(L, t− τ)Zwk(τ)dτ (3)

HereR1, R2 denote the proximal and distal vascular resistance beyond each truncated artery,R1+R2

gives the total resistance and C denotes the total compliance of the same vascular region.

Simulated waveforms were further separated into their incident (+) and reflected components (−)
using the WIA. Assuming negligible frictional losses and setting q = Auwhere u is the fluid velocity,
the incident and reflected waves are given by

Γ±(t) = Γ0 +

∫ T

0
dΓ± : Γ = p or u, where dp± =

1

2
(p± ρc du) , du± =

1

2
(du± dp/ρc) ,

(4)
c is the PWV (eq. 2) and dp and du denote the infinitesimal pressure and velocity wave elements.
Time-normalized wave intensity is defined as WI± = (dp±/dt) (du±/dt). WI+ along with dp+ > 0
or dp+ < 0 identifies incident waves as compressing or decompressing, and similarly WI− along
with dp− > 0 or dp− < 0 identifies reflected waves as compressing or decompressing, respectively.

The pulmonary vascular impedance (PVZ), denoted Z(ωk), was calculated as P (ωk)/Q(ωk), where
ωk is the angular frequency of the kth harmonic (k = 0 . . . N ;N = 60 × SR/HR) and P and Q
denote the pressure and flow in the frequency domain, respectively. The complex Z(ωk) is expressed
in polar form with modulus |Zk| and the phase angle θk both functions of ωk. PVZ includes the steady
component Z0, defined as Z(ω0), and the pulsatile component Zc, defined as Z(ωk), in the absence
of wave reflections. In this study, Zc4−10 denotes the frequency domain estimate of Zc, calculated by
averaging the 4–10th harmonics [6], whereas Zc95 denotes the time domain estimate of Zc calculated
as the slope of linear pressure-flow relationship during the ejection phase at 95% maximum flow
rate [5]. These estimates are compared with the computational Zc, defined as Zc = ρc/A [2].

3 RESULTS

Simulations were performed using parameters shown in Fig. 1. Briefly, the stiffness modulus from [7]
was adopted for the pulmonary arterial network and the initial Windkessel parameters were approx-
imated from the data as described in [9]. For the hypoxic case, besides imposing the flow from the
representative mouse, Eh/r0 (large arterial stiffness), R1 and R2 (Windkessel resistances) were in-
creased whereas C (Windkessel capacitance) was decreased. All the parameters were tuned to obtain
the best fit simulations (Fig. 1), which is evident by a large value of R2 both for the control and
the hypoxic case (Fig. 2). The WIA of simulated waveforms shows an augmentation of incident
and reflected pressure waves during hypoxia (Fig. 3). As for the comparison of simulation based
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Figure 3: Wave intensity analysis of simulated waveforms. (a) and (c): incident (denoted by ‘+’) and reflected
(denoted by ‘−’) components of blood pressure, (b) and (d): blood flow velocity, (e) and (g): wave intensities,
and (f) and (h): pressure wave fronts, for control and hypoxic case simulations.

Zc estimates with actual Zc computed in the model, Zc4−10 was smaller than Zc50 but both estimates
generally underestimated the actual Zc. Nevertheless, the time domain estimates were relatively more
accurate. Specifically, Zc4−10 = 12.0, Zc95 = 14.2 versus Zc = 17.7±0.7 mmHg s/ml for the control
case. Also, Zc4−10 = 27.5 and Zc95 = 30.6 versus Zc = 45.2±0.6 mmHg s/ml for the hypoxic case.
Data based estimates showed greater discrepancy among Zc4−10 and Zc95, with Zc4−10 observed to
be smaller than Zc50 by 47% and 39% for the control and hypoxic cases, respectively.

4 DISCUSSION AND CONCLUSIONS

Changes made in the parameter values, to simulate the increased pressure during hypoxia, charac-
terize the stiffening of proximal arteries and stiffening and constriction of distal arteries, indicating
the lumped effects of hypoxia on remodeling of proximal and distal vasculature. Moreover, the aug-
mented peaks of incident and reflected wave intensities in the hypoxic case are in qualitative agree-
ment with our previous study involving a more detailed model of human pulmonary circulation [10].
This suggests that the observed changes in the wave intensity profiles are a consequence of stiffened
proximal and distal vasculature as well as the microvascular rarefaction. The assessment of Zc in the
frequency and time domains using data and simulations suggest that the time domain estimates are
slightly more accurate provided the pressure and flow exhibit a linear relationship during the ejection
phase. Finally, Zc estimates capture the qualitative change in arterial stiffness with progression of
hypertension but it is not an accurate quantitative index of the pulmonary arterial stiffness. Further
investigations should be conducted to study the quantitative behavior of Zc estimates in more detail.
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SUMMARY
Thoracic aortic aneurysm and dissection (TAAD) often propagate within the media and connect with
the true lumen to form a so-called false lumen within the aortic wall; this false lumen can remain
patent, become partially thrombosed, or filled with thrombus. It has been suggested that complete
thrombosis of the residual false lumen might be a sign of aortic wall healing and remodeling. In
contrast, patent and partially thrombosed false lumens appear to be vulnerable to further dissection or
eventual rupture. We propose a numerical approach based on a Force Coupling Method that has the
advantage of tracking thousands of platelets in blood flow as Lagrangian particles forming aggregates
at the site of injury and effectively capturing the shape and extent of thrombus. Our numerical results
of thrombus formation in mouse aortic dissections show very good agreement with the experimental
thrombus shapes derived from micro-CT images.

Key words: Aortic Dissection, Thrombosis, Modeling

1 INTRODUCTION

Aortic dissection is a life threatening event; it is responsible for significant morbidity and mortality
in individuals ranging in age from children to young and older adults. Dissection can result from
blunt trauma, but it often associates with aneurysmal dilatation and heritable diseases. Thoracic aor-
tic aneurysm and dissection (TAAD) often propagate within the media and connect with the true
lumen to form a so-called false lumen within the aortic wall; this false lumen can remain patent,
become partially thrombosed, or fill with thrombus. Clinical findings increasingly suggest that pa-
tients with completely thrombosed dissections have a better prognosis [7]. Whereas medical imaging
now enables one to quantify the patient-specific geometry of a false lumen and to construct asso-
ciated computational fluid dynamics models [8, 2], no existing model can predict the development,
growth, or arrest of an intramural thrombus. Here, we present a data-driven study to further elucidate,
hemodynamic conditions under which an intramural thrombus forms in aortic dissections.

1.1 Additional information

Quantifying continuum-level hemodynamics is fundamental for many reasons [1, 5, 9]: circulating
blood is the source of, amongst other components, the platelets, fibrinogen, and plasminogen that
enable the thrombus to develop; increased fluid shear stresses can activate platelets; increased resi-
dence times within regions of low flow can promote platelet aggregation; and high shear stresses can
limit thrombus expansion into the flow field. Moreover, platelets are fundamental to both hemosta-
sis and thrombosis in many vascular diseases, including abdominal aortic aneurysm (AAA), thoracic
aortic aneurysm and dissection (TAAD), and carotid atherosclerosis, and thus, their inclusion in any
numerical model that targets the thrombus formation is necessary. However, to reduce the cost of
simulations, blood and red blood cells are commonly as incompressible Newtonian fluid in large
arteries, thus leading to continuum fields for blood velocity and pressure and the transport of en-
zymes, which can be resolved using an Eulerian approach while individual platelets are treated as
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Lagrangian particles. This numerical approach has the advantage of tracking thousands of platelets
forming aggregates at the site of injury and effectively capturing the shape and extent of thrombus.
Our proposed model is based on the force coupling method (FCM) that provides a flexible platform
for two-way coupling of platelets (treated as rigid spherical particles) with the background flow [6].
As a result, the thrombus shape modeled by FCM is affected by the local hydrodynamics and fluid
stresses. Further, it is possible to introduce porosity to the formed thrombus by adjusting the radius
of influence of each particle on the fluid as discussed in the following.

2 METHODOLOGY

Platelet motion within a flow field and adhesion to a damaged surface are solved together by coupling
a spectral/hp element method (SEM) [3] with a FCM [4]. Specifically, SEM is used to solve the flow
field on a fixed Eulerian grid, whereas FCM is implemented to describe the two-way interactions
between the blood flow and platelets. Due to the high concentration of tissue factor in a dissecting
aneurysm, and fairly weak flow conditions inside the aneurysm, the clot is considered to be mainly
made of fibrin. In our model, platelets are assumed to exist in three different states, namely pas-
sive, triggered, or activated. In passive or triggered states, platelets have their physiological radius
of rp = 1.5 µm and are non-adhesive. If a passive platelet interacts with an activated platelet, it
becomes triggered and will switch to an activated state after an activation delay time τact. Further,
upon activation, the platelet grows in size with an effective radius reff taking the fibrin concentration
into account. This allows us to use significantly fewer number of platelets in the aneurysm to model
thrombus formation.

We use a phenomenological model based on Morse potential UMorse (Nm) to model the attrac-
tive/repulsive interactions between platelets, namely

UMorse = De[1− e−βd(r/d−1)]2 , (1)

where De is the energy depth contributing to the strength of the interaction force andβ controls the
width of the energy well; r is the distance between the platelets centroids and d = 2rp (or 2reff if
activated) is the equilibrium distance between two platelets (see Fig. 1).

Figure 1: Schematic of Morse potential and the resulting adhesive force used in this study to mimic inter-
platelet attractive/repulsive forces. Passive and triggered platelets only generate repulsive forces to prevent
overlap, whereas activated platelets attract each other as well.

3 RESULTS AND CONCLUSIONS

Passive platelets are initially distributed uniformly inside the aneurysm geometry with the inter-
platelet clearance of reff to represent the platelets that are present in the dissecting aneurysm. We
present the simulation results for a mouse-specific dissected aneurysm in Fig. 2, where we have plot-
ted the flow streamlines and clot volume fraction. The flow field is simulated in the whole geometry
including the patent false lumen to show the pattern and strength of vortices at diastolic and systolic
pressures throughout one cardiac cycle. The streamlines are plotted in the first row of Fig. 2, which
shows high-energy circulation zones inside the false lumen.
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Noting that the clot volume fraction is a heterogenous spatial field (φ ≡ φ(x, y, z)), we quantify
the spatial variation of φ by converting the position and volume of Lagrangian FCM particles to a
continuum field. We then plot contours of φ in a few representative cross sections along the x−axis
in Fig. 2. Our numerical observations show a very good agreement between the shape of the simulated
clot defined by φ and the experimental thrombus shape extracted from the micro-CT images.

Figure 2: (Top) Snapshot of flow streamlines colored by flow velocity at diastolic pressure in dissected
aneurysm of a mouse aorta. (Bottom) 2D volume fraction contours plotted at four cross sections taken along
the width of aneurysm (normal to x−axis).
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SUMMARY
Dissection propagation in an arterial wall is computed for a Holzapfel–Gasser–Ogden material using
the extended finite element method combined with a cohesive traction-separation law. For peeling-
driven tears in two-dimensional strips and three-dimensional discs cut from the arterial wall, propa-
gation occurs along the material axes with the maximum stiffness, which are determined by the fibre
orientation. For pressure-driven arc-shaped dissections in a cross-section of a two-layer artery model,
shallow and long initial tears lead to buckling of the inner wall segment, between the true lumen and
tear, closely matching in vivo CT scans.

Key words: arterial dissection, buckling, collagen fibres, HGO model

1 INTRODUCTION

Arterial dissection (AD) is a cardiovascular disease with a high mortality rate. An arterial dissection
begins when a defect arises in the intimal layer of the arterial wall. The defect grows to become
a tear in the medial layer, and blood leaks into the tear to create a false lumen. Under loading,
the dissection may propagate along the media, leading to life-threatening complications. Here, we
use computational models to understand the mechanical issues surrounding the development of an
existing tear in the arterial wall.

2 METHODOLOGY

Here we simulate the propagation of a dissection subject to peeling and pressure. We assume the ar-
terial wall to be an fibre-reinforced hyperelastic incompressible material, and employ the Holzapfel–
Gasser–Ogden (HGO) strain energy function. The tear initiation and propagation is governed by a
linear cohesive traction-separation law. The computational method is the extended finite element
method [1] implemented in Abaqus [2]. Simulations of peeling-driven tear propagation in strips and
discs of arterial-wall samples, are used to study the direction of propagation in plane-strain and three-
dimensional models.

3 RESULTS

3.1 Simulated peeling tests

The peeling test is an experimental study to determine the failure properties of an arterial wall, in
which a strip is cut from wall and the medial layer is isolated by removing the adventitia and intima. A
tear is introduced at one end of the centre plane which is subject to displacement boundary conditions
(Figure 1). We solve this as a two-dimensional plane-strain problem. The two families of fibres
are distributed in the θ-z plane and with 5◦ to the z-axis direction. Other parameters used in the
constitutive laws are typical for a rabbit carotid artery as in [3, 4]. The strip has a width of 4 mm and
a radial thickness of 1.2 mm. The length of initial tear is assumed to be 0.4 mm.
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which is the geometry we are using. Displacement boundary conditions with same magnitude u but
opposite directions are applied on the two arms.

ro

ri

3

1

2

θ

z

r Strip 1

Step: Step−1   Frame: 570
Total Time: 0.818884

ri

ro

Strip 2

ri

ro

Strip 3

ri

ro

Figure 2: The failure status of three strips: red indicates the elements are torn, blue for elements with-
out any damage and other colours for cohesive zone. The Strip 1 is totally torn when the displacement
is u = 3.28 and the other two strips can still take on loads until u = 4. The undamaged section is
greater in Strip 3 than in Strip 2.

The peeling of a disc cut out from sample of arterial wall is simulated with and without fibres (Figure
3), and its geometry is commensurate with the 2D strips. The radius is 4 mm and thickness is 1.2 mm.
An initial tear of radial depth 0.4 mm is introduced. Therefore, all three of the two-dimensional strips
studied early are represented in this model by the cross-sections at positions 1, 2, and 3 in Figure 3.

As shown in the Figure 4, the undamaged fibrous disc becomes elliptical, while the undamaged fibre-
free disc remains circular. The short axis of the ellipse is in the z-direction. Clearly, the tear prefers
to propagate along the z-axis direction, along which the collagen fibres are most aligned.

3.2 Pressure-driven dissection

The length and depth of the tear are both important factors in diagnosing the aortic dissection. In
clinics, these informations are generally extracted from the images, for example from CT scans about
the cross-section of the arterial wall. Here we study these effects on the propagation of arterial
dissection through numerical simulations.

As in CT images, we consider the propagation of arterial dissection in a cross-section of the wall, as
shown in Figure 5. This is treated as a plane-strain problem. We quantify the length of the initial
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Figure 4: The grey regions represent the undeformed configurations while the coloured ones show the
deformed (peeled up) configurations. The undamaged fibrous disc becomes elliptical after peeling,
while the fibre-free disc remains circular. The peeled part is mostly aligned with the fibre directions.

tear using the central angle η. Assuming the initial tear is only located in the media, its depth D is
normalized by the thickness of the media Tm, the dimensionless depth being d = D/Tm. We assume
that the dissection and lumen are connected by a negligibly thin connecting tear so that the pressure
is the same in both. The value of the pressure when the tear just starts to propagate at the tear tip is
the critical pressure pc.

For a long tear, e.g. η = 160◦, the inner-wall flap, i.e. the layer between the true and false lumen,
starts to buckle when d is small, as shown in Figure 6(a)–(c). Similar buckling patterns have been
observed in CT scans of acute aortic dissections. For dissections longer than n = 60◦, pc decreases
monotonically as d increases, i.e. shallower tears have higher critical pressures and are thus less likely
to propagate.

4 CONCLUSIONS

In [5] we computed the energy release rate for pressure-driven tear propagation in two-dimensional
arterial wall strips, and observed that the connective tissue may result in dissection arrest, i.e. the
tear propagation can be stopped after first spread due to the support of the connective tissues. In
other words, diseased connective tissues enhances the risk of dissection. We also investigated the
effect of residual stress on the critical pressure for propagation in [6], and demonstrated that residual
stress can elevate the critical pressure and thus lower the risk of propagation. The results in this paper
from the 2D and 3D peeling tests suggest that the dissection propagates preferentially along the fibre
orientation. The simulations of pressure-driven tear propagation in a cross-section of a two-layer
arterial wall show that the collapse of wall flap for a long and shallow dissection may slow down the
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Figure 5: Cross-section of the two-layer model of the arterial wall. The propagation of the initial tear
(black arc) in the media subject to pressure (blue arrows) is solved as a plane-strain problem. The
tear-length is characterised by the central angle η.

(a) d = 0.14, p = 0.26 kPa

TL

(b) d = 0.32, pc = 0.49 kPa

TLFL

(c) d = 0.68, pc = 0.34 kPa

TLFL

(d) d = 0.95, pc = 0.2 kPa

TL

Figure 6: The representative shapes of deformed arterial wall with an initial tear η = 160◦ for different
radial depth d. TL stands for true lumen and FL stands for false lumen. The buckling of the inner
wall, the material between TL and FL, occurs, as shown in (a) and (b), which are similar to the CT
scans of in vivo aortic dissections.

tear propagation. Consequently, the thickness of flap might be an important factor in the prognosis
for a dissection.
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SUMMARY
We extend an arterial constrained mixture theory of growth and remodeling to a vein. First, we
identify constitutive relations and parameters that enable adaptations under moderate perturbations in
hemodynamics. Optimization is used to accelerate parameter estimation. We then fix these relations
and parameters, and subject the vein to a range of combined loads (pressure and flow), from moderate
to severe, and identify plausible mechanisms of adaptation versus maladaptation. We also explore
the beneficial effects of a gradual increase in load on adaptation. Enhanced mass production, rapid
evolution of vasomotor tone and a gradual change in load are shown to mitigate maladaptation.

Key words: vein graft, coronary bypass, growth and remodeling, gradual load, smooth muscle

1 INTRODUCTION

Vein graft failure is common in numerous vascular surgeries including coronary artery bypass graft
surgery, peripheral bypass surgery, and arteriovenous fistulas. Failure rates are as high as 50% at 10
years for coronary bypass graft, 25-55% at 5 years for peripheral bypass grafts, and 40% at 1 year
for arteriovenous fistulas. Mechanics is known to act as a key stimulus contributing towards vein
graft failure. To understand how mechanics affects vein graft (mal)adaptation we extend an existing
continuum mechanics based constrained mixture model of arterial growth and remodeling (G&R)
[1] to a vein. Prior efforts in extending the model focused on intermediate period of adaptation in
a coronary bypass graft and looked at altered pressure cases only [2]. Here we extend the model to
evaluate responses to both altered pressure and altered flow cases.

2 METHODOLOGY

The constrained mixture theory of G&R models the vessel wall as a mixture of structurally signifi-
cant constituents (e.g. collagen, smooth muscle and elastin) and incorporates cellular level informa-
tion phenomenologically within fundamental equations of continuum mechanics. Each constituent is
endowed with its own material properties, rates of production and degradation, and natural configu-
ration, but is constrained to deform with the bulk wall. Our implementation of the model includes a
neo-Hookean isotropic elastin, a fung-type 4-fiber family collagen (along circumferential, axial and
diagonal +/− 450) and smooth muscle (along circumferential direction), as constituents. The model
also includes a constitutive relation to capture the stretch and constrictor-dilator dependent behaviour
of active smooth muscle in the vessel wall. Turnover of the constituents, mass density and strain
energy density are allowed to evolve according to a ‘fading memory’ behaviour. Constituent mass
production depends on deviation of intramural (circumferential) and wall shear stress from their re-
spective homeostatic value. The functional forms for these constitutive equations are consistent with
biological experiments and prior models of arterial G&R. A notable modification to the arterial model
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is a premultiplier term on the mass production equation, similar to prior applications in cerebral and
abdominal aneurysms, that accounts for an increase in cell density [3, 4]. The G&R formulation
solves for equilibrium of the vessel by accounting for the evolving nature of the wall constituents. We
numerically solve the traction equilibrium equation for radius, at every time step, using the Newton-
Raphson method and time advance the radius and mass of constituents using an explicit Euler scheme.
For simplicity, we keep axial stretch a constant in our simulations. More details on the theory and the
model can be found in prior publications [1, 2, 3, 4].

We fix the parameters of passive behavior by curve fitting published biaxial experimental data for a
murine vena cava [2, 5] and then subject the numerical vein to moderate changes in load to iden-
tify G&R parameters as well as the constitutive relations that enable an optimal adaptive response,
i. e. restores homeostatic stress state. We use a derivative-free optimization method to accelerate
parameter estimation. We then subject the vein to a series of combined loads, from venous to arterial
conditions: γ ∈ [1.0, 20.0] and ε ∈ [1.0, 4.0] and quantify adaptation; γ is fold pressure increase and
ε is fold flow increase. We use the computational model to elicit underlying mechanisms that lead to
maladaptation and explore potential ways to mitigate maladaptation by evaluating adaptation under
the influence of an altered vasomotor tone and gradual changes in pressure and flow.

3 RESULTS

Simulations show that optimal adaptation, even at moderate loads, is dominated by the rate of mass
turnover of structural constituents (Figure 1). We classify a converged simulation as optimal if it
reaches the theoretical radius (a = ε

1
3ah) and thickness (h = ε

1
3γhh) value in a standard thin wall

cylindrical geometry, or suboptimal otherwise. The adaptation was optimal (blue line) with enhanced
mass production and suboptimal (red line) otherwise.
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Figure 1: Predicted evolution of radius and thickness for a moderate perturbation in load, γ = 1.5 (fold
pressure increase) and ε = 1.1 (fold flow increase). The adaptation was optimal (blue line) with enhanced
mass production and suboptimal (red line) otherwise. Radius and thickness are normalized against homeostatic
values, ah and hh and arrows indicate values for an ideal adaptation in a standard thin walled cylindrical
geometry.

Venous adaptation at severe loads, even with enhanced mass turnover capabilities, is impaired by the
vein’s ability to maintain or rapidly evolve the smooth muscle tone (Figure 2 - left panel). An altered
rate of tonic adjustment enabled successful adaptations in the entire γ− ε load space. Thus endowing
a vein with enhanced mass production and vasomotor capabilities can ameliorate maladaptation, even
at severe loads (Figure 2 - right panel).
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Figure 2: Failed points in γ−ε load space (left panel), where γ is the fold increase in pressure above homeostatic
and ε is fold increase in flow. Adaptations were simulated for upto 1500 days at each load point. Veins
with an altered rate of tonic adjustement (left panel-slower adjustment, right panel-faster adjustment) enabled
successful adaptations in the entire γ − ε load space. ‘X’- indicates a failed simulation and ‘.’ indicates a
simulation that converged successfully; failed simulation is defined as failure to satisfy the traction equilibrium
equation.

Gradual load case, with a linear ramp in both pressure and flow over 3 days, had fewer failed points
than a combined step change in load (Figure 3). The vasomotor tone evolution rate for these simula-
tions were fixed at slower rates. Thus gradual change in load can mitigate maladaptation in a vessel,
even with non-optimal vasomotor evolution rates, and holds promise as a potential mechanism to
prevent vein graft failure.
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Figure 3: Failed points in γ − ε load space for a step change in load (left panel) and a gradual change in load
(right panel). Gradual change in load was a ramp in both pressure and flow over 3 days. ‘X’- indicates a failed
simulation and ‘.’ indicates a simulation that converged successfully.

4 CONCLUSION

We have extended an arterial constrained mixture model to a vein and have demonstrated its use-
fullness in gaining insights that may lead to strategies for graft failure prevention. Enhanced mass
production, rapid evolution of vasomotor tone and a gradual change in load are shown to mitigate
maladaptation.
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SUMMARY
Reduced-order computational models of cerebral hemodynamics have the possibility to improve di-
agnosis and treatment of ischemic diseases such as stroke and moyamoya. Complex hemodynamic
features such as cerebral autoregulation, cortical collateral vessels, communicating arteries, cere-
brospinal fluid, and intercranial pressure dynamics drive the need for comprehensive models with
parameter tuning based on patient-specific medical imaging. In order to properly model a patient’s
ischemic condition, baseline hemodynamics must first be accurately defined. This abstract outlines a
protocol for tuning total cerebral blood flow, distribution of flow to cerebral/peripheral arteries, and
autoregulation parameters in a baseline condition.

Key words: cerebral autoreguation, collateral blood flow, parameter tuning

1 INTRODUCTION

Within the United States, ischemic cerebrovascular diseases, such as stroke or moyamoya disease,
affect over 700,000 people every year costing billions to the healthcare system. Current clinical prac-
tice relies on various medical imaging modalities, such as CT perfusion, arterial spin labeling, and
dynamic susceptibility contrast, to evaluate a patient’s cerebral hemodynamics at a moment in time.
Even with this flow information, since the brain is a highly complex system of interconnected arte-
rial vessels and autoregulation mechanisms that significantly influence flow distributions, it becomes
challenging to predict how a patient will respond to clinical treatment. Added complexity is included
due to significant patient differences in circle of willis (CoW) anatomy and distal leptomeningeal ves-
sel collateralization, which drives the need for patient-specific hemodynamic analyses. In particular,
there is a quantitative need to understand how occlusion removal or the introduction of a vascular
bypass will alter a patient’s cerebral hemodynamics in order to predict who will best respond to a
particular cerebrovascular treatment.

For modeling brain blood flow, especially in ischemic conditions, critical physiological features in-
clude cerebral autoregulation, cortical collateral vessels, CoW communicating arteries, cerebrospinal
fluid (CSF) absorption/generation, and intercranial pressure (ICP) dynamics. From a computational
standpoint, capturing this physiology while additionally having proper blood redistribution across the
model and calculating pulse-wave dynamics in a patient-specific way is necessary for a quantitative
hemodynamic analysis. Ryu et al.[1] developed a 1D deformable vascular network coupled with a
cerebral lumped parameter network (LPN) to capture cerebral hemodynamics. In particular, 1D de-
formable pipe networks excel at pulse wave propagation, capturing bulk fluid behavior, and blood
redistribution with relatively quick computation times that make their clinical implementation plau-
sible. The cerebral LPN models myogenic processes that influence vessel tension and dilation that
essentially modifies vascular resistances based on a target flow rate. The cerebral LPN additionally
provides collateral connections and an intercranial pressure model. While this computational model
has been validated for patient-averaged parameters, there is a clinical need for a tuning protocol for
the patient-specific case.
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In order to best use a model for treatment planning, it is important to understand baseline hemody-
namic conditions. In particular, this is critical for the cerebral outlet target flow rates that control
autoregulation. The objective of this research is to provide a boundary condition tuning protocol
that quantifies baseline patient-specific cerebral blood flow characteristics to improve pathological
condition modeling and treatment response prediction.

2 METHODOLOGY

The following protocol describes the tuning of the baseline patient-specific parameters comprising
the 1D LPN model[1].

2.1 Arterial segmentation

Beginning with a patient’s angiography scans (CTA or MRA), arterial vascular anatomy is manu-
ally segmented using the SimVascular software package[2]. While 1D models provide a significant
amount of flexibly in arterial geometry selection, for computational speed purposes, a subset of major
vessels critical to cerebral hemodynamics were selected including vessels spanning from the aorta up
through all major cerebral vessels[1].

2.2 Scaling total cerebral blood flow

If anatomic T1-weighted scans are available, then total cerebral blood flow (tCBF) can be approxi-
mated for the patient based on brain volume[3]. Voxel-based morphometry (VBM) toolboxes, inte-
grated into statistical parametric mapping (SPM) software packages, can be used to segment gray and
white matter tissue volumes. Zarrinkoob et al. have experimentally measured, in 94 individuals, the
linear relationship between tCBF and brain tissue volume using phase-contrast MRI[3]. Similarly,
CT-based VBM protocols can extract patient brain volume if a non-contrast CT scan is available[4].

2.3 Flow distributions to peripheral arteries

In order to obtain healthy flow distributions across peripheral arteries throughout the entire body, that
are too small to reasonably experimentally measure, averaged human data must be utilized. Follow-
ing the example of Blanco et al.[5], an anatomically detailed arterial network (ADAN) model with
averaged-patient flow distributions was used to set expected flow distributions for simpler arterial
geometry models. For our 1D LPN, all peripheral outlets were given defined blood flow distribution
fractions based the ADAN results[5].

Outlet Left
Subclavian

Right
Subclavian

ECAs ICAs +
Vertebrals

Descending
Aorta

Percent Flow
Distribution

7.25% 7.20% 3.08% 12.21% 70.17%

Table 1: Peripheral Vessel Percent Flow Distributions[5]

2.4 Scaling cardiac output

Using both a patient’s quantitative tCBF and expected cerebral flow percentage, cardiac output is
scaled accordingly to match these levels of flow. The temporal flow rate at the ascending aorta is
modeled as a half sine wave, whereby the amplitude of the wave is scaled while the period remains
fix at a constant heart rate for each patient[1]. This could be further custimized for each patient with
ECG or fat-free mass (FFM) measurements.
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2.5 Distributing flow to cerebral outlets

After obtaining tCBF for each patient based on total brain volume, the flow still needs to be distributed
to each of the six major cerebral outlets (anterior, middle, and posterior cerebral arteries). This is
done through a simple area scaling based on the Simvascular segmentation results that follows the
assumption that baseline artery diameter has adapted based on normal cerebral tissue need.

2.6 Parameter tuning

Within the model, a series of 1D, LPN, and RCR parameters are modified to tune for the healthy base-
line patient-specific case. Beginning with the 1D parameters, the unpressurized vessel cross sectional
areas, A0, are tuned for each patient such that the constitutive equation produces a pressurized area
that matches the arterial segmentation for each vessel. The RCR parameters, placed at all non-cerebral
outlets, are modified such that the resistance and compliance values produce flow distributions as de-
fined in Table 1. Additionally, these RCR resistance and compliance values are tuned such that their
total arterial resistances and compliances match experimentally measured values[6].

Rarterialtotal = 1.34e8
Pa · s
m3

Carterialtotal = 9.45e− 9
m3

Pa

Lastly, the cerebral LPN parameters of qn, Kg, and Kv are set for each cerebral artery outlet. qn
represents baseline target flow rates where any deviation produces an autoregulation response in the
form of a resistance change. Kg is a constant parameter that is important for flow distributions since
this governs the scaling of the arterial resistance, in baseline and autoregulation conditions, based on
the size of the distal arterial bed. Kv is a constant parameter that is important for keeping consistent
intercranial pressure relationships between patients and can be thought of a sudo-compliance value
for the vascular bed fed by that artery[1]. In particular, Kv’s will be scaled with qn to represent the
baseline scaled distal arterial volume that the arterial branches supply[3, 6].

Varterialtotal ≈ tCBFscaling(10cm
3) =

6∑
k=1

Kvkr
2
dk

where rdk is the lumped distal vessel radius for each cerebral outlet.

2.7 Optimization criterion

Once these general estimation protocols are implemented for each patient, further tuning is required to
obtain the most optimized baseline parameter set. Specifically, a Monte-Carlo approach has been uti-
lized to perturbate the initial guess parameters (A0,Kv,Kg, qn, C,R) to improve the desired baseline
hemodynamics. The following equations describe the constituents of the objective function where
each requirement has an individual weight. The first part of the objective function is matching simu-
lation vessel areas to segmentation area results[7].

errorA =

∑N
k=1 |Asimulationk

−Asegmentationk
|∑N

k=1Asegmentationk

The second part of the objective function is matching cerebral and peripheral flow distributions at all
outlets to the model.

errorQ =

∑N
k=1 |Qsimulationk

−Qtargetk |∑N
k=1Qtargetk

The third and forth parts of the objective function places requirements on a cerebral autoregulation
activation factor baseline value. This time-varying nonlinear parameter indicates the degree of vaso-
constriction (M = −1) and vasodilation (M = 1) of that particular distal arterial bed. With M = 0
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being the neutral state, baseline cerebral hemodynamics dictate that autoregulation should only be
activating within regular levels following each cardiac pulse.

−0.05 ≤M(t) ≤ 0.05

|Mavg| < 0.0036

Overall, the objective function is matching total arterial blood volume, cerebral/peripheral flow dis-
tributions, and vessel areas to segmentation results with the autoregulation activation factor baseline
requirements being the most heavily weighted.

3 RESULTS AND CONCLUSIONS

The presented protocol provides a way to tune baseline cerebral hemodynamics in a patient-specific
fashion for a 1D LPN model that incorporates critical physiological features. The protocol extracts
patient-specific parameters from medical imaging typically available from stroke and moyamoya pa-
tients while balancing with averaged-patient parameters based around generalizable assumptions.

Expected computational results will include the ratio of arterial blood volumes in the lumped dis-
tal anterior, middle, and posterior vascular beds and compare against the distributed flow ratios to
those cerebral outlets. For this protocol, further validation is still needed in the form of comprehen-
sive experimental measurements. Validation of this model and tuning procedure are expected to be
performed through comparing 1D bulk flow against phase-contrast MRI measurements and/or using
transcranial doppler for cerebral artery maximum velocity measurements. Ultimately, this validation
on a training dataset will also help determine the necessary generalizable weights of the objective
function.

Once the baseline condition tuning protocols have been sufficiently validated, further tuning pro-
tocols, compatible with those already outlined, are expected be included to capture patient-specific
ischemic conditions. These ischemic condition tuning protocols utilize perfusion imaging to estimate
patient-specific collaterization which only becomes present during ischemia. The combined effort
of these tuning protocols will allow for comprehensive hemodynamic analysis in both baseline and
ischemic patient conditions that can be used for treatment response prediction.
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SUMMARY 
 

Early atherosclerotic lesions develop in arterial regions with cuboidal endothelial cells (ECs), 
whereas zones with elongated ECs remain largely spared. Thus, there is great interest in elucidating 
the mechanisms that govern EC shape regulation. Here we show that siRNA-mediated expression 
knockdown of nesprin-3, a protein that links intermediate filaments to the nucleus, induces 
significant EC elongation and is associated with altered microtubule dynamics, most notably an 
increase in microtubule bending at the plasma membrane. Incorporating these altered dynamics 
into a stochastic model of microtubule-driven cellular elongation suggests that EC elongation 
induced by nesprin-3 silencing occurs via an effect on microtubules. 

 
Key words:  nesprin-3, microtubules, endothelial cells, shape regulation 
 
 
1   INTRODUCTION 
 
The pathological complications of atherosclerosis, namely heart attacks and strokes, are the leading 
cause of mortality in the Western world. Early atherosclerotic lesions develop preferentially in 
arterial regions where endothelial cells (ECs) take on a cuboidal morphology [1]. On the other 
hand, arterial zones where ECs are highly elongated and aligned in the flow direction remain 
spared of the disease [1]. It remains unclear if EC shape is in itself a measure of predisposition to 
atherogenesis. A number of external factors regulate EC shape. These include the flow field to 
which the cells are subjected as well as the rigidity and topography of the substrate on which the 
cells reside. We previously demonstrated that siRNA-mediated expression knockdown of nesprin-3 
(siN3) leads to a dramatic elongation of human aortic ECs (HAECs) [2]. Nesprin-3, a member of 
the nesprin family of proteins that link the cytoskeleton to the nucleus in many cell types, provides 
a link between intermediate filaments and the nucleus through the protein plectin. The purpose of 
the present work is to investigate the mechanisms by which nesprin-3 silencing regulates EC shape. 
 
Cell shape has been reported to be driven by actin dynamics and contractile forces [3], by a balance 
between contractile and compressive elements in cells [4], or by microtubule dynamics [5]. Here 
we show that siN3-mediated EC elongation requires an intact microtubule network. We also 
demonstrate that siN3 has a significant impact on EC microtubule dynamics. Finally, we modify an 
existing stochastic model of microtubule-mediated cellular length regulation to account for the 
effects of siN3 on microtubule dynamics. The modeling results suggest that alterations in 
microtubule dynamics may be sufficient to explain siN3-mediated EC elongation. 
 
 
2  METHODOLOGY 
 
2.1 Cell culture and cytoskeletal disruption 
 
Human aortic endothelial cells (HAECs; Cascade Biologics, Portland, OR) were plated on 
collagen-coated Permanox Lab-Tek Chamber Slides (Nalge Nunc, Rochester, NY) and cultured 
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using standard procedures in EGM-2 growth media (Lonza, Basel, Switzerland). For the siRNA 
experiments, cells were transfected with either nesprin-3-targeting siRNA or a non-targeting siRNA 
and incubated in the transfection reagents overnight. For the cytoskeletal disruption studies, the 
cells were cultured for an additional 48 hours before the appropriate pharmacological agent was 
added to the media at the desired dose. Colchicine (Sigma-Aldrich, St. Louis, MO) was used to 
disrupt microtubules and cytochalasin-D (Sigma-Aldrich) was used to disrupt actin filaments. 
 
2.2 Plasmid transfection and live cell imaging 
 
Cells were plated on collagen-coated glass coverslips in Ibidi culture inserts (Ibidi, Martinsried, 
Germany) and transfected with a fluorescently-labeled (GFP) plasmid coding for end-binding 
protein 1 (EB1), a protein present at the growing tips of microtubules. After a 3-hour transfection, 
the medium was changed and the cells maintained for 24 hours before visualization. Cells were 
imaged on a Nikon TE300 Eclipse inverted microscope (Nikon Inc., Melville, NY) with a 100X 
Plan Fluor objective (NA = 1.3) using a Retiga 1300 monochrome camera (Q-Imaging, Surrey, 
British Columbia) and running SimplePCI (Hamamatsu, Sewickley, PA). Images were acquired at 
2-second intervals for approximately 2 minutes. For both the siNT and siN3 cases, three sets of 26-
30 cells were imaged in this fashion. 
 
2.3 Immunofluorescence 
 
Cells were washed with warm PBS (Invitrogen, Carlsbad, CA) and immediately fixed and 
permeabilized for 5 minutes in warm PEM buffer with 3.7% formaldehyde (Sigma-Aldrich) and 
0.2% Triton X-100 (Sigma-Aldrich). Cells were immunostained for nuclei (DAPI), nesprin-3, actin 
filaments (phalloidon), microtubules (-tubulin), and intermediate filaments (vimentin). Cells were 
imaged after mounting on a Nikon TE300 Eclipse inverted microscope (Nikon Inc.) with both a 
10X Plan objective (NA = 0.25) and a 40X Plan Fluor objective (NA = 0.6). Images were acquired 
with the QCapture Imaging Suite using a Retiga 1300 monochrome camera (Q-Imaging). 
 
2.4 Image analysis 
 
For cell morphology analysis, individual cells were hand-traced and elongation quantified using the 
major and minor axis of a best fit ellipse. For microtubule dynamics analysis, GFP-labeled EB1 
comets were manually traced and measured. To quantify microtubule turning, we measured the 
approach angles and result of each edge event in all samples. The entire set was locally averaged to 
generate an approximate fraction of turning as a function of the approach angle. To quantify the 
number of reversals, we counted the number of reverse comets in a population and normalized by 
the number of total comets. All image analysis was performed in ImageJ (National Institutes of 
Health, Bethesda, MD) and MATLAB 2007b (The Mathworks, Natick, MA). 

 
2.5 Statistical analysis 
 
For cell morphology data, significance was determined using an ANOVA followed by Tukey’s 
post-hoc test. For EB1 reverse comet data, significance was determined using either a t-test or an 
ANOVA followed by Tukey’s post-hoc, as appropriate. For EB1 comet turning, the turning data 
were fit to a logistic model, and the significance of the experimental treatment term was determined 
using a log-likelihood ratio (LLR) test between the restricted and unrestricted models. All statistical 
calculations were performed in MATLAB 2007b (The Mathworks, Natick, MA). 
 
2.6 Computational modeling of microtubule-driven cellular elongation 
 
The computational model adopted for investigating how siN3-induced changes in microtubule 
dynamics affect cell length is a modification of the one-dimensional stochastic model initially 
developed by Picone et al. that postulates that cell length is driven by microtubule dynamics [5]. 
The model has the following essential elements: 1) microtubules grow in a one-dimensional 
manner from the cell center towards the cell membrane. 2) As microtubules grow, they have a 
certain probability of undergoing a dynamic instability (catastrophe event) and disappearing; the 
catastrophe probability increases greatly if a microtubule survives to make it to the cell membrane. 
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3) If a microtubule reaches the cell membrane, then it acts to push the membrane outward and 
hence to elongate the cell. 4) If multiple microtubules are present at the cell membrane 
simultaneously, they have a cooperative effect on pushing the membrane outward and elongating 
the cell. 5) In the absence of any microtubules at the cell membrane, the membrane retracts at a 
constant speed. Thus, in this model, cell length is determined by a balance between microtubules 
pushing outward to elongate the cell and the cell membrane retracting to shrink the cell. 
 
To model siN3-induced EC elongation, we have made the following two modifications to the 
model described above: 1) we have developed a two-dimensional version of the model where the 
cell is assumed to initially be circular with microtubules growing radially outward from the cell 
center towards the membrane in a random manner. 2) When microtubules reach the cell membrane, 
an additional possibility is microtubule turning as seen in the experiments. The probabilities of 
microtubule turning for both control and siN3 cells are derived from the experimental 
measurements. The model equations were solved using MATLAB 2007b (The Mathworks). 
 
 
3  RESULTS AND CONCLUSIONS 
 
3.1 Microtubule disruption abrogates siN3-induced HAEC elongation 
 
As illustrated in Figure 1, siN3 HAECs were significantly more elongated than non-targeting 
control (siNT) cells. Disruption of microtubules with colchicine abrogated siN3-indiced HAEC 
elongation while having a minimal effect on siNT cells. Disruption of F-actin using cytochalasin-D 
did not abolish siN3-mediated HAEC elongation (data not shown). These results indicate that an 
intact microtubule network is essential for siN3-induced cellular elongation. 
 

   
Figure 1. Effect of microtubule disruption on HAEC morphology in siN3 and non-targeting control 
(siNT) cells. In the absence of colchicine (0 ng/mL), siN3 cells are more elongated than siNT cells. 
Colchicine at a concentration of 2 ng/mL greatly reduces elongation of siN3 cells, indicating that 
an intact microtubule network is essential for siN3-induced cellular elongation. 
 
3.2 Effect of siN3 on microtubule growth dynamics 
 
Individual microtubule growth rates were similar for siN3 and siNT HAECs, with individual EB1 
comet velocities ranging from 0 to 20 µm/min and aggregate average velocities of ~5 µm/min. 
Consistent with previous work [5], we observed contact angle-dependent behavior of the comets as 
they approached the cell boundary. At steep approaches, the comets were more likely to stall and 
catastrophe (Fig. 2A), while at shallow approach angles, the comets were likely to turn along the 
cell edge and continue to grow along the edge (Fig. 2B). On rare occasions, we observed comets 
completely reversing direction and proceeding to grow inward toward the center of the cell. To 
quantify comet turning, we measured the approach angles and the outcome of each edge event and 
manually classified each edge event as either a “stall” or a “turn”. There was an increase in the 
incidence of comet turning as the edge approach angle increased. Importantly, the likelihood of 
turning was significantly higher in siN3 HAECs than in siNT controls for approach angles below 

Colchicine: 
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~40o. We also observed a significantly higher incidence of full comet reversals with siN3 HAECs 
than with siNT controls (p<0.036). These results show that while fundamental microtubule growth 
rates are not obviously altered by nesprin-3 silencing, the ability of microtubules to redirect at the 
cell periphery is significantly increased. 
 

              
Figure 2. Time lapse imaging of EB1 comets in HAECs. (A) EB1 comet undergoing catastrophe 
when it encounters the cell edge. (B) Time lapse of an EB1 comet turning and growing along the 
cell edge. Red +’s indicate comet paths.  
 
3.3 Modeling the effect of altered microtubule dynamics on HAEC elongation 
 
The experimentally measured probabilities of microtubule turning for both siN3 and siNT cells 
were input into the two-dimensional stochastic model for microtubule-driven cellular elongation 
described above. For selected model parameters, the model is able to accurately predict the cellular 
elongation induced by siN3. However, in light of the sensitivity of the model results to certain 
parameters, the robustness of the model predictions remains to be established. If shown to be 
robust, the modeling results suggest that alterations in microtubule dynamics may be sufficient to 
explain siN3-mediated EC elongation. 
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SUMMARY 
 

In this work, long-range transmission of adenosine triphosphate (ATP) signals in dynamic flows, 

flow-induced wall shear stress (WSS) and their synergistic effect on intracellular calcium dynamics 

in vascular endothelial cells (VECs) in a shallow microfluidic channel are numerically investigated. 

The results show that long-range transmission induces the phase delay of ATP signal, leading to the 

calcium response with time delay, which does not exist under the stimulation of WSS. The 

nonlinear interaction between ATP signal and dynamic flow also activates new frequency 

components of calcium signal. This work helps to understand the discrepancy between the roles of 

WSS and ATP signal in regulating the calcium dynamics in VECs.  

Key words: vascular endothelial cell, calcium dynamics, wall shear stress, long-range ATP signal 

transmission, shallow microfluidic channel 

 

 

1 INTRODUCTION 

 

Vascular endothelial cells (VECs), lining the inner surface of blood vessels, are constantly exposed 

to wall shear stress (WSS) generated by pulsatile blood flow and different kinds of time-dependent 

biochemical substances including adenosine triphosphate (ATP) in the flowing blood [1]. It has 

been demonstrated that these WSS and ATP signals can activate the dynamic response of 

intracellular calcium, which is commonly regarded as a critical factor in regulating the functions 

and behaviors of VECs including proliferation, migration and apoptosis [2]. However, it is quite 

complicated to evaluate the effect of WSS and ATP signals in blood circulatory system in vivo 

because they are influenced by many interfering factors. Hence, a number of in vitro experimental 

studies have been conducted in order to exclude these interfering factors existing in vivo. In recent 

years, an emerging method is to use the shallow microfluidic channel, as a novel platform, to study 

the calcium dynamics in VECs, which is able to precisely control the spatiotemporal distribution of 

ATP signals and also the magnitude of WSS in one single channel [3]. Several experimental and 

numerical studies have revealed that the intracellular calcium dynamics in VECs could be 

modulated by activating WSS-sensitive TRPV4-C1 channels, mobilizing ATP-sensitive P2X4 

channels and P2Y receptors [4]. It can be concluded that these studies mainly focused on the effects 

of local extracellular ATP concentration and WSS introduced by the flow. However, in some 

situations, extracellular ATP signals may undergo a long-range transmission in fluid flow. In order 

to figure out the dynamic response of intracellular calcium to the long-range transmission of ATP 

signals and WSS in VECs, which are cultured on the bottom of the micro-channel, numerical 

simulation studies can be divided into two parts. The first one is to investigate the transfer 

characteristics of dynamic ATP signals in dynamic flows in the micro-channel, and the second one 

is to evaluate the subsequent impact of ATP signals together with WSS on the intracellular calcium 

ion dynamics in VECs. 
 

2 METHODS 
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A shallow microfluidic channel with the high aspect ratio as shown in Fig. 1(a), is adopted to study 

the intracellular calcium ion dynamics in VECs cultured on its bottom (shown in Fig. 1(b)). In this 

system, the perfusate containing ATP flows into the micro-channel and then this inflowing ATP 

signal convects and diffuses in the dynamic flow. Meanwhile the WSS, introduced by the flow, will 

also induce the VECs to release additional ATP. As a result, the inflowing ATP signal and WSS, 

together with the additional ATP signal released by VECs under WSS, will induce the dynamic 

response of the intracellular calcium. In this work, a dynamic model for extracellular ATP transport 

[5] and a newly developed mathematical model for intracellular calcium ion dynamics [4] are used 

to implement the numerical simulation studies.  

 
Fig. 1 (a) A schematic diagram of the shallow microfluidic channel. (b) Side view of the micro-

channel with vascular endothelial cells cultured on the bottom of microfluidic channel 

 

2.1 Dynamic model for extracellular ATP transport 

 

As shown in Fig. 1(b), the perfusate containing ATP flows into the channel and the inflowing ATP 

signal undergoes the process of convection and diffusion, which can be expressed by the standard 

convection and diffusion equation as follows [4]: 

 
2 2
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where t is time, x and y are the coordinates along the length direction and the height direction of the 

shallow microfluidic channel respectively,  is the ATP concentration, DATP is the diffusion 

coefficient of ATP and u(y,t) is the flow velocity which can be expressed as follows under the 

quasi-steady flow assumption [3]: 
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where W and H are the width and the height of the micro-channel respectively, Q(t) is the flow rate. 

The WSS applied on the surface of VECs is given by: 
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where  is the dynamic viscosity of the fluid. 

The initial conditions are given as follows [4]: 
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And the boundary equation of ATP flux at the surface of VECs is given as follows [5]: 
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where Vm is the maximum enzyme reaction velocity for ATP hydrolysis and Km is the Michaelis 

constant. ( , )ATP wS t  is the ATP release rate of VECs induced by shear stress w  applied on the 

surface of VECs , which can be described by the dynamic model in [5].  

 

2.2 Mthematical model for intracellular calcium ion dynamics 
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Under the assumption that there is no direct connection between single cells, the dynamics of 

cytosolic-free calcium ion in a single cell can be expressed as follows [4]: 

in out- -rel res b

dC
q q q q q

dt
    (7) 

where C is the intracellular calcium ion concentration, relq  stands for the rate of calcium ion flux 

from calcium stores into the cytosol, resq  is the net rate of calcium pumped back into calcium 

stores from the cytoplasm, outq  is the rate of extrusion and exchange of calcium ion to the 

extracellular environment, bq  denotes the rate of buffering dynamic of calcium ion caused by 

soluble cytosolic proteins and inq  is the rate of influx of calcium ion through calcium ion 

channels, which is the result of WSS and ATP concentration at endothelial surface [4].  

 

2.3 Numerical Simulation 
 

The numerical simulation methods are the same as proposed in literatures [4, 5]. The same model 

parameters are also applied to all simulations except the length, width and height of the micro-

channel, which are set to be 50cm, 400m, and 30m respectively in this work. 

 

 

3 RESULTS AND DISCUSSION 

 

Fig. 2 shows the temporal profile 

of extracellular ATP 

concentration at different 

distances (0cm, 10cm and 40cm 

respectively) for an input ATP 

signal 
-3

0( ) 1 10 (1 0.5sin 15)t t     

mol/m
3 

transported in a non-

reversing pulsatile flow 
-10Q( ) 1.2 10 (1 0.5sin 15)t t    

m
3
/s. It is clearly observed that 

when the ATP signal is being 

transported in the micro-channel, 

the signal exhibits the obvious 

phase delay with the increase of 

the transporting distance. 

 
  Fig. 2 Temporal profile of extracellular ATP concentration at 

different distances (0cm, 10cm and 40cm respectively) for an 

input ATP signal
 
transported in a non-reversing pulsatile flow. 

 
Fig 3. Different intracellular calcium response in VECs at x=40cm by decreasing the frequency of 

ATP signal (a) or WSS signal (b) from 1/30Hz to 1/60Hz, respectively. 

This phase delay, which is induced by the convection and diffusion of ATP molecules, activates 

time-delayed intracellular calcium response in VECs as shown in Fig. 3(a). It can be also seen from 
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Fig. 3(a) that when the frequency of input ATP signal decreased at t=100s, the calcium response 

induced by this ATP signal exhibits the time delay of about 38s. In contrast to ATP activation, WSS 

immediately motivates the calcium response in VECs as shown in Fig. 3(b). As the frequency of 

WSS decreased, the calcium response in VECs is instantly activated at t=100s because any change 

in the pulsatile flow signal can be immediately transmitted throughout the whole micro-channel. 

The synergistic effect of the ATP signal with frequency 1/30Hz and the WSS signal with frequency 

1/60Hz on the calcium response in VECs is illustrated in Fig. 4. It can be seen from Fig. 4(a) that 

the two combined signals induce a more complicated calcium dynamic behavior. Compared with 

the single effect of either ATP signal or WSS signal, there are more frequency components (1/60Hz, 

1/30Hz, 1/20Hz…) in this case. As shown in Fig. 4(b), these new frequency components of 

activated calcium signal can be clearly observed in amplitude-frequency characteristic curves, 

which can be interpreted by the nonlinear interaction between ATP signal and dynamic flow. 

However, further analysis of this nonlinear interaction is required to explain this phenomenon. 

 

4 CONCLUSIONS 

 

In conclusion, long-range transmission induces the phase delay of ATP signal, leading to the time-

delayed calcium response, which does not exist under the stimulation of WSS. The nonlinear 

interaction between ATP signal and dynamic flow activates new frequency components of calcium 

signals. This work helps to understand the discrepancy between the roles of WSS and ATP signal 

in regulating the calcium dynamics in VECs. 

 
Fig. 4 Synergistic effect of ATP signal (1/30Hz) and WSS signal (1/60Hz) on the VECs calcium 

response. (a) temporal profiles and (b) corresponding amplitude-frequency characteristics of the 

signals.  
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SUMMARY
Blood flows requires a mesoscopic description of this complex suspension. In the following, we
present a set of techniques implemented in a single framework called Hemocell which is validated on
the cellular level and is capable of reproducing the emergent collective properties of such a complex
flow system. We also demonstrate a new material model for modelling the mechanical responses of
erythrocyte membranes. This model presents several improvements over the ones already existing in
literature.

Key words: Cellular blood flow, Rheology, Cell mechanics

1 INTRODUCTION

Blood is a complex suspension constituted of various components suspended in plasma. Erythrocytes
are the major component and determine blood rheology. Platelets form the link between transport
dynamics and several vital biochemical processes. Their collective behaviour can provide explanation
to the most fundamental transport phenomena in blood, such as the non-Newtonian viscosity, the
margination of platelets, the Fåhræus effect, the appearance of a cell-free layer, or the scaling of
shear-induced diffusion of RBCs [1]. These have been explored in detail in stationary flows inside
regular geometries. However, several processes require the accurate prediction of these properties
emerging from the cellular level in transient flows as well (e.g. thrombosis at different levels of the
arterial system, fluid dynamical effects and cell aggregations on micro-medical devices). It is known
from recent high-field-strength MRI measurements [2] that pulsatility is significant even on the level
of smaller arterioles, henceforth, we need to be able to account for this property as well.

We present a framework for modelling the flow of cellular biofluids in 3D. The plasma is represented
as a continuous fluid simulated with the lattice Boltzmann method, while the cells are represented
as discrete element method (DEM) membranes coupled to the fluid flow by the immersed boundary
method (IBM). Within this framework, two different material models for the red blood cell (RBC)
membrane mechanics have been implemented. One is well-known from literature [3] and a new one
targeted to improve several shortcomings of the former. The validation and a detailed comparison
of these models are presented through stretching and shearing cases and show that the proposed new
material model can reproduce both the single-cell mechanical responses and the collective behaviour
in very good agreement with experiments. Furthermore, it can provide a more accurate mechanical
response and an increased structural stability under higher shear forces and strong deformations,
which enables its application in pulsatile flow environments as well.

2 METHODOLOGY

The framework (Hemocell) consists of several components. The solvent (blood plasma) is modelled
as an incompressible Newtonian fluid using the lattice Boltzmann method implemented by the open-
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source Palabos library which is known to be capable of producing accurate flow results in a vascular
setting [4, 5]. The cell mechanics is coupled to the plasma flow through a tested in-house immersed-
boundary implementation [6, 7, 8]. The cells are described as a boundary layer immersed into the
plasma. These surfaces consist of structural points interconnected by links forming surface triangles.
The mechanical behaviour of the cell is expressed using this membrane structure (see Fig.1).

Figure 1: Structure of the cell membranes. Left: an RBC with 642 structural points along the surface. Right: a
platelet with 66 structural points.

One of the implemented material models is gained by coarse-graining the spectrin-network model of
Dao et al. [9] (for details refer to [3]). This model was successfully applied in various scenarios, yet,
it displays a few shortcomings as well. In its original form it is unable to capture the highly non-
linear response of the RBCs properly as experienced during the optical-tweezer stretching [10]. This
might be due to the choice of differing-order potentials for the different responses. Under high load,
their balance is disturbed and a faster-increasing force might start to over-dominate all other response
types. This was remedied by adding a global-area conservation law which is a non-physical constraint.
Additionally, its bending rigidity is based solely on local curvature which yields a sinusoidal response
that decays above π/4. This can render it structurally unstable in cases of high shear-rates. To mitigate
these problems, a new material model has been developed consisting of the following components:

1. Link force
It acts along links between surface points and represents the response to stretching and com-
pression of the underlying spectrin-network beneath the representative link. The formulation of
the force is similar in spirit to the worm-like-chain potential model often used for polypeptide
chains. It presents a linear part which corresponds to smaller deformations and a non-linear part
which represents the limits of this type of deformation by quickly increasing the force response
as the stretch approaches the persistence-length.

Flink = −κldL
[
1 +

1

τ2l − dL2

]
,

where dL = Li−L0
L0

is the normal strain defined as the relative deviation from the equilibrium
length L0 with τl = 0.8 is chosen based on the assumption that the represented spectrin-
network on average has a relative persistence length of 1.8. The constant κl is set to unity.

2. Bending force
It acts between two neighbouring surface elements representing the bending response of the
membrane arising from the non-zero thickness of the spectrin-network. The employed force
form is similar to the previous one to allow for a balanced interplay.

Fbend = −κbdθ
[
1 +

1

τb2 − dθ2

]
,

where dθ = θi−θ0 and τb = π
4 rad chosen from geometric considerations to prevent unrealistic

sharp surface edges.
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3. Local surface conservation force
This acts locally on surface elements and has the same form. It represents the combined surface
response of the spectrin-network and lipid bilayer of the membrane.

Farea = −κadA
[
1 +

1

τa2 − dA2

]
,

where dA = Ai−A0
A0

. Strong-deformation experiments of erythrocytes show that around 40%
of surface area stretch the membrane of most of the cells is already permanently damaged [11].
We set τa = 0.2 that prohibits surface area changes larger than 20%.

4. Volume conservation force (acting on the cell volume)
The only cell-global response. It is used to maintain quasi-incompressibility.

Fvolume = −κv
V − V0
V0

,

where κv = 800 is chosen to be a large but numerically still stable constant.

The free parameters of the model (κb and κa) are fit to the results of the RBC optical-tweezer stretch-
ing experiment [10] and the Wheeler shear experiment [12].

3 RESULTS AND CONCLUSIONS

The new model produces results in good agreement with those of the standard experiments of cell
stretching and deformation in shear flow. It also performs well in our implementation for higher shear
rate values (see Fig. 2) where the other model falls short when implemented using IBM method.
Please note that this problem with the decaying bending rigidity might not present itself with other
numerical methods (e.g. with DPD).

Figure 2: Two RBC cells with different membrane models in shear flow of γ̇ = 1500. Left: using the model
described in [3], right: the new RBC membrane model.

Furthermore, since the chosen approach for the fluid field is the lattice Boltzmann method, being an
explicit method, the time step sizes are small (usually in the order of 10−8s). This step-size allows
for transient flows as well without compressibility errors using our RBC material model which is able
to handle strongly varying deformations.

This makes this framework a useful environment for exploring the transport effects of blood flows in
silico. The structure of the software allows for easy extendibility with additional material models or
cell types, e.g. white blood cells or other fields, such as densities of different chemical components.
Ultimately, it forms the basis for resolving accurate transport mechanics in vascular flows (see Fig. 3)
as a necessary component of modelling complex phenomena taking place at the boundary of physical,
biological, and chemical processes such as the various steps of hemostasis.
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Figure 3: Visualisation of blood flow in a small vessel section with a diameter of D=100 µm and hematocrit of
32%.
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[5] M. Hirabayashi, M. Ohta, D. A. Rüfenacht, and B. Chopard, “Characterization of flow reduction
properties in an aneurysm due to a stent,” Physical Review E, vol. 68, no. 2, p. 021918, 2003.

[6] L. Mountrakis, E. Lorenz, O. Malaspinas, S. Alowayyed, B. Chopard, and A. G. Hoekstra, “Par-
allel performance of an ib-lbm suspension simulation framework,” Journal of Computational
Science, vol. 9, pp. 45–50, 2015.

[7] L. Mountrakis, E. Lorenz, and A. G. Hoekstra, “Validation of an efficient two-dimensional
model for dense suspensions of red blood cells,” International Journal of Modern Physics C,
vol. 25, no. 12, p. 1441005, 2014.

[8] L. Mountrakis, Transport of blood cells studied with fully resolved models. PhD thesis, Univer-
sity of Amsterdam, Sept. 2015.

[9] M. Dao, J. Li, and S. Suresh, “Molecularly based analysis of deformation of spectrin network
and human erythrocyte,” Materials Science and Engineering C, vol. 26, no. 8, pp. 1232–1244,
2006.

[10] J. P. Mills, L. Qie, M. Dao, C. T. Lim, and S. Suresh, “Nonlinear elastic and viscoelastic defor-
mation of the human red blood cell with optical tweezers.,” Mechanics & chemistry of biosys-
tems : MCB, vol. 1, no. 3, pp. 169–80, 2004.

[11] F. Li, C. U. Chan, and C. D. Ohl, “Yield strength of human erythrocyte membranes to impulsive
stretching,” Biophysical Journal, vol. 105, no. 4, pp. 872–879, 2013.

[12] W. Yao, Z. Wen, Z. Yan, D. Sun, W. Ka, L. Xie, and S. Chien, “Low viscosity Ektacytometry and
its validation tested by flow chamber,” Journal of Biomechanics, vol. 34, no. 11, pp. 1501–1509,
2001.

303



 

5th  International Conference on Computational and Mathematical Biomedical Engineering – CMBE2017 

10-12 April 2017, United States 

P. Nithiarasu, A.M. Robertson (Eds.) 

 

COMPUTATIONAL MODELING OF 3D CELL MIGRATION GUIDED 

BY CELL PROTRUSIONS 
 

Clara Valero
1
, José Manuel García-Aznar

2 

1 
Multiscale in Mechanical and Biological Engineering (M2BE), Aragon Institute of 

Engineering Research (I3A), Betancourt Building, Campus Rio Ebro, University of 

Zaragoza, Spain, {claraval,jmgaraz}@unizar.es
 

 

 

SUMMARY 

 

In this work we propose a computational model to simulate cell migration in three dimensions. The 

model defines the dynamics of cell protrusions depending on mechanical and chemical factors. The 

evolution of cell protrusions defines the way in which cells migrate. We study the number and size 

of protrusions that cells develop depending on the mechanical properties of the surrounding matrix. 

We also evaluate the migration velocity and trajectory depending on the substrate stiffness.   

 

Key words:  cell migration, protrusions, substrate stiffness 

 

 

1   INTRODUCTION 
 

Cell migration is one key mechanism in many important biological processes such as wound 

healing or cancer spreading. It is known that migration is partially guided by the mechanical 

properties of the matrix in which cells are embedded, being the matrix stiffness one of the variables 

that determines how much cells can move and which mechanisms may cells use to migrate [1]. 

Another factor that restricts cell migration is the network structure of fibrous matrices. Depending 

on the geometrical properties of the fibers and the pore size of the network cells find more 

difficulties to move through them. Besides, chemical factors also contribute to guide cell migration, 

the presence of chemical substances induce modifications on the cell migration pattern. External 

chemical factors also modify intracellular processes such as polymerization or cell protrusion. 

When receptors located on the cell membrane bind to external chemical agents an intracellular 

signaling cascade may be initiated [2]. It is also important to note that cells migrate differently if 

they migrate individually or in group. In addition to mechanical and chemical factors, collective 

cell migration is also defined by the cell-cell interaction. 

 

Cell migration can be separated into discrete events: protrusion, adhesion, contraction and 

retraction [3]. Cells develop protrusions to attach to the matrix and find a path to migrate. Cells that 

use this mechanism to migrate are classified as mesenchymal-migrating cells [4].  Cell migration 

can be also amoeboid, which is characterized by a stronger polarization and faster locomotion. In 

addition, mesenchymal migration is guided by protrusions while amoeboid migration is guided by 

blebs with small interaction with the matrix [4]. Other type of cell migration mechanisms, such as 

lobopodia have been described and it has been postulated that their appearance depends on the 

mechanical properties of the substrate [1].   

 

In this work, we present a multiscale model to simulate mesenchymal cell migration triggered by 

the concentration of a chemical factor. New dendritic protrusions appear when the chemical factor 

is bounded to the membrane receptors, which creates an intracellular signaling cascade. Moreover, 

the mechanical properties of the matrix and the chemical signaling mechanism guide the evolution 

of the dendritic protrusions. The final consequence is that the protrusions dynamics determine the 

cell movement.  
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2  METHODOLOGY 
 

The model reproduces cell migration inside a collagen hydrogel within a microfluidic device. We 

represented each cell as a group of dendritic protrusions joined at the cell center, embedded in a 3D 

collagen matrix. To model the cells we have used Abaqus and each cell is modeled as a group of 

truss elements with a common node, the cell nucleus. Cell migration results from the retraction 

forces that protrusions create to move the cell. Furthermore, we consider a chemical factor gradient 

within the matrix, similar to the one induced in a microfluidic platform [7]. We evaluate the 

concentration of the chemical factor at the dendritic protrusions tips and use it to determine the 

changes in the protrusions length. Protrusions shorter than a threshold length disappear and new 

protrusions appear around the center, where and when the factor concentration is high enough.   

 

In this work we have modeled the collagen hydrogel as a continuum fibrous material using a worm-

like chain (WLC) model [5]. The WLC model characterizes the material through different 

geometrical parameters: the fibers density, the fibers length and the pre-stress of the fiber network. 

These parameters vary with the collagen concentration, resulting into different stiffness. As the 

collagen concentration increases the matrix rigidity also increases and cell protrusions find more 

opposition to protrude and contract.  

 

The model includes two main processes to determine the evolution of the protrusions length. The 

first stage defines the cell contraction driven by the myosin mechanism. Cell protrusions exert 

contraction depending on the protrusion length and the concentration of the chemical factor at the 

protrusion tip. 

 

In the second stage of the model cell protrusions modify its length due to tubulin polymerization 

and depolymerization (Eq. 1) [6]. The rate of poly/depolymerization depends on the compressive 

force that the microtubules sense due to the matrix opposition (F),                   

 

      (1) 

 

where all the parameters are included in Table 1. 

 

Parameter Description Value 

δ increase in length due to incorporation of one monomer   0.6 nm 

kon association rate constant 3.2 µM
-1

s
-1 

koff dissociation rate constant 290 s
-1

 

[A1] monomer concentration Estimated for equilibrium at 

zero force 

90 µM 

k Boltzman constant 1,38·10
−23 

J K
-1

 

T Absolute temperature 300 K 

Table 1: List of model parameters related to microtubules polymerization [6].  

 

 

Finally, the formation of new protrusions is determined by the intracellular signalling cascade, 

which is simulated using a Gillespie-like random algorithm. We include stochasticity in the model 

by evaluating the concentration of the cascade activator at arbitrary times and places around the 

nucleus. When the concentration of the activator is above a given threshold a new protrusion 

appears and follows the same dynamics as the previously existing ones. Lastly, when a protrusion 

length is below a limit the protrusion disappears.   

 
 

3  RESULTS AND CONCLUSIONS 

 

We have studied the evolution of cells with a random initial number of dendritic protrusions of 

random length. With the presented model we study the effect of the matrix stiffness in the 

migration process, in collagen hydrogels with concentrations of 2mg/ml and 4mg/ml of collagen. 
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We have evaluated the number of protrusions that are active during migration and the evolution of 

their length (Figure 1, left). We have compared our results with experimental observations, finding 

similar protrusion dynamics. The resulting values are in the range of the values that we measured in 

experimental works.   

 
Figure 1: Protrusion length (left) and mean migration velocity (right) estimated with the 

computational model for cells migrating inside 2 and 4mg/ml collagen hydrogels.  

 

Our numerical results show a clear random response of the cell behavior, where the mean migration 

velocities (Figure 1, rigth) are consistent with the migration velocities experimentally measured [7]. 

When we include a gradient concentration of chemical factor we observe that cells move randomly 

towards high factor concentration zones. 

 

We observe that protrusions are larger when the number of active protrusions is smaller and their 

size decreases when more protrusions appear, this happens in softer substrates. Moreover, we find 

that migration is guided by a leading protrusion most times.  

 

The model can be used to predict cell behavior of cells in matrices with different mechanical 

properties and in presence of a chemical factor with a defined distribution. Finally, more than one 

cell can be simulated at the same time, which allows predicting the interaction between cells in 

different conditions.  

 

In conclusion, three-dimensional cell migration embedded on a collagen matrix has been simulated 

in this work using a multiscale approach. In this model, migration ids driven by the cell protrusion 

dynamics Finally, intracellular chemical signaling is simulated by means of Gillespie algorithm and 

linked with cellular scale where protrusions are working.  
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SUMMARY
We study the behavior of biological cells embedded in blood plasma. We consider nucleated cells
as circulating tumor cells (CTCs) and cells without nucleus as red blood cells (RBCs). A inf-sup
stable and divergence-free fluid solver is used for the blood plasma which enhances the accuracy of
the numerical solutions. The cells and the plasma are coupled using an immersed method. Both 2D
and 3D simulations are performed.

Key words: Fluid-structure interaction, Red blood cells, Tank-treading motion, Circulating tumor
cells

1 INTRODUCTION

The mechanical behavior of blood depends on the scale under study. In large vessels with a diameter
greater than 500 µm, treating blood as a Newtonian fluid with constant viscosity is accurate enough
for some applications. Nevertheless, in vessels with smaller diameters, blood behaves clearly as a
non-Newtonian fluid. In fact, in order to match experimental results of blood flow in cylindrical tubes
with Poiseuille’s law, it is necessary to define an apparent viscosity that depends at least on the tube’s
diameter and the hematocrit. This phenomenon is known as the Fåhræus-Lindqvist effect [1].

RBCs are the blood cells mainly responsible for the dynamics and rheology of blood. This is due to
the fact that RBCs occupy most of the blood cell volume and are more deformable than the remaining
formed elements of blood. An appealing option to simulate microscale blood flow is to explicitly
consider RBCs, which leads to a fluid-structure interaction (FSI) problem. A RBC is composed by
a lipid bilayer membrane with an attached spectrin network called cytoskeleton. The cytoskeleton
encapsulates a concentrated hemoglobin solution that behaves as a Newtonian incompressible fluid.
Under physiological conditions, both the RBC volume and external area are nearly constant. In a
quiescent fluid, healthy RBCs acquire a biconcave shape. However, under different kinds of flow,
RBCs exhibit a variety of interesting shapes and motions [2, 3]. In the last decades, the reproduction
of experimental shapes and motions has been the most common benchmark used to evaluate the
accuracy of different RBC models in flow. The two most widespread continuum-based approaches
for modeling RBCs are the so-called vesicles [4] and capsules [5]. Vesicles consider the bending
resistance of the lipid bilayer membrane, but do not take into account the shear resistance of the
cytoskeleton. Capsules consider both bending and shear resistances, but both types of resistances are
usually controlled through the same parameter, namely, the shear modulus.

CTCs are cancerous cells that escape from the tumor, enter the circulatory system through a process
called intravasation and acquire the ability to survive in this new environment. Eventually, some of
these cells may extravasate, that is, leave the circulatory system, settle in a new organ and possibly
create a secondary tumor. Understanding the dynamics of CTCs under flow may help design devices
to mechanically isolate CTCs from blood samples without altering the properties of these rare cells.
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As in the case of white blood cells (WBCs), the mechanics of a CTC is highly influenced by its
nucleus.

Blood plasma behaves as a Newtonian incompressible fluid whose average density and dynamic vis-
cosity are 1.025 g/cm3 and 1.2mPa s, respectively.

2 METHODOLOGY

In the last decades, continuum-based immersed methods for fluid-structure interaction have received
significant attention in the biomechanics community [6, 7]. The first immersed FSI method used in
biomechanics was developed by Peskin in [8]. Since then, a large number of extended and enhanced
methods have been constructed as the immersed finite element method (IFEM) [9] which has been
applied to biomechanic problems such as stent deployment [10]. Even though, enormous progress
has already been made, developing a computational method that is accurate, efficient, robust, and
general-purpose at the same time is still a challenge.

A couple of years ago, the isogeometric analysis (IGA) framework [11] was applied to immersed
FSI [12, 13]. In those papers, nonuniform rational B-splines (NURBS) are used for both the back-
ground and Lagrangian meshes and also for the information transfer between the meshes. In [13],
an immersed FSI method is presented which is based on a generalization of Nitsche’s method for
enforcing Dirichlet boundary conditions on object boundaries. Moreover, the solids are treated using
a Kirchhoff-Love shell formulation [14, 15]. In [12], a different kind of immersed FSI method, which
can be seen as a generalization of the IFEM, was proposed. The spatial discretization is performed
by combining Galerkin-based IGA [11] and collocation-based IGA [16, 17]. With respect to the time
discretization, a block-iterative approach that leads to a fully-implicit method is used. In [18], the
method was extended in order to handle T-splines in the spatial discretization.

The use of splines in the spatial discretization leads to enhanced robustness when it comes to handle
severe mesh distortions [19], which was pointed out as one of the main issues in order to use a mesh-
based approach for RBCs in flow [20].

Immersed FSI methods assume the pressure field to be continuous across the fluid-solid interface.
Nevertheless, the exact solution to the problem may have discontinuous pressure at the interface.
Therefore, the discrete pressure spaces of immersed FSI methods have poor approximation proper-
ties at the interface leading to lack of local mass conservation in this region for practical levels of
refinement. This issue is particularly troublesome for thin solids as it is the case of RBCs. Moreover,
the problem gets amplified when stabilized fluid formulations are used. In [13], the widespread VMS
stabilization [21] is modified near the interface to locally weaken the influence of the poorly approx-
imated pressure gradient in the stabilization terms and locally enhance the penalization of volume
change. This idea is able to overcome this issue and highly increase the accuracy of the numerical
solutions, but at the expense of harming the conditioning of the resulting linear system.

In order to obtain an efficient method that is able to tackle challenging biomechanics applications,
a parallel algorithm that can run in hundreds or thousands of cores is necessary. This topic is quite
unexplored in the context of continuum-based immersed FSI methods. An initial step towards that
direction was performed in [22], where all the computational meshes are divided between a given
number of cores using the PetIGA framework [23, 24] and the information transfer between meshes
is parallelized accordingly. However, in that work, the background mesh resolution could not be
increased significantly due to the lack of a suitable preconditioner for the modified VMS stabilization
proposed in [13].

A more accurate and elegant solution to the incompressibility issue near the interface is to use
divergence-conforming B-splines for the fluid solver [25], which leads to inf-sup stable and point-
wise divergence-free solutions. However, this leads to a system with saddle-point structure and most
available preconditioners do not scale properly for this kind of problem. Divergence-conforming B-
splines were first used in an immersed FSI method in [26]. However, the authors did not pursue to
use a scalable preconditioner in that work. In [27], we apply divergence-conforming B-splines to our
immersed FSI method and use a scalable preconditioner developed in [28]. We believe this leads to a
promising method for studying the behavior of biological cells embedded in blood plasma.
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3 RESULTS AND CONCLUSIONS

First of all, we compare various fluid solvers concluding that divergence-conforming B-splines leads
to higher accuracy, robustness, and efficiency of our immersed FSI method. Then, we show how our
immersed FSI method is able to reproduce the main shapes and motions that red blood cells undergo
in shear and parabolic flows. Moreover, we study rheological properties of blood such as the Fåhræus
effect and the Fåhræus-Lindqvist effect, obtaining qualitative agreement with experiments. Finally,
we also study the behavior of a circulating tumor cell passing through a channel narrowing.
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[28] A. Côrtes, L. Dalcin, A. Sarmiento, N. Collier, V. Calo, A scalable block-preconditioning strat-
egy for divergence-conforming B-spline discretizations of the Stokes problem, Computer Meth-
ods in Applied Mechanics and Engineeringdoi:10.1016/j.cma.2016.10.014.

311

http://dx.doi.org/10.1016/j.cma.2016.09.031
http://dx.doi.org/10.1016/j.cma.2016.07.028
http://dx.doi.org/10.1016/j.cma.2016.07.028
http://dx.doi.org/10.1016/j.cma.2016.10.014


5th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2017

10–12 April 2017, United States

P. Nithiarasu, A.M. Robertson (Eds.)

MULTISCALE MODELING OF BIOMECHANICS AND
BIORHEOLOGY OF DIABETIC RED BLOOD CELLS

Hung-Yu Chang, Xuejin Li, and George Em Karniadakis
Division of Applied Mathematics, Brown University, Providence, RI 02912, USA,

george karniadakis@brown.edu

SUMMARY

In this study, we employ a multiscale RBC model to explore the association between membrane
structures of diabetic RBCs and their mechanical and rheological behavior by dissipative particle
dynamics simulations. First, we investigate the shape deformation of diabetic RBCs under tensile
forcing and its shape relaxation process. Second, we simulate the dynamics of diabetic RBCs in shear
flow, and examine the effect of membrane viscosity on its tank-treading motion. Our findings clearly
indicate that the changes of cell shape and membrane viscoelasticity in diabetic RBCs are essential
for the accurate modeling of the hematological abnormality in diabetes mellitus.

Key words: Red Blood Cell, Multiscale Modeling, Diabetes Mellitus

1 INTRODUCTION

Diabetes mellitus (DM) recognized as the world’s fastest growing chronic disease, is a metabolic
dysfunction of the persistent hyperglycemia due to either insulin insufficiency or insulin resistance
at many body cells. Extensive studies have found the hematological abnormalities in DM, including
reduced red blood cell (RBC) deformability [1] and increased blood viscosity [2], are strongly impli-
cated in the development of diabetic complications. However, the correlation between the anomalous
blood glucose and hemodynamic impairment in DM still remains unclear. Recently, several compu-
tational approaches have been developed and applied to investigate the mechanical, rheological, and
dynamic properties of RBCs in blood disorders, e.g. malaria and sickle cell disease [3, 4]. In particu-
lar, particle-based approaches are gaining popularity in recent years as a promising tool for modeling
RBCs in health and disease [5]. In this study, we employ a two-component whole-cell model of dia-
betic RBC to examine the biomechanics and biorheology of diabetic RBCs and validate them against
several available experiments.

2 METHODOLOGY

In the two-component whole-cell model, the cell membrane is modeled by two distinct components,
i.e., the lipid bilayer and the spectrin network, and each component is constructed by a 2D triangulated
network with Nv vertices [4, 6, 7]. For RBC at healthy state, the outer component (lipid bilayer) has
no shear stiffness but only bending stiffness and a very large local area stiffness, whereas the inner
component (cytoskeleton) has no bending stiffness but large shear stiffness. However, ultrastructural
and functional changes occurring in RBC at diabetic status would contribute to subsequent alterations
in RBC biomechanical properties. In general, this whole-cell model takes into account the elastic
energy, bending energy, bilayer-cytoskeleton interaction energy, and constraints of fixed surface area
and enclosed volume, hence

V (xi) = Vs + Vb + Va+v + Vint (1)
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where Vs is the elastic energy that mimics the elastic spectrin network, given by

Vs =
∑

j∈1...Ns

[
kBT lm(3x2j − 2x3j )

4p(1− xj)
+

kp

(n− 1)ln−1j

]
, (2)

where lj is the length of the spring j, lm is the maximum spring extension, xj = lj/lm, p is the
persistence length, kBT is the energy unit, kp is the spring constant, and n is a specified exponent.
The shear modulus of the RBC membrane, µ0, is determined by

µ0 =

√
3kBT

4plmx0

(
x0

2(1− x0)3
− 1

4(1− x0)2
+

1

4

)
+

√
3kp(n+ 1)

4ln+1
0

, (3)

where l0 is the equilibrium spring length and x0 = l0/lm. The bending resistance of the RBC
membrane is modeled by

Vb =
∑

j∈1...Ns

kb [1− cos(θj − θ0)] , (4)

where kb is the bending constant, θj is the instantaneous angle between two adjacent triangles having
the common edge j, and θ0 is the spontaneous angle.

Constraints on the area and volume conservation of RBC are imposed to mimic the area-preserving
lipid bilayer and the incompressible interior fluid. The corresponding energy is given by

Va+v =
∑

j∈1...Nt

kd(Aj −A0)
2

2A0
+
ka(Acell −Atot

cell,0)
2

2Atot
cell,0

+
kv(Vcell − V tot

cell,0)
2

2V tot
cell,0

, (5)

where Nt is the number of triangles in the membrane network, A0 is the triangle area, and kd, ka and
kv are the local area, global area and volume constraint coefficients, respectively. The terms Atot

cell,0
and V tot

cell,0 represent the specified total area and volume, respectively.

The bilayer-cytoskeleton interaction potential, Vint, is expressed as a summation of harmonic poten-
tials given by

Vint =
∑

j,j′∈1...Nbs

kbs(djj′ − djj′,0)2

2
, (6)

where kbs and Nbs are the spring constant and the number of bond connections between the lipid
bilayer and the cytoskeleton, respectively. djj′ is the distance between the vertex j of the cytoskeleton
and the corresponding projection point j′ on the lipid bilayer, with the corresponding unit vector njj′ ;
djj′,0 is the initial distance between the vertex j and the point j′, which is set to zero in the current
simulations.

3 RESULTS AND CONCLUSIONS

The deformability of a RBC is important in microcirculation, since a normal RBC has a biconcave
shape with a typical diameter of 8.0 µm and a thickness of 2.0 µm, while the minimum lumen of
capillary might only be 3 µm. Impaired RBC deformability in DM has been reported and quantified
by atomic force microscopy (AFM) [8, 9, 10, 11, 12, 13]. Fig 1(a) shows the measured Young’s
modulus (YM) of RBC in healthy and diabetic subjects. There is a high dispersion due to the pres-
ence of a large biological variability, different clinical conditions of subjects, and the way for sample
preparation. Nevertheless, for an individual study, the average YM of diabetic RBCs is at least 2
fold higher than that of healthy ones. In addition, by using the micropipette aspiration method [14],
Bokori-Brown et al. has recently measured the average shear modulus 5 µN/m for the controls, and
12 µN/m for the diabetic subjects. Alteration in the RBC morphology could also influence cell de-
formability. High resolution AFM imaging has demonstrated that the diabetic RBCs take swollen and
sometimes irregular shapes with reduced value of surface area-to-volume ratio, S/V = 0.8, compared
to S/V = 1.3 for healthy controls [15].
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Based on previous physiological experiments, we have developed a diabetic RBC model (diabetic
RBC1) with a near-oblate shape and stiffer membrane. First, we have subjected the RBC to stretch-
ing deformation analogously to that in optical tweezers experiments. The total stretching forces are
applied on the cell membrane at diametrically opposite directions, and the stretching response of a
RBC under an external tensile force can be characterized by the variation of axial (DA) and trans-
verse (DT) diameters. As shown in Fig 1(b), there is a significant decrease in DA value for diabetic
RBC1 against healthy RBC under the same tensile force = 100 pN, indicating the impairment of cell
deformability in DM. In addition, a healthy RBC can easily restore to its original shape once the ex-
ternal tensile force is turned off. For our diabetic RBC1, however, it would restore itself more rapidly
than healthy RBC. Such rapid recovery response is contradictory to the experimental observations
which show slower or comparable recovery rate for a diabetic RBC to that for a healthy cell [1, 16].
The other possible modification in diabetic RBCs besides the membrane elasticity, such as membrane
viscosity, should be taken into consideration for the modeling. In fact, the increase in RBC membrane
viscosity has been demonstrated to occur in DM [17, 18]. We have therefore included the elevated
membrane viscosity in our RBC model (diabetic RBC2), and the reasonable and comparable recovery
time for both healthy RBC (0.11 s) and diabetic RBC2 (0.12 s) has been estimated.

Figure 1: (a) Young’s modulus of healthy and diabetic RBCs measured in experiments with data adopted from
[8, 9, 10, 11, 12, 13]; (b) Shape deformation of RBCs under a stretching-relaxation cycle.; (c) Simulations of
tank-treading motion of healthy and diabetic RBCs.

Second, we conducted the simulations of RBC tank-treading (TT) motion in shear flow. TT motion
in flowing RBCs produces a lift force that brings them to the center of the blood vessel, leading to the
increase in flow efficiency and oxygen transfer [19]. To probe the dynamic TT motion, we investigate
the TT frequency (1/Ptt) by tracking a marker particle in the RBC membrane. As shown in Fig 1(c),
TT frequency of healthy RBC and diabetic RBC2 are virtually identical at the same shear rate γ̇
= 76 (s−1), and the simulation result is in agreement with experimental observations [16, 20]. TT
frequency of diabetic RBC1 is obviously higher than the other two models, again, emphasizing an
important role of membrane viscosity on the cell dynamics.

In conclusion, we have validated our RBC models by several simulations, including RBC stretching,
relaxation, and TT motion, and have demonstrated that cell shape, elasticity, and viscosity are neces-
sary for accurate modeling of RBC in DM. However, the quantitative correlation between the degree
of hyperglycemia and the alterations in morphological and biomechanical properties of diabetic RBCs
requires further investigations and more extensive studies.
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SUMMARY 

 

In normal physiological and healthy conditions, red blood cells (RBCs) deform readily as they pass 

through the microcapillaries and the spleen. In this paper, we examine the effects of Plasmodium 

falciparum infection and maturation on the large deformation behavior of malaria-infected red 

blood cells (iRBCs) by means of a three-dimensional (3D) multiscale meshfree method. We 

numerically simulated the optical tweezers experiment and observed the force-displacement 

response of the iRBC membrane as malaria infection progresses. Our simulation results agree well 

with experimental data and confirm that the deformability of malaria-infected cells decreases 

significantly as malaria infection progresses. 

 

Key words:  Red blood cell deformability, malaria infection, multiscale meshfree method 

 

 

1   INTRODUCTION 
 

Malaria is the most important parasitic disease of humans and claims the lives of more children 

worldwide than any other infectious disease. The World Malaria Report 2015 published by the 

World Health Organization (WHO) revealed that, in the year 2015 alone, around 214 million new 

cases of malaria infection and ~438,000 malaria deaths occurred worldwide [1]. Despite the huge 

progress recorded in the past few years, the recurrent development of antimalarial drug resistance 

remains a significant source of concern for all. Of all the known malaria parasites, Plasmodium 

falciparum (P. falciparum), which is a protozoan parasite transmitted by the female Anopheles 

mosquito, has been identified as the most prevalent and lethal malaria parasite affecting humans 

[2]. After invading the healthy RBCs, the merozoites develop through the ring (Pf-rRBC), 

trophozoite (Pf-tRBC) and schizont (Pf-sRBC) stages with varying properties and degrees of 

influence on the cell properties. The product of this dynamic invasion process is the bursting of the 

RBCs resulting in anemia, chills, and fever [3]. Other notable effects of infection include increased 

membrane shear modulus, cell viscosity and cytoadherence [4].  

 

Noteworthy numerical studies into the effect of malaria infection on RBC membrane include the 

works by Dupin et al. [5] using a 3D lattice Boltzmann model, Hosseini and Feng [6] by means of 

smoothed particle hydrodynamics (SPH) method and dissipative particle dynamics (DPD) method 

by Fedosov et al. [7]. In a bid to predict the large deformation behaviors of the iRBC membrane 

more precisely and elucidate their stiffening mechanism, a nonlinear 3D multiscale RBC membrane 

model is proposed in this study. The developed 3D multiscale RBC multiscale model, based on the 

2D atomistic-continuum model presented in Ref. [8], is computationally efficient and able to 

capture the atomistic scale behavior of RBC membrane more accurately. This approach has been 

successfully applied to study the biomechanical behavior of healthy RBC membrane [9–12]. 
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2   MULTISCALE MESHFREE COMPUTATIONAL FRAMEWORK 
 

2.1 Multiscale hyperelastic constitutive model 
 

In this section, we describe the development of a hyperelastic constitutive model that is derived 

from the first-order Cauchy–Born rule by using the coarse-grained Helmholtz free energy to 

describe the membrane atomic interactions. The Cauchy–Born rule establishes a connection 

between the deformation of the lattice vector of an atomistic system and that of a continuum 

displacement field, and plays an important role in the development of continuum constitutive 

models of atomic lattices. Considering a representative microstructure that is composed of six 

spectrin links  1 6( , , )I J J  as shown in Fig. 1 above, the deformation of each spectrin links 

can be approximated using the Cauchy-Born rule, as follows, 

IJ IJ
r Grad R ,      (1) 

where 
iJ i J

Grad e eGrad , 
IJ
R  and 

IJ
r  denotes the first-order deformation gradient tensor, the 

undeformed and deformed spectrin link length between junction complexes I and J, respectively.  

 
Figure 1: Representative microstructure of the RBC membrane 

In our current derivation, the strain energy density function 
0
W  at a junction complex I of the RBC 

membrane representative microstructure is defined using the coarse-grained Helmholtz free energy 

[8,9,13] at this point, which is obtained as a summation of membrane in-plane and bending 

energies, and expressed as 

6 6 61 1

2 3
0 0

1 1 1

( ) ( ) ( )
WLC IJ Bending

J kI

h
W W U C UGrad r A ,  (2) 

where   h represents RBC membrane thickness and 
I

 is the average area per junction complex in 

the reference configuration, calculated using 23 2
i
L . The first-order Piola-Kirchhoff stress tensor 

P and the tangent modulus matrix M corresponding to the first- and second-order derivative of 

the strain energy density with respect to Grad , respectively can be calculated using, 

 and   

2 2
0 0 0 0

2 2

T

IJ IJ IJ

IJ IJ

W W W Wr r r
P M

Grad Grad r Grad GradGrad r
.     (3)      

2.2 Nonlinear meshfree computational framework 

 

A nonlinear three-dimensional (3D) multiscale meshfree method based on the improved moving 

least-squares (IMLS) approximation and Ritz minimization scheme, is employed to investigate the 

effect of malaria infection on the large deformation behavior of iRBC membrane. The current 

approach is well able to overcome the inherent limitations of mesh-based methods since it satisfies 

the higher order continuity requirements, circumvent mesh distortion, increased computation cost 
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due to remeshing process and owing to the nonlocal intrinsic properties of meshfree methods, 

displacements are the only nodal degree of freedom. We refer readers who are interested in the 

derivation and numerical computation procedure of the expressions in (1)–(3) above as well as the 

meshfree development and implementation to the following literature and the references cited 

therein [8,9,14,15]. 

2.3 Numerical simulation procedure 

 

The full biconcave geometry of the RBC membrane was used for all numerical simulations in this 

study since the precise shapes of the various infection stages are unknown. This geometry was first 

discretized with 162
m
n  meshfree nodes (Figure 2) and 766 quadrilateral background cells with 

four (4) Gauss points in two directions. Stretching forces from 0 195 pN was applied to the ends 

of the cell and pulled. The variation of healthy and infected RBC membrane deformed axial 
a
d  and 

transverse 
t
d  diameters are computed and plotted against increasing stretching force. The sets of 

RBC membrane microstructure parameters presented in Table I are dependent on the condition of 

the cell membrane and we opined that the as malaria parasite develops, the equilibrium spectrin 

link length increases and the persistence length decreases. Other simulation parameters are defined 

irrespective of the RBC condition. They include the physiological temperature, 300 K 27°C( )T , 

membrane thickness, 12 nmh  and the RBC membrane bending coefficient, 192 77 10  J.
b
k . 

Results obtained from our numerical simulations are presented in comparison with experimental 

results reported in Ref. [16]. 

 
Figure 2:  Discretization of iRBC membrane surface with 162 meshfree nodes 

3  RESULTS AND CONCLUSIONS 

 

Figure 3 shows the relationship between the variation in RBC membrane axial and transverse 

diameters and applied stretching force as malaria infection progresses in comparison with 

experimental data. The obtained result compares well with experimental result. We observe that as 

the malaria parasite develop, the deformability of the iRBC membrane decreases similar to the 

experiment reported in Ref. [16]. Our findings reveal that the increased stiffening of RBC 

membrane may be primarily due to the rearrangement and changes in the microstructure of the 

membrane underlying spectrin network rather than change in RBC membrane shape or formation 

of nanoscale knobs on the membrane surface. 

Table I Values of microstructure parameters for healthy RBC and iRBC membrane 

Cell condition / 
infection stage 

RBC membrane microstructure parameters 

Equilibrium 
spectrin length, L 

(nm) 

Persistence length, 
p (nm) 

Maximum contour 

length, 
max
L (nm) 

RBC diameter 
(µm) 

hRBC 87.0 8.5 238 7.820 
Pf-rRBC 134.85 7.5 238 7.480 
Pf-tRBC 139.2 6.0 238 7.260 
Pf-sRBC 160.95 4.0 238 7.219 
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Figure 3:  Variation of (a) axial diameter and (b) transverse diameters of healthy, Pf-rRBC, Pf tRBC and Pf-sRBC 

membrane in comparison with experimental data [16]. 
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SUMMARY
Blood clots and thrombi consist of a fibrin network with platelets, red blood cells and other com-
ponents. Here we study their compression response with a combination of experiment and theory.
Experiments are carried out in a custom built apparatus that combines a rheometer and a confocal
microscope. We find that the compression proceeds by the passage of a front, or phase boundary,
through the clot which separates rarefied and densified phases of the fibrin network. This observation
inspires a continuum model based on the theory of phase transitions which we use to explain a host
of features in our experiment.

Key words: Fibrin network, blood clot, phase transition, compression

1 INTRODUCTION

Fibrin forms the structural basis of blood clots that are required to stem bleeding and of thrombi
that obstruct the flow of blood and thus cause heart attacks and strokes and other cardiovascular
pathologies. Much is known about how clotting occurs and the dynamic equilibrium that is necessary
to avoid both bleeding and thrombosis. Less is known about the mechanical properties of clots, but
since clots perform primarily a mechanical function, their mechanical properties and response to
various forces is important.

Most studies of clot mechanics and all studies of compression of clots have been carried out using
clots made only of fibrin [1]. However, the fibrin network is only a part of the blood clots formed in
vivo at sites of vascular injuries to prevent blood loss. These clots also contain platelets, red blood
cells and all other components of blood. Furthermore, such blood clots formed in a vessel are subject
to external and internal mechanical forces. Internal mechanical forces are generated in the vasculature
by blood flow, created by cardiac contraction producing the hydrostatic force of the blood within the
vessel. There is also internal mechanical deformation generated by platelets pulling on fibrin in clot
contraction (retraction). External forces are created as a result of cardiac and vessel wall contraction
by muscles adjacent to the blood vessels, especially in veins of the lower limbs. Thus, there are
multiple forces acting on blood clots, including shear, tensile, and compressive forces.

There are only a few studies on the effects of platelets on clot mechanical properties, although they
affect fibrin structure [4]. Similarly, not much is known of the effects of red blood cells on clot
mechanical properties. Although they have long been viewed as passive participants in clotting, there
is increasing evidence that they play a more active role. For example, in clot contraction, red blood
cells are compressed to form a tightly packed array of polyhedral cells, which forms a very tight seal
that is largely impermeable. Such knowledge can be important for understanding how blood clots
and thrombi respond to mechanical forces in vivo. In addition, fibrin is increasingly being used as a
biomaterial, including with various cells, so its responses to compression are also important in this
context.
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Here, we investigate the mechanical response of human whole blood clots, platelet-rich plasma clots
(PRP), and platelet-poor plasma clots (PPP), to cycles of compression and decompression, and cor-
relate the effects with structural changes in all the components. These mechanical responses show
unique characteristics that were unexpected, but can be interpreted in terms of a continuum phase
transition model. In addition, we also investigate the viscoelastic properties of the clots and how they
change with compression.

2 METHODOLOGY

2.1 Experimental methods

Figure 1: 3D reconstructions of the fibrin network under compression with different rates of compression and
graph of the fluorescence intensity and schematic illustration of the changes in structure with distance under
compression. (A-C) 3D reconstructions (71 µm X 71 µm X 196 µm) of 392 optical sections of confocal images
of plasma clots before and after compression, with different rates of compression. Both XY and XZ projections
are shown for each set of images. (A) Before compression. (B) Clot compressed 2x at 10 µm/sec. (C) Clot
compressed 2x at 100 µm/sec. Arrowheads point to aligned fibers. Magnification bar = 25 µm. (D) Distribution
of fluorescence intensity in the Z direction averaged in the X direction over (some number) of images in the
XZ plane. Blue line is controlled group of original sample; red and black lines correspond to a PPP sample
compressed 2x at 10 µm/s, and 100 µm/s, respectively. Green and purple curves are fits using a hyperbolic
tangent function. (E) A schematic presentation of images of the XZ planes based on 3D reconstruction of
images and fluorescence intensity profiles of plasma clots with and without compression. A(XZ ), clot without
compression. B(XZ), compressed clot with rate of compression 10µm/sec. C(XZ), compressed clot with rate of
compression 100 µm/sec. Large arrows indicate the direction of compression; small arrows show the boundary
between densified and rarefied phases. Gray color indicates the densified phase, while no shading indicates the
rarefied phase. The densified phase can be identified by increased fluorescence intensity in the confocal images,
reflecting the increase of network density, along the direction of compression. It was defined as the distance
from the top of images toward the bottom at the point where the intensity profile changed to the control level,
and that distance was normalized by the maximum distance, since the same number of Z-stacks were taken
for all conditions and the same degree of compression was used for the two different rates of compression,
10µm/sec and 100µm/sec. The phase boundary is sharp at low strain rate and diffuse at high strain rate.

Clots that were 700µm thick were compressed continuously at the rates of 10 or 100 µm/s in a
rheometer. The upper rheometer plate was moved down to exert an axial force on the upper surface
of the clot. When the maximum extent or compressive strain was achieved, the upper plate was
moved back to its original position at the same rate to forcefully decompress the clot. Three cycles
of compression and decompression were performed on the same clot. The clots were compressed
and decompressed vertically up to 2/3 or 1/2 of their initial thickness, i.e. compression of 1.5x or
2x. The compressive strain (degree of compression) was defined as the absolute fractional change in
fibrin clot thickness ε = |∆h/h0|, where ∆h = h − h0, and h0 and h are the initial and reduced
thickness dimensions of the uncompressed and compressed clots, respectively. During compression
and decompression, the normal stress was measured and stress-strain curves were plotted for further
analysis. Also changes of viscoelastic properties of clots during compression and decompression
were measured at various points of the compression-decompression cycles with constant oscillatory
strain of 3.3% at a frequency of 1.5 Hz to produce a linear shear stress response to imposed shear
strain. The elastic response in shear of the clot was characterized by the shear storage modulus, G′,
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Figure 2: (a) Model prediction compared to experimental data for compression of platelet rich plasma clot at
low strain rate to ε = 0.5. The dots are experimental data. Blue line is in the rarefied phase, black line is in
the densifed phase, red line is loading plateau which corresponds to a mixture and of rarefied and densified
phases, and green line is the unloading plateau with the mixture of phases. The first cycle of loading/unloading
gives higher stresses in the loading plateau from the second and third cycles (which give coincident stress-strain
curves). (b) Prediction of compression response of whole blood clot at low strain rate to ε = 0.5. The same
color scheme for the lines is followed and the dots are experimental data.

representing the stored energy and the viscous response was measured by the shear loss modulus, G′′,
representing the energy dissipated as heat.

2.2 Theoretical methods

It has been demonstrated earlier that fibrin can be viewed as a foam with fluid in its pores because
of its low density isotropic network structure [1]. As evident from figure 1, observation of network
structure reveals a transition from a rarefied phase to a densified phase under compression. The
transition proceeds by the propagation of an interface through the sample that separates the rarefied
and densified phases. In the rarefied phase, fibrin fibers are mostly straight and the whole network
has a linear response under compression with a Young’s modulus EL which depends on the network
density and fiber mechanical properties as described in [3]. Thus, the stress-strain response in the
rarefied phase is given by:

ε = ΓL (σ) =
σ

EL
, (1)

where EL is related to the Young’s modulus of a single fiber Es as EL = Esφ
2
0, and φ0 is the fibrin

network volume fraction. In our notation σ > 0 for compressive stresses and ε > 0 for compressive
strains. In the densified phase fibers are bent and buckled with many contact points whose density
scales as φ2 where φ is the current volume fraction. At the contact points the fibers are adhered with
energy released per bond Ubond. It can be shown following methods in [1, 4] that the stress-strain law
in the densified phase is

σ = kEs

(
φ3 − φ30

)
− 2Cφ20Ubond

(1− ε)3
=
K −∆G

(1− ε)3
−K, (2)

where K = kEsφ
3
0 is a constant with units of stress, and ∆G = 2CUbondφ

2
0 is a normalized bonding

energy density and k and C are constants. From the measurements on densified fibrin networks in
[1], we estimate K to be around 10kPa, but ∆G must be extracted from fitting to experiment. By
inverting the above stress-strain relation for the densified phase we get

ε = ΓH (σ) = 1− 3

√
K −∆G

σ +K
(3)
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Next, we introduce the phase transition theory to model how a fibrin network responds when it is
compressed and decompressed. In the loading process, as the stress σ increases from zero, the net-
work starts in the rarefied phase. The transition to the densified phase nucleates at a critical stress
σLH < σM . Similarly, in the unloading process, the transition to the rarefied phase nucleates at
critical stress σHL < σm (with σHL < σLH ). Therefore, in the region between σHL and σLH , the
two phases can co-exist at a stress σ. We define the strain difference between the two phases as a
transformation strain:

γT (σ) = ΓH(σ)− ΓL(σ) = 1− 3

√
K −∆G

σ +K
− σ − σpre

E
, σm ≤ σ ≤ σM . (4)

Here σpre is a pre-stress resulting from clot contraction due to platelets. During the loading and
unloading process, we assume that the fibrin network undergoes a phase change under quasi-static
conditions, so that the stress in any part of the network is the same. Let 0 ≤ z ≤ h be the reference
coordinate along the direction of loading, and w (z, t) be the local displacement. The bottom at z = 0
is fixed, hence w (0, t) = 0 for all t. At the top the displacement is given as w (h, t) = δ (t). Suppose
for σHL ≤ σ ≤ σLH , there is a boundary at z = s (t) between two parts of the continuum such that
for z < s(t) the network is in the rarefied phase and for z > s(t) the network is in the densified
phase. Therefore, the displacement at the top is given by:

w (h, t) = δ (t) = ΓL [σ (t)] s (t) + ΓH [σ (t)] [h− s (t)] . (5)

In the above we have denoted the position of the phase boundary by s(t). In order to describe the
motion of this phase boundary s (t) as it goes from the top to bottom of the sample, we introduce a
kinetic law ṡ = Φ(σ) which is of the stick-slip type [2]. Then, differentiating Eqn. (5) and eliminating
ṡ (t) using the kinetic law[

ΓL(σ)Γ′
H(σ)− Γ′

L(σ)ΓH(σ)− γ′T (σ)
δ

h

]
σ̇ + γT (σ)

δ̇

h
=
γ2T
h

Φ (σ) . (6)

This governing equation gives the response of the network undergoing phase-transition during loading
and unloading. The motion of the phase boundary during loading and unloading could be different
due to the difference in the mobilities. We also account for the compression response of red blood
cells using a neo-Hookean type constitutive law.

3 RESULTS AND CONCLUSIONS

In figure 1 we show experimental results from confocal microscopy. The phase boundary separating
the rarefied and densified phases of the network is clearly discernible for both low and high strain rate
experiments. At low strain rates the phase boundary is sharp, but at higher rates it is diffuse. In figure 2
we show stress-strain curves measured in the rheometer and the predictions from our phase transition
theory. For both PRP clots and whole blood clots there is excellent agreement between our theory
and experiment. Thus, we have captured most of the physics of blood clot compression in our model.
We have also used our model to predict the storage and loss modulus of blood clots as a function
of compressive strain[4], but the results are not shown here due to lack of space. Our experiments
and theory provide insights into mechanical behavior of clots that could have implications on the
treatment of heart attacks and strokes and also in the design of fibrin based tissue scaffolds.
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SUMMARY
This talk is devoted to the mathematical modeling of atherosclerosis, as a chronic inflammatory dis-
ease. A mathematical model describing the development of the early atherosclerosis (EA) stage will
be presented and numerical simulations in an idealized two dimensional geometry will be performed,
to validate the model as well as some important features of this complex process, namely the role
of the wall shear stress (WSS) and the inflammatory signals in the endothelial permeability, among
others.

Key words: low-density-lipoprotein, inflammation, endothelial permeability, convection-reaction-
diffusion equations.

1 INTRODUCTION

Cardiovascular diseases, such as heart attack and stroke are responsible for more mortalities than
cancer in developed countries. One of the major underlying causes for these events is atherosclerosis,
a slow and complex disease that leads to the formation and eventual rupture of atherosclerotic plaques
affecting large and medium sized arteries in the systemic circulation.

Atherosclerosis is a chronic inflammatory disease that starts with the endothelial dysfunction due to
a high concentration of low-density-lipoproteins (LDL) and potentially to other factors like hyper-
glycemia, hypertension, infectious agents and/or smoking [1, 2, 3, 4, 6]. LDL moves from the blood
into the intima of the vessel wall, changing the permeability of the endothelial layer that leads to
subsequent deposition of lipids in the intima, inducing a series of biochemical reactions and the for-
mation of an atherosclerotic plaque. Clots are usually formed, carried in the bloodstream and can
block the coronary vessels, the cerebral arteries, or even reduce or block blood supply to the legs.
This is a silent disease with a long preclinical period that only produces symptoms when the artery is
harshly narrowed and the obstruction occurs, resulting in severe complications.

Many experiments, both in vivo and in vitro [7, 8] suggest that the atherosclerosis process includes
three main stages: the early atherosclerosis (EA) stage (characterized by initiation, inflammation and
lipid accumulation); the plaque formation, growth and calcification; and the plaque disruption (e.g.
[4, 5]). Although the EA stage can start in the first decade of life, it can be asymptomatic for many
years. The advanced two stages of atherosclerosis and the related clinical events are observed almost
exclusively in adults. Therefore, a better understanding of the mechanisms underlying atherosclerosis
is essential for the development of more effective therapeutic approaches and prevention strategies.
In particular, a deep knowledge of the early atherosclerosis process can help to control the disease to
avoid the plaque formation.

Mathematical modeling and numerical simulations are powerful tools playing a key role in this frame-
work. Mathematical models of the atherosclerosis process lead to complex systems of nonlinear
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partial differential equations (PDEs) of flow, transport, chemical reactions, interactions of fluid and
elastic structures, movement of cells, coagulation and growth processes and additional complex dy-
namics of the vessel walls.

2 METHODOLOGY AND RESULTS

In this talk we present a short review of some existing mathematical models for atherosclerosis.
Special attention is given to a novel modeling approach that captures essential features of the early
stage of atherosclerosis (EA) development [10].

The EA model assumes that: a) the atherosclerosis process starts with the accumulation of LDL in the
tunica intima blood vessel wall layer, due to endothelial dysfunction, where they will be oxidized; b)
high oxidized LDL (oxLDL) concentration induces the cytokines (e.g. MCP-1) segregation, leading
to inflammatory reactions characterized by monocytes transmigration and differentiation into active
macrophages; c) macrophages transform into foam cells, after a large ingestion of oxLDL.

The LDL accumulation on the endothelial cells (EC) surface and the monocytes transport along this
surface, mimicking the monocytes rolling and adhesion, are also included in the model. The en-
dothelial permeability to LDL and to monocytes are defined as decreasing functions of the wall shear
stress (WSS) and increasing functions of MCP-1. During an acute inflammation, there is an enhanced
production of monocytes due to factor increasing monocytopoiesis (FIM), secreted by macrophages
inside the intima. This is also included in the model.

To summarise, the new EA mathematical model consists of a complex coupled system of PDEs, in-
cluding: the fluid dynamics (in the lumen and in the tunica intima); the initiation (LDL transport
through the endothelial barrier and oxLDL accumulation in the intima) and the inflammation (im-
mune cells dynamics owing to inflammatory signals inside the intima). It is defined in a domain with
two compartments, representing the lumen and the intima, separated by the endothelial wall. Inside
the lumen, blood flow is modeled by the Navier-Stokes equations and the transport of LDL, mono-
cytes and FIM is described by convection-diffusion equations. The evolution of LDL concentration
and monocytes transport on the EC surface (representing the monocytes rolling and adhesion), are
described by a reaction equation and a convection-reaction equation, respectively. The intima is con-
sidered as a poroelastic medium, and the fluid dynamics inside the intima is described by the Biot
poroelastic equations [9]. The concentrations of LDL, oxLDL, MCP-1 and FIM in the intima are
modeled through convection-reaction-diffusion equations. Chemotaxis-reaction-diffusion equations
are used to describe the trafficking of monocytes and macrophages inside the intima. Finally, the
concentration of the foam cells is described by a reaction equation.

Numerical simulations of a simplified model were performed in an idealized two dimensional geom-
etry aiming to visualize some important features of this complex process: the role of the WSS and
the inflammatory signals in the endothelial permeability; the activation of inflammatory signals due
to high concentration of oxLDL inside the intima; the monocytes/macrophages transport inside the
intima with the chemotactic gradient.

3 CONCLUSIONS

Mathematical modeling of atherosclerosis is a eld of active research, still with many challenging open
problems. More appropriate models are needed for the key players in the atherosclerosis network and,
moreover, only part of all physiological parameters involved in the models have been clinically de-
termined, whereas others are not known due to insufcient clinical data. Moreover, a more realistic
description of the vessel wall, including not only multi-component phenomenological models, but
also the change of their mechanical properties during the plaque growth and eventual rupture, should
also be considered. On the other hand, the models developed so far do not account for the analysis of
the time scales these biological processes evolve, namely the time of LDL transport or oxLDL phago-
cytosis, the time for monocytes recruitment and transmigration, and moreover the time scales span
from the one of blood flow (a few seconds) to the one of the evolution of the plaque growth (several
months). It should also be remarked that the mathematical analysis has been devoted to simplified
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models that only capture some essential features of atherosclerosis. Realistic and comprehensive
mathematical models still need to be derived to describe the complete process.
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SUMMARY 

 
We introduce the concept of the Virtual Artery as a multiscale model for arterial physiology and 
pathologies. The cellular level is identified as the mesoscopic scale, and we argue that by coupling 
cell-based models with other relevant models on the macro- and micro-scale, a versatile model of 
arterial health and disease can be composed. We describe some progress in cell based models for 
blood flow and arterial wall mechanics, and recent results of modelling in-stent restenosis.  

 
Key words: Virtual Artery, multiscale model, arterial physiology 
 
 
1   INTRODUCTION 
 
Recently we introduced the Virtual Artery, a multiscale model for arterial physiology and 
pathologies at the PCB interface [1]. The mesoscopic level is represented by relevant single cell 
processes, both in the arterial wall (endothelial cells, smooth muscle cells) and in the flowing blood 
(red blood cells, platelets, white blood cells). The Virtual Artery relies on our generic Multiscale 
Modelling and Simulation Framework (MMSF) [2] applied to biomedicine [3,4].  
 
We will summarize the main concepts of the Virtual Artery and indicate how, through 
collaborative community efforts, the concept can evolve into a full-fledged modelling and 
simulation tool for arterial (patho)physiology. We will also highlight some of our progress in key 
cell-based models. Finally, we will demonstrate an example of a Virtual Artery model, tailored for 
studying neointima formation in coronary arteries after stenting. 
 
 
2   METHODOLOGY 
 
The Virtual Artery starts with models of individual cells and their interactions. For instance, the 
mechanical behaviour of single red blood cells and platelets was modelled using a boundary 
element method, and coupled with flow of plasma using the Immersed Boundary Method [5,6]. 
This was then used to study the transport of platelets in aneurisms [7] as well as the shear induced 
diffusion of red blood cells [8]. The next step is to couple the cell level processes to other relevant 
processes, typically operating on other spatiotemporal scale. 
 
We argue that many of the bits-and-pieces (the single scale models that capture relevant processes 
on a range of spatiotemporal scales, from the organism level down to the intracellular level) are 
available or will become available soon [1]. The Virtual Artery will be driven by 1D whole body 
models [9], providing boundary conditions to image based 3D models of blood flow. These are in 
turn coupled to cell-based models, such as in [6,10]. More detailed models can be added when 
needed. Over the years we have developed many components which, once integrated, together form 
the Virtual Artery: whole body models (Svitenkov et al. to be published), 3D hemodynamics, based 
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on the lattice Boltzmann method [11,12], Cellular Potts Models for the arterial wall [13], agent 
based models of the tunica media [14], (see also Melnikova and Hoekstra, to be published), cell-
based models for blood [5–8], and cell based models for platelet aggregation and thrombosis 
(Belyaev and Hoekstra et al., to be published). In the literature many more models are described, as 
reviewed in [1].  
 
The Virtual Artery will be a set model specifications, not necessarily with actual implementations 
of all single scale submodels, in the context of the Multiscale Modelling and Simulation 
Framework (MMSF) [2]. The full Virtual Artery specification will be publically available, such 
that in a community wide effort, researchers use and contribute to the Virtual Artery. Note that the 
CellML initiative has achieved such status [15] and the CellML philosophy and approach will be a 
guiding principle for the Virtual Artery. Next, single scale models can be plugged into (parts) of the 
Virtual Artery, thus building specific models for specific phenomena to be studied. The single scale 
models could also be in the public domain, as part of the Virtual Artery, but alternatively could also 
be proprietary codes. Other researchers could use their own submodel implementations and 
validate the coupling and the choice of the relevant processes independently (also depending on 
what problem they want to study). The addition of increasing numbers of implementations of single 
scale models, but also execution environments, and sufficient data for validation and parameter 
tuning, renders the Virtual Artery into a community driven model allowing to study many aspects 
of healthy and pathological arteries.  
 
 
3 RESULTS AND CONCLUSIONS 
  
As an example consider in-stent restenosis[13,14,16–19], which we have studied in much detail. 
We believe this is a clear demonstration of the potential of the approach, a strong motivating for 
further effort in the development of a complete Virtual Artery framework, and an illustration of 
future potential use in detailed studies of arterial pathologies. The starting point is a cell-based 
model of the arterial wall, more specifically the tunica media in coronary arteries, in relation to 
modelling in-stent restenosis (ISR) [14,16]. ISR is an unwanted growth of tissue in a coronary 
artery after treatment of a stenosis with balloon angioplasty and stenting. The smooth muscle cells 
are the main culprit in this response, since their migration and proliferation lead to neointima 
formation [16,17]. The individual smooth muscle cells are modelled as agents which mechanically 
interact with each other via repulsive and attractive forces, while at the same time each cell goes 
through a cell cycle containing switches taking the cell’s mechanical and biochemical situation into 
account, eventually leading to either apoptosis or proliferation [14]. This model of the tunica media 
is embedded in an overall multiscale model for ISR [16] which has been applied model to study 
many aspects of this pathology [16–20]. Another important cell type in this response is the 
endothelial cell. Details of re-endothelialization of the damaged vessel wall are key to understand 
the dynamics of the restenosis response, as was demonstrated by taking endothelial cells explicitly 
into account in the multiscale model, and subsequently formulating and testing a number of 
hypotheses for the dynamics of ISR [18,19]. 
 
This manuscript discusses our vision on creating the Virtual Artery. In the spirit of the VPH [21], it 
will become a model structure, and it will have a whole series of single scale models and scale 
bridging methods to glue them together. Our approach will be, in a community wide effort, to build 
up the Virtual Artery from specific systems that we study. In time the Virtual Artery provides an 
open infrastructure, allowing for an organised community effort. We expect that the Virtual Artery 
can have strong added value and impact, not only in cardiovascular research, but also in supporting 
treatment, and for health and well-being in general. 
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SUMMARY 

 
Hypertension is a well-documented predictor for cardiovascular events. In the present study, a 
multi-scale model of the cardiovascular system was developed to investigate the hemodynamic 
impacts of various cardiovascular properties under hypertensive conditions. The model was firstly 
calibrated to in vivo data and then applied to perform a series of numerical experiments. Obtained 
results demonstrated that heart rate, the stiffness of central arteries and the radius of distal arterioles 
were the major determinant factors for aortic pulse pressure and systolic pressure, although the way 
and the degree in which they affect hemodynamic variables were different. 

 
Key words:  Hypertension, Multi-scale model, Cardiovascular properties 
 
1   INTRODUCTION 
 
Hypertension is a well-documented predictor for cardiovascular mortality. Antihypertensive 
medication has been extensively proved as an effective approach to reducing the risk of major 
cardiovascular events [1]. In the past decade, attention has been switched from evaluating the 
pressure-lowering effect in the periphery to differentiating the therapeutic effects of anti-
hypertensive drugs at the system level. Major findings in this direction included: 1) various classes 
of anti-hypertensive drugs had differential effects on arterial systolic pressure and pulse pressure 
despite similar effects on mean blood pressure, 2) the pressure-lowering effects in the aorta and the 
branchial artery were drug-dependent, and 3) structural and functional ameliorations at the 
microvascular level were more likely to be achieved by ACEI or angiotensin II receptor blockers 
rather than by β-blockers despite similar pressure-lowering effects at the large arterial level [2,3]. 
Nonetheless, clinical studies were usually restricted by the limited capability of in vivo 
measurements and complicated by the profound inter-patient differences in pathological conditions. 
For this reason, no existing clinical studies were able to quantitatively illuminate the relationships 
between hemodynamic variables and cardiovascular properties. 
 
The purpose of the present study was to quantify the hemodynamic impacts of various 
cardiovascular properties and based on which to identify factors that dominate the major arterial 
hemodynamic variables of concern. To this aim, a multi-scale model of the cardiovascular system 
was developed to integrate the main cardiovascular components prone to alterations in 
hypertension (such as the heart, large arteries, distal arteries and arterioles) into a unique 
computational platform. Model parameters were firstly adjusted to obtain a model capable of 
reproducing population-averaged hemodynamic characteristics and then varied in certain ranges to 
investigate their hemodynamic impacts. Obtained results were systematically analyzed to identify 
model parameters that dominate the predictions of hemodynamic variables of importance to the 
management of hypertension (such as mean arterial pressure, aortic systolic pressure and aortic 
pulse pressure). 
 
2 METHODOLOGY 
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Large arteries were represented by a 1D model coupled with structured-tree (ST) models of distal 
arteries/arterioles. The integrated 1D-ST model was further closed by a lumped-parameter (0D) 
model of the remained cardiovascular portions (see Fig.1). The model configuration allowed the 
hemodynamic impacts of any cardiovascular properties of interest to be evaluated in a systemic 
hemodynamic environment. 

 
Figure 1 Schematic description of multi-scale modeling of the cardiovascular system. The 55 large arteries are 
represented by a 1D model with the distal ends being coupled to ST models of distal arteries and arterioles. A lumped-
paramter model of the heart, the pulmonary circualtion and capillaries and veins were coupled to the 1D-ST model to 
yield a closed-loop model of the entire cardiovascular system. 
 
2.1 Modeling of large arteries, distal arteries/arteriole and other cardiovascular portions 
 
1D modeling was applied to the 55 largest arteries which form a tree-like structure responsible for 
distributing bloods over the body and propagating pressure waves between the heart and peripheral 
vessels. The governing equations for blood flows in the arteries were obtained by integrating the 
mass conservation and Navier-Stokes equations over the cross section of artery. 
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where t is the time and z is the axial coordinate; A, Q and P refer respectively to the cross-sectional 
area, flow rate and transmural pressure; α is the momentum-flux correction coefficient and Fr the 
friction force per unit length. The system of Eqs.1 and 2 was completed by an equation accounting 
for the pressure-area relationship of viscoelastic artery. 
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Here, σt and εt  are the relaxation times for constant stress and constant strain, respectively; E is 
the Young’s modulus, h the wall thickness; P0, A0 and r0 represent respectively the pressure, cross-
sectional area and radius of artery under the reference conditions; andσ is the Poisson’s ratio. 
 
Small arteries and arterioles distal to each peripheral artery were assumed to obey certain 
bifurcating patterns so that they can be synthetically described by a structured tree (ST) model [4]. 
Herein, the ST model was formulated in form of admittance matrix to facilitate the communications 
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of hemodynamic variables at the inlet and outlet of the ST model with those at the boundaries of 
the adjacent models [5]. The remained cardiovascular portions were represented by a lumped 
parameter model in which the major biomechanical properties of vessels were mimicked by a set of 
lumped elements (i.e., resistance (R), compliance (C) and inertance (L)).  
 
2.2 Model coupling and numerical algorithms 
 
The 1D equation system and the 0D equation system were solved with the two-step Lax-Wendroff 
method and fourth-order Runge-Kutta method, respectively. At the boundaries of the 1D and 0D 
models, hemodynamic variables were numerically coupled directly or via the ST models. For each 
kind of model coupling, an iterative algorithm was employed to guarantee mass conservation and 
momentum continuity throughout the model system. 
 
2.3 Parameter assignment and computation conditions 
 
Model parameters were firstly adjusted to fit model simulations to clinical data [6] under both 
normotensive and hypertensive conditions (see Table 1). The model parameters that represent the 
major cardiovascular properties involved in the pathogenesis of hypertension (such as cardiac 
function, stiffness of large arteries and structural properties of distal arteries/arterioles) were then 
varied in certain ranges to investigate their effects on hemodynamic variables of concern in the 
management of hypertension. 
 

Table 1 Comparison of model simulations and in vivo measurements [6] 

Hemodynamic variables 

  Normotensive Hypertensive 
Simulation In vivo data Simulation In vivo data 

Systolic pressure (mmHg) 123 128±21 164 165±25 
Diastolic pressure (mmHg) 71 71±13 93 96±24 

Mean pressure (mmHg) 92.5 90±15 122 121±24 
     

 
Figure 2 Mode-simulated pressure wave variations from the heart toward capillaries along the upper limb (solid lines and 
broken lines represent the simulated results for normotensive and hypertensive conditions, respectively).  
 
3 RESULTS AND CONCLUSIONS 
 
Fig.2 shows the variations of pressure wave from the left ventricle toward the capillaries along the 
arm. As expected, blood pressure was higher at all sites in the hypertensive conditions. Moreover, 
the model simulations reasonably reproduced general hemodynamic phenomena, such as the 
increase of systolic pressure from the aorta toward periphery and the strong damping effect of small 
arteries/arterioles on pulse pressure. Fig.3 shows the changes of simulated hemodynamic variables 
when model parameters representing cardiac function, stiffness of large arteries and structural 
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properties of distal arteries/arterioles were varied by±20% relative to their control values. MP was 
primarily affected by arteriolar radius, followed by the length of cardiac cycle and cardiac 
contractility. SP was significantly affected by arteriolar radius and moderately affected by the 
length of cardiac cycle and central arterial stiffness. PP was determined mainly by central arterial 
stiffness and the length of cardiac cycle. AR was most sensitive to arteriolar radius. CI is dominated 
by the length of cardiac cycle and moderately regulated by arteriolar radius. Further comparing the 
degrees of hemodynamic changes corresponding to +20% and -20% variations of model parameters, 
we found that hemodynamic variables changed in a nonlinear manner with variations of model 
parameters. 
 
Our study demonstrated that the radius of distal arterioles and the length of cardiac cycle were the 
major determinants of aortic mean pressure and systolic pressure, while the stiffness of central 
arteries had significant influence on aortic pulse pressure. Reducing heart rate (equivalent to 
increasing the length of cardiac cycle) using β-blockers can effectively reduce both aortic mean 
pressure and systolic pressure, but at the expense of increasing pulse pressure. In view of the fact 
that increased aortic pulse pressure is predictive of negative cardiovascular events, β-blockers are 
not fully beneficial. In comparison, dilating distal arterioles with ACEI blockers can achieve 
similar pressure-lowering effects as β-blockers but without a significant effect on aortic pulse 
pressure. Moreover, medications capable of reducing the stiffness of central arteries would be 
preferred if decrease of pulse pressure is an important issue in the treatment of hypertension.  
 

 
Figure 3 Hemodynamic changes induced by a 20% increase (Left) and a 20% decrease (Right) of each model parameter 
relative to its control value (Abbreviations: MP, mean aortic pressure; SP, aortic systolic pressure; PP, aortic pulse 
pressure, AR, pulse pressure amplification ratio from the aorta to the branchial artery; CI, cardiac index).  
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SUMMARY 

 
The magnitude of the initial reaction of the body to a pathogenic microbial infection is of critical 
importance as it can lead to tissue damage and in the worst case septic shock. Several experimental 
studies have shown that injection of endotoxin causing an acute inflammatory event is reflected in 
cardiovascular markers including heart rate (HR) and blood pressure (BP). It is believed that this is 
a response to activation of the neuroinflammatory reflex, which changes activity of the autonomic 
nervous system. This study uses mathematical modeling to explore the dynamics coupling the two 
systems. We use this model to show that blood pressure and heart rate changes in response to 
injection of endotoxin can be related to the increase in the pro-inflammatory mediators via changes 
in temperature and the production of nitric oxide (NO).  
 
Key words:  inflammation, cardiovascular control, nitric oxide, inflammatory mediators 
 
 
1   INTRODUCTION 

Invasion by disease or injury triggers an acute inflammatory response that is vital in the repulsion 
of the pathogens and the induction of a repair mechanism in damaged tissues. A typical 
inflammatory response consists of: 1) activation of phagocytic cells, 2) synthesis of pro- and anti-
inflammatory mediators, 3) clearing of the invading pathogen, 4) tissue repair (if necessary), and 5) 
the cessation of the response. An insufficient response can lead to persistent tissue injury, resulting 
in conditions such as autoimmune diseases, cancer, and lifestyle-related disorders [1]. An 
uncontrolled, excessive production of pro-inflammatory cytokines from immune cells and 
traumatized tissues can cause systemic inflammatory response syndromes such as sepsis and, in 
life-threatening cases, septic shock, one of the most expensive condition treated in U.S. hospitals 
[2]. We hypothesize that the production of pro- and anti- inflammatory mediators as a result of 
macrophage activation decreases both parasympathetic and sympathetic activity of the 
cardiovascular system, due to an increase in temperature and the synthesis of nitric oxide (NO), 
respectively. This effect may be the key pathway in the pathophysiology of sepsis.  

The relationship between inflammation and the cardiovascular system is especially crucial 
following surgery. In the U.S. alone, over one million hip and knee replacements are performed 
annually and early postoperative mobilization is essential for rapid and functional recovery. This 
strategy improves outcomes, yet many patients experience orthostatic intolerance (OI) when 
attempting to rise from bed. Prior studies suggest that the cardiovascular system is inhibited for up 
to 24 hours, post-surgery, creating inadequate blood pressure adjustments to postural changes. We 
hypothesize that the changes are due to the inflammatory response, altering levels of nitric oxide 
and affecting blood pressure through NO’s function of vasodilation.  

In this study, we investigate the interaction between the inflammatory response and cardiovascular 
dynamics by developing a coupled model of the responses. This model has two components: an 
inflammatory model predicting concentrations of inflammatory mediators and a cardiovascular 
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control model predicting the effect of inflammatory mediators on HR and BP. The proposed model 
can predict dynamics observed in healthy young male subjects who have been administered E. coli 
lipopolysaccharide (LPS). Throughout, LPS is referred to as the endotoxin. Data used for 
comparison with the model include concentrations of the inflammatory mediators: tumor necrosis 
factor (TNFα), chemokine ligand-8 (CXCL8), and interleukins 6 and 10 (IL6	and	IL10), which were 
measured over the course of 8 hours, along with cardiovascular markers including heart rate (HR) 
and blood pressure (BP). 
 
2  METHODOLOGY 

2.1 Inflammatory Model 
The inflammatory model consists of the key components of the acute inflammatory response, namely 
the endotoxin (P), resting and activated monocytes (MR and MA), and circulating inflammatory 
mediators (TNFα,	IL6,	CXCL8, and IL10). The model is formulated as a system of seven ordinary 
differential equations describing the interactions between each of the inflammatory mediators, as 
illustrated in Figure 1. The cascade of events (described below) is initiated by injecting a dose of 
endotoxin (LPS) serving as an input to the model. Detailed description of this model can be found in 
our previous study Brady et. al. [3]. 

The endotoxin (P) activates the resting 
macrophages (MR), stimulating the release of 
TNFα into the bloodstream. Increased levels of 
TNFα leads to the production of IL6,	CXCL8, 
and IL10. Via autocrine loops, TNFα amplifies 
the inflammatory response by further activating 
monocytes to release pro-inflammatory 
mediators, including IL6 and CXCL8, and the 
anti-inflammatory mediator IL10, which exerts a 
negative feedback.  

Nitric oxide is synthesized by the enzyme nitric 
oxide synthase (NOS). There are three forms of 
NOS, namely neuronal NOS (nNOS), 
endothelial NOS (eNOS), and inducible NOS 
(iNOS). eNOS and nNOS provide a constant, 
low amount of NO, in the presence or absence 
of endotoxin. Several hours after the 
introduction of an endotoxin, inflammatory 
mediators, in particular TNFα, have been shown 
to induce the production of iNOS, which 
increases the production of NO [4]. This 
production is down-regulated by IL10. These 
interactions (not in the original model) are 
incorporated into the inflammatory model using 

increasing and decreasing Hill functions, depending on the concentration of each mediator.  

Cardiovascular Model 
The cardiovascular model (illustrated in Figure 2) is adapted from our previous non-pulsatile 
cardiovascular model discussed in the study by Williams [5]. This model predicts flow (𝑞), 
pressure (𝑝), and volume (𝑉) in the systemic circulation represented by two arterial and two venous 
compartments representing the arteries and veins in the upper body and organs beds. 

For each compartment, pressure and volume is related as 
𝑉7 − 𝑉9: = 𝐶7 𝑝7 − 𝑝=>? , (1) 

where 𝑉7 is the compartment volume, 𝑉9: is the unstressed volume, 𝐶7 is the compliance, 𝑝7 is the 
blood pressure, and 𝑝=>? is the pressure in the surrounding tissue. To conserve volume,  

𝑑𝑉7
𝑑𝑡

= 𝑞7: − 𝑞B9?, (2) 

where 𝑞 denotes the volumetric flow. Flow and pressure are related via Ohm’s law, given by 

FIG 1: Inflammatory interactions. LPS activates 
circulating monocytes (MR), changing them into activated 
monocytes (MA). This initiates the production of TNF𝛼 
Monocytes are activated to produce IL6 and CXCL8. All 
three cytokines work in a positive feedback loop, amplify-
ing the inflammatory response by activating more mono-
cytes to stimulate production of IL6, CXCL8, and TNF𝛼. 
The LPS stimulus, as well as the elevated levels of pro-
inflammatory cytokines up-regulate the production of IL10, 
which inhibits prolonged production of pro-inflammatory 
cytokines. Several hours after the introduction of LPS, 
TNF𝛼 induces the production of NO. This is inhibited by 
IL10. The solid lines represent up-regulation, while the 
dashed line represents down-regulation. 
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𝑞 =
𝑝7: − 𝑝B9?

𝑅
, (3) 

where 𝑝7: and 𝑝B9? are the pressures on either side of the resistor 𝑅. A system of differential 
equations in pressure is obtained by differentiation of (1) using (2,3) giving 

𝑑𝑝7
𝑑𝑡

=
1
𝐶7
𝑑𝑉7
𝑑𝑡

=
1
𝐶7
	 𝑞7: − 𝑞B9? =

1
𝐶7

𝑝7EF − 𝑝7	
𝑅7EF

−
𝑝7 − 𝑝7GF	

𝑅7
. (4) 

Coupled Model 
We hypothesize that HR and BP are affected by changes in the pro-inflammatory mediators via 
changes in temperature and NO concentrations, as illustrated in Figures 1 and 2. It has been 
suggested that pro-inflammatory mediators, in particular IL1𝛽 communicate to the brain via 
afferent neural firing. This initiates the brain-mediated components of host defense, such as fever 
[6]. We hypothesize that the change in temperature decreases the parasympathetic activity, leading 
to an increase in HR. The increased production of NO by the inflammatory mediators results in a 
decrease in sympathetic activity, due to its function as a vasodilator, which leads to a decrease in 
resistance and contractility and an increase in compliance, causing BP to decrease [7]. This 
decrease in sympathetic activity also sustains the increase in heart rate, initially induced by the 
increase in temperature. 

To model the autonomic control of HR (𝐻) stimulated by 
changes in temperature (𝑇𝑒𝑚𝑝) (extracted from data) we 
use a first order equation of the form  

𝑑𝐻
𝑑𝑡

=
−𝐻 + 𝐺(𝑇𝑒𝑚𝑝)	

𝜏
, (5) 

where 

𝐺 = 𝐻Q − 𝐻R
𝑇𝑒𝑚𝑝	 − 𝑇S

T

𝑇𝑒𝑚𝑝	 − 𝑇S
T
+ 𝑥 − 𝑇S T

+ 𝐻R. 

𝐻Q and 𝐻R are the maximum and minimum heart rate, 𝑥 is 
the half-saturation value, and 𝑇S is the initial temperature.  

To model the control of BP by NO (𝑁), we change the 
vascular resistance, using a Hill function of the form  

𝑅 = 𝑅W
𝜆

𝜆 + 𝑁
, (6) 

 where	𝑅W is the baseline resistance, in the absence of NO, and 
𝜆 is the half-saturation value. The change in the concentration 
of NO is represented by  
𝑑𝑁
𝑑𝑡

= 	𝑘𝑀[ 1 + 𝑓] 𝑇𝑁𝐹𝛼(𝑡 − 𝜏 ) 𝑓_ 𝐼𝐿10(𝑡 − 𝜏) − 	𝑘b𝑁, 

where 𝑀[ are the activated monocytes in the inflammatory 
model, 𝑓] and 𝑓_ are increasing, and decreasing Hill 
functions, respectively. Finally, 𝜏	represent the delay in the 
synthesis of NO after the production of TNF𝛼 and IL10. 
 

3.  RESULTS AND CONCLUSIONS 
To test the model presented above we compare simulated model dynamics against data. The 
inflammatory model was validated as described in our previous study [3]. To couple this model with 
the cardiovascular model, we first test the model (5) using the temperature data as an input. Piecewise 
linear splines were used to evaluate temperature at any time 𝑡. Parameters in (5) were estimated 
minimizing the least squares error between measured and predicted values of HR. As shown in Figure 
3A, our model output closely matches the data, capturing the trend of a lagged HR increase following 
the injection of the endotoxin. Second we solve the complete cardiovascular model predicting BP 
control accounting for temperature induced changes in HR and control of vascular resistance as 
described in equation (6) as a function of NO, predicted as a function of inflammatory mediators. 
This result reflects that administration of the endotoxin, increases the level of circulating NO, as well 
as the temperature. These combine to increase HR, as shown in Figure 3. 

FIG 2: Inflammatory and cardiovascular 
interactions. (a) Endotoxin causes release of 
inflammatory mediators. (b) Afferent firing 
in the brain, as a result of IL1𝛽 causes a 
fever. (c) A decrease in parasympathetic 
activity causes an increase in HR. (d) Be-
tween 2-4 hours after the administration of 
endotoxin NO is released. (e) A decrease in 
sympathetic activity causes a decrease in 
pressure, while a decrease in parasympa-
thetic activity sustains the increase in HR, 
initially caused by the fever. 
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We are currently investigating the cause of the initial increase in BP after the administration of the 
endotoxin. We hypothesize that this may be in response to the pain induced by the injected of the 
endotoxin, however this remains to be validated. We anticipate that once the increase in BP is 
included in the model, we will be able to obtain a model fit that aligns with the population mean 
shown by the black lines in Figure 3B. 

In addition to using correlation analysis and parameter estimation to render our coupled model 
patient-specific, our future work will include addressing the issue of sparsity of data within subject 
data sets. Due to the nature of the experiment, the clinicians were unable to obtain constant 
measurements of HR and BP over the course of 8 hours. Thus, in addition to being noisy, the data 
sets for BP lacked measurements at various time steps. We are currently investigating ways to address 
this issue, one of which includes averaging data sets across patients. The availability of data at more 
time steps will enable us to obtain better fits to the data, using parameter estimation.  
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FIG 3: Model predictions of heart rate and blood pressure. A. Heart rate data (blue) and model output (red), when HR 
is modeled as a function of temperature. A rise in temperature, after the administration of endotoxin, causes HR to rise.  
B. Arterial blood pressure data (blue) and model output (red), when resistances and compliances are modeled as 
functions of the vasodilator NO. An increase in NO will result in a decrease in blood pressure. NO reaches its peak level 
2-4 hours after the administration of endotoxin. C. Subject heart rate data. D. Subject arterial blood pressure data. 
Population mean data is shown in black. Participants were given 2 ng/kg body weight of endotoxin at 𝑡 = 0, and heart 
rate and blood pressure were recorded over the entire course of the experiment (8 hours). 
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SUMMARY
The inflammatory process of atherosclerosis leads to the formation of an atheromatous plaque in the
intima of the blood vessel. The plaque rupture may result from the interaction between the blood and
the plaque. A three dimensional realistic fluid-structure interaction (FSI) model is used to perform
the study. An absorbing boundary condition is imposed directly on the outflow in order to cope with
the spurious reflexions due to the truncation of the computational domain. We show that the risk of
plaque rupture is higher in the case of a moving wall, while in the case of a fixed wall the risk of
progression of the atheromatous plaque is more important.

Key words: atheromatous plaque, blood flow, fluid-structure interaction, absorbing boundary con-
dition

1 INTRODUCTION

Atherosclerosis is a chronic inflammatory disease [1]. It consists of the formation of a lipid core
covered by a fibrous cap inside the blood vessel. The lipid core along with the fibrous cap form the
so called atheromatous plaque [2]. This plaque changes the interior geometry of the blood vessel by
narrowing it and interacts with the blood flow. This interaction may cause the rupture of the plaque
which leads possibly to a stroke [3]. This study is devoted to the FSI analysis of the interactions of the
blood with the plaque and the vessel wall extended to the case of 3D realistic geometry of a carotid
artery taken from MRI to analyze the flow and structures stresses. It is the extension of our previous
study (see [4]) where the FSI model is proposed in an idealized artery.

2 MATHEMATICAL MODELING AND NUMERICAL METHODS

The computational domain consists of a stenosed carotid artery taken from Magnetic Resonance
Imaging (MRI), see Figure 1.

The blood flow is governed by the generalized Newtonian equations for incompressible fluids:

ρf
∂u

∂t
+ ρf (u · ∇)u−∇ · (2µ(s(u))Du) +∇p = 0

∇ · u = 0.
(1)

The dynamic viscosity µ is defined by the Carreau-Yasuda law

µ(s(u)) = µ∞ + (µ0 − µ∞)(1 + (λs(u))2)(n−1)/2.

We apply a pressure waveform at the inlet [5, 6]. At the outlet we impose an absorbing condition
in order to cope with the spurious reflections due to the truncation of the computational domain.
In this model we consider Linear Absorbing Conditions (LAC) 2µ(s(u))Du · n − pn = p̄ where
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Figure 1: Mesh of the 3D computational domain. Left: the carotid artery. Right: zoom on the stenosed area.

p̄ =

√
ρfβ

√
2A

5/4
0

Q, with Q the flow rate, A0 the reference cross-section area at rest and the coefficient β

is related to the mechanical properties of the vessel wall through the expression β =

√
πh0E

1− ν2
where

E is the Young modulus, h0 is the wall thickness and ν is the Poisson ratio. A real geometry is
considered here, then A0 and β may vary along the vessel length [7].

The modeling of the arterial tissue is a challenging task due to its complex composition and morphol-
ogy. Indeed, carotid atherosclerotic plaques are composed of lipid deposits with macrophages and
T lymphocytes, and the overlying fibrous cap is rich in smooth muscle cells and proteoglycans [8].
Plaques with a thick fibrous cap and without necrosis are considered stable, whereas plaques with a
thin fibrous cap and areas of necrosis with an increased number of inflammatory cells are considered
unstable (vulnerable). Also, plaques in which the thrombi occur are considered unstable [9]. To sim-
plify, the arterial tissue and the fibrous cap are modeled as compliant isotropic materials, ignoring
their different composition and fibrous nature [10]. They are governed by the equation of motion

ρs
∂2η

∂t2
− ∇ · σ = F, σ = J−1FSFT , F = I3 + ∇η, J = det(F) and the strain-displacement

equations ε =
1

2
(∇η + (∇η)T + (∇η)T∇η), η being the displacement vector, F the load from the

fluid, σ the Cauchy stress tensor, F the deformation gradient tensor, and S the second Piola-Kirchhoff
stress tensor.

The stress-strain relationship is given by S− S0 = C : (ε− ε0 − εinel), where we denote by S0 and
ε0 the initial second Piola-Kirchhoff stress and strain tensors, εinel the inelastic strain tensor and C
the fourth-order stiffness tensor.

The hyperelastic material is defined by its elastic strain energy density ω, which is a function of
the elastic strain-displacement ε, written in terms of at most three independent variables. Thus, by
choosing the Mooney-Rivlin model, the second Piola-Kirchhoff stress in the local coordinate system

is computed as S =
∂ω

∂ε
where ω is the elastic strain energy density. (The expression for the energy

ω is symbolically evaluated down to the components of ε using the invariants definitions prior to
the calculations of the components of the second Piola-Kirchhoff stress tensor. The differentiation is
performed in components on the local coordinate system).

The plaque is modeled according to the Mooney-Rivlin model for hyperelastic materials [11]

w = C10(Ī1 − 3) + C01(Ī2 − 3) +
1

2
κ(J̄ − 1)2, (2)

where J̄ is the ratio between the current and original volumes and Ī1, Ī2 are the two first strain
invariants, modified to be independent of the volume change (Ī1 = I1/J̄

2/3 and Ī2 = I2/J̄
4/3).

The use of these modified invariants and the last term in equation 2 allows the description of nearly
incompressible materials.
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We rewrite the equations of the fluid in the ALE formulation as

ρf
∂u

∂t
|X + ρf ((u− w) · ∇)u−∇x · (2µ(s(u))Du) +∇xp = 0 (3)

where X is the Lagrangian coordinate and x is the Eulerian one. The coupling between the systems
(2) and (3) is realized by imposing at the interface: the continuity of the velocity over time u = ∂η

∂t ,
and the equilibrium of the stresses −(2µ(s(u))Du − pI3)n = S(η) · n where n is the outward unit
vector to the physical interface.
All the parameters used in this study along with the physical constants are taken from experimental
data mentioned in the literature.

A finite element scheme is employed under the software Comsol Multiphysics (P1-P1 stabilized ele-
ments for the fluid, and P2 elements for the structure) in order to perform the numerical simulations.

3 RESULTS

We perform numerical simulations for models in the case of rigid and moving walls, and in each
of these cases we consider the Newtonian as well as the non-Newtonian case. Figure 1 shows the
geometry and the mesh used to discretize the computational domain. Figure 2 shows the distributions
of the total displacement and the wall shear stress at the peak of the pressure (t=0.02s, moving wall,
non-Newtonian case).
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Figure 2: Numerical results. Left: total displacement. Right: wall shear stress.

Computational results also show that the von Mises stress is highly overestimated while the wall
shear stress is underestimated in the case of a moving wall. Thus, the model lets us consider the
risk of plaque rupture as higher when the wall is compliant, while in the fixed wall case the risk of
progression of the plaque is higher.

REFERENCES

[1] R. Ross, Atherosclerosis - An inflammatory disease, Massachusetts Medical Society, 340
(1999), 115–120.

[2] T. Quillard and P. Libby, Molecular Imaging of Atherosclerosis for Improving Diagnostic and
Therapeutic Development. Circulation Research, 111 (2012), 231–244.

[3] W. Hao and A. Friedman, The LDL-HDL profile determines the risk of atherosclerosis: A math-
ematical model, A Mathematical Model. PLoS ONE, 9 (2014), 1–15.

[4] Oualid Kafi,Nader El Khatib, Jorge Tiago and Adélia Sequeira. Numerical simulations of a
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SUMMARY
We present the simulation of blood flow in the patient-specific cerebral arteries calculated by the
multiscale 1D-3D model. Vessel walls are assumed to be elastic in the 1D model and rigid in the
3D model. We use iterative numerical algorithm for calculations. The algorithm was improved to
provide stable simulations. We tested ”hard” and ”soft” coupling conditions at the 1D-3D interfaces
and compared the results. ”Soft” coupling helps to reduce the influence of 3D walls rigidity on the
flow. Such numerical solution better corresponds to the referent solution, calculated with full 1D
model.

Key words: geometrical multiscale 1D-3D model, cerebral vessels, patient-specific blood flow mod-
elling, 1D-3D coupling

1 INTRODUCTION

1D model of blood flow is an effective tool for many practical medical applications. For some applica-
tions part of the vascular network can be assumed as 3D domain. It is an easy way to take pathologies
or any other complex structures into account by the 1D model or to make ”zooming” for the domain
of interest. 3D simulations take much more time for calculations than 1D. Often the vessel walls of
3D domain are assumed to be rigid. It helps to save computational time significantly. 1D and 3D
models can be coupled directly via continuity of some parameters at the 1D-3D interfaces (”hard”
coupling). Also artificial 0D model can be placed at the 1D-3D interface to dump reflected waves
and numerical instabilities (”soft” coupling). The electrical circuit can be used as such absorbing
0D device [1, 2]. We suggested a new approach for ”soft” 1D-3D coupling. An elastic sphere filled
with fluid is used as 0D device. The numerical algorithm for simulations was developed [3]. In the
current work we model blood flow in cerebral arteries of a real patient to demonstrate the efficiency
of presented technique. We also discuss the possible ways of its improvement.

2 METHODOLOGY

The blood is assumed as viscous incompressible fluid in this work. All vessels are considered to be
elastic tubes in the 1D model. The blood moves through these tubes. The 1D model is based on
the mass and momentum conservation laws. The third equation (so called state equation) describes
elastic properties of the vessel wall. In every node we ask for continuities of mass and total pressure.
The 1D blood flow model used here is described in [4].

The 3D model is based on the Stokes-Navier equations. The 3D vessel walls are assumed to be rigid.
We prescribe the no-slip boundary condition on the 3D wall and Dirichlet or Neumann conditions on
the open boundaries. The 3D model was built based on the ANI3D software package [5].

1D and 3D models should be appropriately coupled at the 1D-3D interfaces in the multiscale model.
Usually the continuities of the fluid flux and the normal stress are prescribed. This way of coupling
(”hard” coupling) doesn’t take into account the mismatch of elastic and rigid walls at the 1D-3D
interfaces. Additional artificial absorbing 0D device can be inserted between 1D and 3D models. We
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Figure 1: 3 steps of patient-specific CT data processing: 1) 3D vascular structure, 2) Centerlines, 3) 1D graph.

suggested to use the elastic sphere filled with fluid as such 0D model. The sphere can reduce the
reflected waves and we call such coupling as ”soft” coupling. Some parameter estimations of the
”soft” coupling were presented in [3].

We use iterative numerical algorithm [3] for multiscale modelling with ”soft” coupling (Algorithm
1). The Neumann condition is prescribed on the open 3D boundary at the 1D-3D interface and the
flux is generated for the 1D vessel boundary on each iteration. Usage of such algorithm at all 1D-3D
interfaces does not guarantee the stability of simulations on the physiological regimes of blood flow in
human body. We modified the algorithm to provide the Dirichlet condition for the open 3D boundary
and return pressure to the terminal point of 1D domain (Algorithm 2). In practical problems numerical
simulations become stable when we apply the Algorithm 1 at the downstream 1D-3D interfaces and
the Algorithm 2 at the upstream 1D-3D interfaces. Both numerical algorithms can be used for the
multiscale 1D-3D model with ”hard” coupling assuming all coefficients of the ”soft” coupling equal
to zero.

3 RESULTS

The described model is applied to the patient-specific cerebral blood flow modelling. 3D arterial
structure of a real patient was segmented from the CT scans. Thinning methods allow to generate
centerlines [6] and get 1D graph (fig. 1). 1D-3D domain was constructed for multiscale modelling
(fig. 2). One bifurcation is assumed to be 3D. It consists of right and left vertebral and basilar arteries.
The remaining part of the arterial tree is 1D.

The real heart outflow is prescribed as a flux profile for the aortic root. We use the venous vascular
structure to provide physiologically correct outflow boundary conditions for the arterial tree. The
pressure drop between terminal arteries and veins is regulated with prescribed resistances. These
resistances are calibrated to provide physiologically correct hemodynamic rates.

Numerical simulations were failed when the coupling Algorithm 1 was applied at all 1D-3D inter-
faces. Numerical instabilities appeared in the numerical solution. Usually calculations become stable
when the Peclet number decreases. At the same time the Peclet number can be reduced only with sig-
nificant mesh refinement. In this case simulations become time consuming. We solved the problem
applying Algorithm 2 at upstream 1D-3D interfaces and Algorithm 1 at downstream 1D-3D interface.
We posed Neumann boundary condition on the 3D outflow boundary in both cases. Dirichlet bound-
ary conditions are prescribed on the inflow boundaries of the 3D domain in the second case instead
Neumann conditions in the first case. Such choice makes calculations successful.

Numerical results of 3D pressure are presented in fig. 3 for systolic and diastolic time moments. The
numerical solution of multiscale model in the terminal points of 1D vessels at the 1D-3D interfaces
is compared with the solution of full 1D model in the same points. The results of pressure and blood
flux are presented in the fig. 4 and 5 respectively. Correspondence of pressure is high enough but
the difference of upstream fluxes is significant. This difference appears because 3D rigid vessel walls
guarantee constant fluid volume in the 3D domain. The volume changes in case of 1D elastic walls.

This difference can be reduced by means of 1D-0D-3D ”soft” coupling instead of traditional ”hard”
coupling (fig. 6). We insert artificial 0D spheres filled with fluid at the interfaces between 1D and 3D
models. These spheres help to compensate lack of vessel wall elasticity in the 3D domain.
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Figure 2: 1D-3D scheme of cerebral vessels.

Figure 3: 3D pressure at systolic and diastolic time moments (t=0.23 and t=0.38).

Figure 4: Comparison of numerical pressure at the 1D-3D interfaces calculated with full 1D and multiscale
1D-3D model.

Figure 5: Comparison of numerical fluxes at the 1D-3D interfaces calculated with full 1D and multiscale
1D-3D model.
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Figure 6: Comparison of numerical fluxes at the inflow 1D-3D interfaces calculated with full 1D, multiscale
models with ”hard” 1D-3D coupling and ”soft” 1D-0D-3D coupling.

4 CONCLUSIONS

The described multiscale 1D-3D model provides stable simulations of blood flow on the physiological
regimes. The stability is achieved using the Algorithm 2 at upstream 1D-3D interfaces and Algorithm
1 at downstream 1D-3D interface. ”Soft” coupling of 1D and 3D blood flow models helps to compen-
sate the lack of vessel wall elasticity in the 3D domain. Although ”soft” coupling parameters were
estimated in [3], values of some parameters are still not fully clear (for example, the length of the
vessel represented by the 0D model).
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SUMMARY
The process of fibrinolysis succeeds clot formation in blood plasma. It is imperative that both the
complementary processes of clot formation and lysis occur in a regulated manner in order to maintain
the integrity of the human vasculature. Regulation of fibrinolysis in the body by constituent fibrinol-
ysis inhibitors or by anti-fibrinoytic drugs is of importance in cases of hypocoagulation and excessive
bleeding. This study presents a non-invasive model for understanding the underlying mechanisms in
fibrinolysis and its inhibition by α2AP, PAI and TAFI using a mechanistic model.

Key words: anti-fibrinolytic, fibrinolysis, plasmin

1 INTRODUCTION

Thrombin generated as a result of coagulation leads to thrombus formation via platelet activation and
the ultimate conversion of fibrinogen to fibrin. Fibrinolysis is the process by which the fibrin clot thus
formed gradually dissolves thereby restoring normal blood flow in the blood vessels. Fibrin formation
is also responsible for the activation of the fibrinolytic pathway. Fibrinolysis also acts as the body’s
defense against occlusion due to vascular injury.
The most important protease responsible for fibrinolysis is plasmin. It usually circulates in the plasma
in its inactive zymogen form, plasminogen [1]. Plasminogen is converted to plasmin largely by tissue
plasminogen activator (tPA) released from the endothelial cells. Plasmin cleaves both fibrinogen and
fibrin at multiple sites thereby producing a variety of degradation products. Fibrin is, however, the
major substrate for plasmin action [2]. Plasmin generation is localized and greatly enhanced upon the
surface of the fibrin clot where both plasminogen and tPA are bound [3].
As important is the process of fibrinolysis to control clot formation and occlusion of blood vessels, it
is also necessary that fibrinolysis be regulated. tPA is inactivated by plasminogen activator inhibitor-
1 (PAI-1). Circulating plasmin is inactivated by potent inhibitors α2-antiplasmin (α2AP) and α2-
macroglobulin [4]. This checks the uncontrolled degradation of fibrinogen and other coagulation
factors. In addition to these inhibitors, thrombin activatable fibrinolysis inhibitor (TAFI) plays a role
in limiting the fibrinolytic activity locally [5].

1.1 Tests for fibrinolysis

Although there exist immunological assays to detect the various components of fibrinolysis, there is
still no consensus for the pathogenesis of non-surgical perioperative bleeding.
Some of the major reasons for this are as follows:

• inappropriate understanding of the constraints in laboratory tests;

• limitations and variations in the perception of hemostasis; and

• lack of reliable laboratory tests for fibrinolysis.

The risk of bleeding is largely dependent on patient-specific factors. Issues like age (65 years or older)
and concomitant diseases (renal failure, liver disease, diabetes, peptic ulcer disease, cerebrovascular
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disease, malignancy) only increase such a risk. Patients taking anti-platelet agents like dipyridamole
or aspirin are also more prone to bleeding.

2 METHODOLOGY

A model constituting of a set of 9 ODEs is formulated to depict fibrinolysis under in vitro conditions.
Each of the ODEs are of the following form:

Si =
d[Ci]

dt
, i = 1, 2, ..., 9.

The notation [Ci] represents the concentration of the constituent Ci. The time derivative of [Ci] is

denoted by
d[Ci]

dt
; Si represents the source term equal to the net rate of production of Ci as a result

of enzymatic reactions.

The ODEs and initial conditions are non-dimensionalised as given below:
t∗=t/T, C∗

i =Ci/Ci(t=0), S∗
i =SiT/Ci(t=0).

The differential equations are solved in MATLAB R2012a using the ‘ode15s’ algorithm. The time-
marching is performed using a time step of 1s.

3 RESULTS AND CONCLUSIONS

We have studied the relative effect of constituent fibrinolysis inhibitors under in vitro conditions. We
have evaluated the effect of fibrinolytic inhibition on concentration of fibrin produced, as well as on
plasmin concentration.
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Figure 1: Fibrin production with respect to time
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Figure 2: Plasmin production with respect to time

The relative effect of inhibitors shown in Figs 1 and 2 show that α2-AP is the major inhibitor of fib-
rinolysis, followed by PAI-1 (inhibits tissue plasminogen activator) whereas TAFI (inhibits plasmin)
have no significant effect in vitro. Fibrinolysis is greatly inhibited when α2-AP acts alone (red solid
line in Fig.1) than when PAI-1 acts alone (blue solid line in Fig.1). This is supported by the data in the
adjoining figure (Fig.2) which shows how plasmin production is affected in the presence of different
fibrinolysis inhibitors.
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Figure 3: Effect of tPA concentration on fibrin production with respect to time

Additionally, the model shows the effect of different concentrations of tPA (at 50%, 100%, 150% and
200%) on fibrinolysis, in the absence of any of the inhibitors of fibrinolysis (Fig.3). Profiles of fibrin
concentration shown in Fig.3 are in accordance with what is expected from intuition : fibrinolysis is
promoted to a greater extent at a higher concentration of tPA and vice versa.
Such a model of fibrinolysis with effect of (presence as well as absence of) inhibitors can provide a
useful non-invasive analytical tool for prophylaxis prior to advocating any sort of drug or operative
treatment.
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SUMMARY
The lymph node structural organization is essential for providing effective immune responses. We
present an algorithm to generate voxel-based geometrical approximation of the reticular network —
the scaffold of T cell zone, consisting of fibroblastic reticular cells enwrapping the conduit system,
— from given conduit system topology. The algorithm is based on extended formulation of Cellular
Potts Model, in which the intrinsic motility of cells is specified for each voxel. This approach allows
to maintain the connectivity of network by freezing the cells junctions, to explicitly set target volume
fraction of network and typical size of cell bodies.

Key words: lymph node, fibroblastic reticular cells, conduit system, Cellular Potts Model

1 INTRODUCTION

The secondary lymphoid organs such as lymph nodes are the compartments where various immune
cells and soluble signals (antigens, cytokines) interact to provide the cellular adaptive immune re-
sponse. The effectiveness of this interactions is achieved due to special structural organization of
lymph nodes [1] The T cell zone (paracortex) of lymph nodes is filled with reticular network of fi-
broblastic reticular cells (FRCs), which enwrap the conduit system of collagen fibers [2]. The reticular
network functions in different aspects:

• the conduit system delivers small molecules and antigens soluted in lymph,

• FRCs support T cells migration to efficiently encounter dendritic cells for antigen presentation,

• FRCs and T cells interact through contact and signaling of secreted survival factors to maintain
lymph node homeostasis.

Moreover, the reticular network is damaged during viral infections (such as HIV, LCMV, Ebola),
resulting in impairment of normal functioning and development of fibrosis, T cells depletion and
immunodeficiency in case of HIV infection [3].

Thus the geometrical approximation of reticular network should be constructed to investigate the
properties of lymph node system during viral infections and/or chronic inflammation with hybrid
mathematical modelling. It has been developed in [4]; however, the algorithms presented there lack
the possibility to explicitly control the target volume fraction of reticular network and individual
properties of FRCs.
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2 METHODOLOGY

The generation of geometrical approximation of reticular network is based on extended formulation
of Cellular Potts Model (CPM) [5]. CPM is used in computational biology to simulate the dynamics
of multicellular systems. The cells are presented on a cubic lattice as connected collections of voxels
v = {i, j, k} with the same id σ(v), the motion of cells results from attempts to rearrange cell mem-
brane voxels σ(vsource) → σ(vtarget) done in stochastic energy minimization manner with modified
Metropolis algorithm.

The energy of the same type cells system is defined as

E =
∑
σ

λ(σ) (ν(σ)− V (σ))2 (1)

to constrain the volumes of cells ν(σ) close to the target resting volumes V (σ) with some probability
to fluctuate, controlled with the level of cells’ spring moduli λ(σ).

The probability acceptance function of sampled voxel copies σ(vsource) → σ(vtarget) in extended
CPM [5] is defined as

p(σ(vsource)→ σ(vtarget)) = tanh(Tm(σ)) ·min
{

1, exp

(
− ∆E

Tm(σ)

)}
, (2)

where ∆E is the change of energy (1) after assumed voxel-copy and Tm(σ) is the intrinsic motility
of cell, i.e. it’s ability to react on external stimuli.

To generate the reticular network we initialize the conduit system as thin cylinders (d ≈ 1µm) along
the given graph of conduit system topology (taken from [4]). After that, the FRCs are defined at graph
nodes with protrusions ending at the half-edges. To maintain the integrity of the reticular network,
we set the motility of cells Tm for each voxel, according to distributions localized around the graph
nodes vc(σ) (FRCs body centers):

Tm(σ(v)) = Tmax · exp
(
−||v(σ)− vc(σ)||2/s2

)
, (3)

where 2s is a typical diameter of FRC body.

By doing this, we freeze the ends of FRC protrusions (they have close to zero intrinsic motility),
which form cell-cell junctional complexes. This ensures that the connectivity of cells wouldn’t be
altered throughout simulation without the need for extra CPM connectivity plugins, which are com-
putationally expensive in 3D [6].

3 RESULTS AND CONCLUSIONS

The geometrical approximation of reticular network is generated after short burn-in of 20 MCS, reach-
ing it’s target volume fraction = 4%, after that the reticular network becomes rigid due to large value
of spring modulus (deviation of network volume from target volume is less than 1% after 20 MCS).
The implemented network comprises 3373 FRCs in 177.0 µm×197.4 µm×201.0 µm computational
domain with 0.3 µm voxel side resolution. The implemented object can be organically incorporated
in CPM-based hybrid models to study cells-cytokines interactions in lymph node or used in other
frameworks as a solid object.

The research was funded by the Russian Science Foundation (Grant 15-11-00029).
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SUMMARY 
 

Computational analysis of forced conjugate convection cooling of realistic human hearts including 
main epicardial blood vessels was performed. It was found that including the main epicardaial 
blood vessels in the forced conjugate cooling analysis accelerated the cooling process and reduced 
temperature irregularities in the heart tissue, suggesting that usable life of transplantation bound 
human hearts can be extended from 10.2 to 11.5 hours after extraction from the donor’s body. 

 
Key words:  cooling protocols, cryopreservation, rewarming, thermal stresses, optimized cooling  
 
 
1   INTRODUCTION 
 
An empirical relationship based on experimental evidence, known as ‘‘Q10 law’’, states that for 
every 10°C reduction in tissue temperature, there is a corresponding reduction in cell metabolic rate 
equal to the constant Q10. The law is written as: 

 
 0 10

10
0

(Q ) T Tm

m

q

q
     (1) 

Here, T is the living tissue temperature in degrees Celsius and qm is the cell metabolic rate. Values 
for Q10 range from 2.0 to 3.0 and are cited in the physiology literature [1]. For example, assuming 
the worst situation where Q10 = 2.0, it can be observed that reducing temperature from +37°C to 
+27°C reduces the metabolic rate by 50%. Reducing temperature to +4°C would reduce the 
metabolic rate in the same scenario by 89.9%, thus significantly reducing oxygen and glucose 
consumption and carbon dioxide production. The conclusion is that the cooling of 3D organs 
should not only be done quickly, but also as uniformly as possible. Temperature uniformity must 
be accomplished in order to minimize the amount of time when parts of the organ are still at an 
elevated temperature, thus experiencing high local metabolic rates. Our early efforts in simulating 
cooling of a canine kidney and a human brain accounted only for heat conduction [2, 3]. Our recent 
computations simulating optimized conjugate cooling protocols of a fully 3D realistic human heart 
without accounting for the main epicardial blood vessels [4, 5] suggest that the usable life of an 
extracted heart can be extended from the current 4.5 hours (using non-circulating cold saline bath) 
to 10.2 hours. This paper extends this recent study and suggests that the usable life of a heart can be 
further extended to 11.5 hours by perfusing also the main epicardial blood vessels, thus, enabling 
transport of hearts across the entire north American continent.  
 
2 METHODOLOGY 
 
The human heart geometry used for simulations was obtained from 3D, high resolution CT scans. 
Figure 1 demonstrates different domain surfaces of the heart in different colors. The blood contact 
surfaces consisting of the right (pulmonic) and left (systemic) heart circulations domains are shown 
in green (Fig. 1a & 1c) and blue (Fig. 1a & 1d), respectively. Figures 1a & 1b show the outermost 
surfaces in red.  
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                       a)                               b)                                   c)                                   d) 
Figure 1. Heart surfaces: a) all surfaces, b) outermost surfaces, c) heart pulmonary circulation 
domain surfaces, and d) heart systemic circulation domain surfaces.  
 

 

 

 

Figure 2. Cooling container with the heart (left), cooling container with inlets and outlets 
indicated (middle), and an epicardial blood vessel imbedded in the heart tissue. 

 
A hexahedra (Figure 2) of 214 mm in length, 212 mm in width and 282 mm in height was virtually 
created as the heart-cooling container. For circulating the coolant outside of the heart, two inlets 
with 15 mm diameter and two outlets with 20 mm diameter were designed on the cooling container 
walls. These inlets and outlets were designed to create cooling fluid jets and vortices around the 
heart, thus, enhancing convection heat transfer. For internal cooling, two inlets and two outlets 
were designed for each of the heart right and left circulation loops. University of Wisconsin (UW) 
solution was used in simulations as the cooling liquid with constant inlet temperature of +4°C. 
Outlet pressure of the epicardial blood vessel was enforced to be atmospheric, while average inlet 
coolant speeds were 1 m/s (external circulation loop), 0.4 m/s (heart pulmonary circulation), and 
1.0 m/s (heart systemic circulation). All cooling container walls were assumed to be thermally 
insulated in all cooling scenarios. Fully 3D unsteady conjugate conduction/convection heat transfer 
analyses were performed by solving the fully 3D governing equations for fluid and solid domains. 
For turbulent coolant flow cases, k   turbulent model equations were added to Navier-Stokes 
equations for the external flow domain. 3D stress analyses were also performed to calculate 
thermal and hydraulic stresses during the cooling process. All numerical simulations were 
performed using OpenFOAM software platform on a 16 processor parallel computer [4, 5].  
 
3 RESULTS AND CONCLUSIONS 
 
A number of conjugate cooling protocol cases were simulated using various boundary conditions. 
The most successful was Case 5 which involved forced convection cooling of inside surface of the 
heart and simultaneously forced convection cooling of the outside surface of the heart. Figure 3 
shows results of cooling in Case 5 depicted at 300 seconds. Figure 3a illustrates the UW solution 
streamlines around the heart with velocity distribution. This figure displays that the maximum 
velocity of coolant occurred at the inlets. In comparison, the minimum velocity occurred at fluid-
solid interfaces due to fluid viscosity. The heart model and its connections were added to this figure 
to better demonstrate the UW solution streamlines pattern around the heart. Thus, its red color is 
not an indication of the velocity or temperature. Figure 3b shows the temperature distribution of the 
UW solution around the heart at 300 s showing the maximum temperature (+5.79°C) occurring at 
the place where the fluid was in direct contact with the surface of the heart. The cut-away views of 
the heart shown in Figure 3c reveal one large hot spot located above the right ventricle, and on the 

Inlet   

Outlet  
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right side of the right atrium. Two more hot spots can be observed in Figure 3d: one is located on 
the left side of the left ventricle and the other is located on the right side of the left atrium. Thus, 
these three hot spots will take longer to cool compared to the rest of the heart tissue due to ticker 
heart walls in these regions. Case 5 results of cooling are shown in Fig. 4 for 3600 s of cooling. It is 
immediately apparent that combined conduction and convection (moving coolant inside and 
outside the heart) results in considerably faster and more uniform cooling of the entire heart.  
 

 
              a)                                     b)                                                c)                                         d) 

Figure 3. Results at 300 seconds: a) temperature distribution of external flow streamlines, b) speed 
distribution, c) temperature distribution inside the heart (1st cut-away view), and d) 2nd cut-away).  

 

                     
               a)                           b)                        c)                          d)                         e)  
 
 
 

  
Figure 5. Average temperature variation with 
time in the heart tissue for the five test cases [5]. 

Figure 6. Average metabolic rate variation with 
time in the heart tissue for the five test cases. 

 
These two figures show that simultaneous forced convection cooling of inside and outside surfaces 
of the heart is the most promising general approach to uniformly cooling the heart [4, 5]. 
 
In the next step, the stress analyses were performed by using the data obtained by the thermo-fluid 
analysis results. Normal and shear forces applied by the coolant flowing along the innermost and 
outermost surfaces were used as the boundary condition of these surfaces. These values were 
updated for each time step. The heart temperature field was used to obtain the thermal stresses 
during the cooling process. The ultimate tensile stress of the heart tissue was assumed to be 110 
kPa. The maximum value of calculated von Mises stress was 103.67 kPa at 1800 s. This shows that 

Right atrium 

Right ventricle  

Left atrium  

Left ventricle  

Fig. 4. Temperature distribution of the heart at:  a) 0 s, b) 300 s, c) 600 s, d) 1500 s, and e) 3600s 
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the effect of thermal stresses was not significant due to the very small Young's elastic modulus and 
thermal expansion coefficient of the heart tissue. The importance of these simulations was to show 
that maximum pressures within the pulmonary and systemic circulatory domains remained less 
than 110 kPa (~ 80 mmHg). 
 

   
Figure 7. Predicted distributions of pressure (left), local average speed (middle), and wall shear 
stress (right) in an epicardial blood vessel perfused by UW solution with inlet speed of 0.5 m/s. 

 
The fully conjugated forced convection cooling protocol (Case 5 in Figures 3-6) reduced the 
average temperature of the heart to +5°C after 1500 s, which was 70% lower temperature than 
currently achievable by purely conduction/natural convection cooling in a stagnant saline solution. 
The resulting stress analyses of the conjugate forced cooling indicated that von Mises stresses were 
lower than the maximum allowable tensile stress of the heart tissue. Details of these results were 
published [4, 5], suggesting that by using simultaneously internal and external forced convection it 
is possible to preserve a human heart for 10.2 hours.  
 
When incorporating three main epicardia blood vessels (coronary arteries and cardiac veins such as 
shown in Figure 7) in the internal forced convection cooling loop, the heart was cooled even faster 
and more uniformly. Consequently, using the same value of Q10 coefficient from equation (1), this 
more detailed heart geometry allowed for extending the extra-corporal life of the extracted heart to 
11.5 hours. This time will comfortably cover the time required to locate the donor and harvest the 
heart (1.0 hours), extraction site-to-airport transportation time (1.0 hour), receiving airport-to-
transplantation site transportation time (1.0 hour), and implantation time (1.0 hours). This will 
leave 7.5 hours for air transportation which is sufficient to cover the entire inhabited part of the 
North American continent and the Caribbean.  
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SUMMARY 

 

This study focuses on mathematical modeling of photoelasticity effects during cryopreservation, 

observed in a proprietary visualization device known as the cryomacroscope. A computation 

framework has been developed to simulate the phenomenon of thermally driven mechanical stress 

and its effect on light refraction through the sample. The investigation is focused on 

cryopreservation by vitrification (glass formation) and is based on finite elements analysis (FEA).  

 

Key words:  thermomechanical stress, cryopreservation, vitrification, cryomacroscopy, 

photoelasticity, finite element analysis. 

 

 

1 INTRODUCTION 
 

Cryopreservation by vitrification is considered as a promising technique for long-term preservation 

of large-sized specimen (vitreous is glassy in Latin). Unfortunately, mechanical stress is a major 

hurdle on the path to successful cryopreservation of large specimens, which is driven by the 

phenomenon of thermal expansion. Several mathematical models and computational techniques 

have been reported to investigate this thermo-mechanical stress and identify ways to reduce its 

devastating effects [1, 2]. Polarized-light cryomacroscopy has been presented as an experimental 

tool to study thermo-mechanical stress by means of photoelasticity [3, 4]. In a broader perspective, 

polarized-light cryomacroscopy can be used for a range of light reflecting and diffracting effects 

such as contamination in the specimen, crystallization, and fracture formation [3, 4].  

 

While photoelasticity effects have been used primarily in qualitative studies of cryopreservation by 

vitrification, the current study aims at the development of a mathematical model and a computation 

framework for the analysis of photoelasticity in cryopreservation. The mathematical model in the 

current study is based on the stress-optic law [5] in a cuvette geometry (a rectangular vial used for 

spectroscopy). The computation framework input is the thermal field that drives mechanical 

stresses by means of thermal expansion. The computation framework output is a simulated image 

of the refracted light. The simulated image is compared with experimental results of photoelasticity 

in cryopreservation by vitrification. 

 

 

2 METHODOLOGY 
 

Modeling in this study includes three phenomena which are simulated sequentially: heat transfer, 

mechanical stress, and light refraction. The commercial FEA code ABAQUS CAE is used for the 

coupled thermal-stress analysis. Figure 1 displays a schematic illustration of the experimental 

setup, which consists of a quartz cuvette filled with the cryoprotective agent 7.05 M DMSO [3, 4]. 

Taking advantage of the symmetry of the model, only one quarter of the cuvette is simulated. A 

cavity at the top-center of the CPA is also simulated, which is driven by the effect of thermal 

contraction of the CPA at temperatures above glass transition [4]. Since significant stress develops 
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in the specimen only when cooled below glass transition temperature [2], the stress analysis uses a 

steady cavity shape, as reconstructed from experimental recording. 

 

   

 

Figure 1: (a) Schematic illustration of the cuvette and the CPA used for photoelasticity 

experiments, where the red arrows point to the direction of polarized light propagation. (b) 

Schematic illustration of the quarter section used for FEA. (c) Photoelasticity image, where the red 

frame highlights the area of analysis in the current study. 

 

The ABAQUS mesh generator is used to create elements for analysis. Prior to meshing, internal 

contours outlining selected light beams are defined within the domain, in order to align the 

corresponding numerical nodes of neighboring elements for the purpose of light refraction 

calculations. These light beams are perpendicular to the frame displayed in Fig. 1(c).  

 

The computational model for stress analysis has been developed previously [2, 6]. The CPA is 

modeled as a Maxwell fluid with temperature-dependent viscosity, changing by twelve orders of 

magnitude between room temperature and glass transition. Assuming that the heat generation due 

to viscous dissipation is negligible, heat transfer and solid mechanics simulations are conducted 

sequentially, where the thermal history is used as input for stress analysis.  

 

Heat conduction is assumed throughout the domain:  

𝐶�̇� = ∇ ∙ (𝑘∇𝑇) (1) 

where C is the volumetric specific heat, T is the temperature, k is the thermal conductivity, and the 

dot represents a time derivative.  

 

Heat transfer between the cuvette outer surface and its surroundings is assumed as a combined 

effect of convection and radiation: 

−𝑘
𝑑𝑇

𝑑�̂�
= ℎ(𝑇𝑠 − 𝑇∞) (2) 

where �̂� is the normal to the cuvette wall, h is the effective heat transfer coefficient by convection 

and radiation, and the subscripts s and ∞ denote the cuvette wall and the cryogenic environment, 

respectively. Consistent with experimental analysis, a value of 346 W/m2K is selected for h [4]. 

 

Only the cooling phase of a representative cryopreservation protocol is considered in this study, 

which consists of: (i) rapid cooling at the rate of -25°C/min from room temperature down to            

-125°C, which is 8°C above glass transition; (ii) a temperature hold period at -125°C to facilitate 

stress relaxation [2]; and, (iii) slow cooling at a rate of -3°C/min down to a storage temperature of   

-145°C. The glass transition temperature for 7.05M DMSO is -134°C. 

 

The total strain in a Maxwell fluid is a combination creep, elastic, and thermal strains: 

�̇�𝑡𝑜𝑡𝑎𝑙 = �̇�𝑐𝑟𝑒𝑒𝑝 + �̇�𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + �̇�𝑡ℎ𝑒𝑟𝑚𝑎𝑙 (3) 

�̇�𝑐𝑟𝑒𝑒𝑝 =
𝑺

2𝜂
 (4) 

(c) 
(a) (b) 
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�̇�𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =
1

𝐸
[(1 + 𝜈)�̇� − 𝜈𝑰 ∙ 𝑡𝑟(�̇�)] (5) 

�̇�𝑡ℎ𝑒𝑟𝑚𝑎𝑙 = 𝛽�̇�𝑰 (6) 

where S is the deviatoric stress tensor,  is the viscosity, E is the elastic modulus,  is the Poisson 

ratio, I is the identity tensor, tr is the trace matrix, and β is the linear thermal expansion coefficient. 

 

The propagation of polarized light along a beam is simulated with MATLAB based on stress 

analysis results. Here, a sequence of thin layers is modeled, stacked perpendicular to the path of 

light propagation. The stress-optic relationship [5] is used in this study to calculate the relative light 

retardation variable, δ, as it passes through a single layer of the material: 

𝛿 = 𝑡
𝜎1 − 𝜎2

𝑓𝜎
 (7) 

where t is the thickness of the material, σ1 and σ2 are the first and second principal stresses, and   

fσ is the fringe constant. Equation (7) represents light retardation in each layer under the assumption 

of a two-dimensional (2D) stress distribution, an assumption that is addressed later on in this study. 

The light retardation variable can also be estimated from the wavelength of the polarized light, λ, 

and the number of fringes observed in an experiment N: 

𝛿 = 𝑁𝜆 (8) 

In this context, one fringe is a cyclic spectrum pattern, shifting from dark to bright and then to dark 

again on the captured image. Only one half of the cycle was observed in this study, which means 

that N = 0.5. fσ is found experimentally by substituting Eq. (8) into Eq. (7) [5]. It is noted that the 

method of analysis presented here is qualitative only, since the approximated value of fσ and the 

experimentally generated results are dependent upon the imaging hardware.  

 

To analyze light refraction through the CPA domain, each beam of light is divided into 25 

segments, which is the number of elements in the FEA along the predefined contours. Each of these 

segments is further subdivided into n parallel layers of material, which are individually analyzed 

for light transmission. The stress field in each of the sublayers is interpolated from the FEA results. 

A convergence study indicated that n = 4500 is sufficient for light variations within 1% of full 

spectrum. Since the computation cost of path subdivision is low, n = 5000 is selected in this study 

to provide safety margins in calculations. In order to calculate the overall light decay across the 

domain, the subdivided layers are analyzed sequentially, where the intensity entering one sublayer 

is the intensity leaving the preceding sublayer after light retardation across it (Eq. 7).  

 

In order to simulate the intensity field outcome, parallel light beams are selected for intensity 

calculations, while the remaining field is bilinearly interpolated between them. The light beams are 

selected at 0.5 mm and 1 mm increments in the horizontal and vertical directions, respectively. The 

horizontal increments become coarser at the wall, where the intensity gradient is moderate. 

Excluding the cavity at the center of the domain, this scheme yielded 49 light beams. 

 

 

3 RESULTS AND CONCLUSIONS 

 

Figure 2 displays simulated image intensity in comparison with experimental results from a 

selected experiment of vitrification. Figure 2 is taken at the point in time when the simulated 

intensity reaches maximum (t = 587 s). Three subsections are illustrated in Fig. 2, conveniently 

aligned with the simulated beams of light: (W) which is a 2.1 mm-wide section from the wall, (I) 

which is a 1.5 mm-wide intermediate section, and (C) which is the center most section and is 1.5 

mm wide. Simulation results and experimental data display similar light intensity patterns in 

sections C and I. For example, a dark path can be seen at the bottom-right portion of section C in 

both cases. Similarly, the light intensity increases in the horizontal direction in section I, from the 

center of the cuvette towards its wall. 
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Simulation results and experimental data do not display good agreement in section W. This 

disagreement is associated with the 2D stress field assumption for sublayers analysis, as discussed 

in the context of Eq. (7). This assumption would yield realistic results only when the third principal 

stresses coincides with the direction of the light beam. Detailed inspection of the stress distribution 

across the domain suggests that the last condition is closely satisfied only in areas I and C. 

 

In summary, good agreement was observed between experimentally captured and computer-

simulated light intensity images, due to the effect of mechanical stress on polarized light 

propagating through the domain. Good agreement is observed only when one of the principle 

stresses coincides with direction of light propagation.  
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Figure 2: Comparison of simulated (a) and experimental (b) results of image intensity in the region 

of interest in Figs. 1(b) and 1(c). 
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SUMMARY 
 

This study explores the relationships between prostate shapes and the difficulty in creating a 
computer-based plan for cryosurgery. A recently developed cryosurgery-simulator has been used, 
which is the foundation of computerized training tool. Results suggest planning quality increases 
with the increasing number of cryoprobes, regardless of the prostate shape. This study also 
demonstrates that optimal cryoprobe layout is associated with prostate models that better resemble 
a sphere. It is shown that a subdomain smaller by 7-9 mm of the prostate capsule could serve as a 
superior initial condition for automated planning and can be adopted as a concept for traditional 
training. 
 
Key words:  Cryosurgery, Planning, Simulation, Bioheat, Prostate, Geometric Modeling 
 
 
1   INTRODUCTION 
 
Cryosurgery of the prostate is a minimally invasive procedure, performed by strategically placing 
an array of cryoprobes within a target region. These cryoprobes generate a frozen region, which 
triggers a sequence of events, ultimately leading to selective injury and cell death [1]. The target 
region in prostate cryosurgery may be the entire gland or a preselected portion of it [2].  
 
Sound planning of the cryoprobe layout is crucial [2] in order to maximize freezing damage within 
the target region, while minimizing damage to surrounding tissues. The number of cryoprobes, 
their layout, and the forced thermal history on each cryoprobe are the key parameters in 
cryosurgery planning. An ideal cryoprobe plan is associated with the creation of a three-
dimensional (3D) thermal field such that a pre-selected isotherm (the planning isotherm) matches 
the outer surface of the target region. Mismatch between the isotherm and target region is termed as 
defect [3]. 
 
Computerized planning tools are called for in order to solve the defect-minimization problem (i.e., 
an optimization problem), although the common practices relay on the cryosurgeon experience and 
a trial and error approach. Prior studies focused on the developing of computation tools for 
planning [2-9] and training [8,9]. The current study aims at exploring possible relationships 
between various prostate shapes and the difficulty to create an optimal computer-generated plan. In 
particular, this study targets two commonly accepted beliefs that: (1) regardless of the geometry of 
the prostate, an increase in the number of cryoprobes leads to a decrease in the overall defect 
volume, and (2) shapes closer to a sphere show smaller overall defects. The relationship between 
the prostate shape, the optimal region to place cryoprobes, and the resulting defect distribution is 
analyzed in this study.  
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2  METHODOLOGY 
 
This study uses the concept of defect region [3] in cryoprobe layout planning, which is calculated 
with respect to a planning isotherm. The defect is a volumetric quantity, including regions external 
to the target region which are overcooled (exposed to cryoinjury) and regions internal to the target 
region which are undercooled (insufficient cryodestruction). Both the overall volume and the 
distribution of the defect are of significance. 
 
Nine prostate models including the urethra were used in the current study. Four models were 
reconstructed from preclinical ultrasound scanning [10], while remaining five models were 
developed by geometric deformation from a template based on histo-pathologic statistics [11]. The 
study focuses on cryoprobe layouts containing between 7-14 cryoprobes, consistent with clinical 
practices. The constraints imposed on cryoprobe placement in this study are: (1) minimum distance 
between a cryoprobe and the prostate capsule of 3 mm, (2) minimum distance between a cryoprobe 
and urethra of 3 mm, and (3) at least 1 mm between two neighboring cryoprobes in the transverse 
plane. Each cryoprobe layout is generated by running a bubble-packing algorithm [4], followed by 
a bioheat simulation [12]. Since bubble packing outcome is sensitive to the initial bubble 
placement, computerized planning has to be repeated many times with random initial conditions, to 
find the best layout that has the minimum defect from all possible cases. Eventually, the cryoprobe 
layout characterized by the minimum defect among the sequence of n planning attempts tested in a 
batch is considered as the global minimum, Dmin(n), and the corresponding cryoprobe layout is 
considered the optimal cryoprobe layout among that batch.  
 
The defect value was then compared with the extent to which the prostate model deviates from a 
sphere as one measure of cryoprobe layout planning difficulty. For a sphere, the volume was 
selected to be equal to that of the prostate model. The sphere center was displaced such that a 
distance mismatch, which is the average normal distance from the sphere to the prostate, will be 
minimized.  A volume enveloping all the cryoprobes for a particular cryoprobe layout was created 
and Hausdorff distances were computed to compare the generated volume with the prostate 
geometry.  
 
 
3  RESULTS AND 
CONCLUSIONS 
 
Consistent with a common concept, 
results of this study indicate that the 
overall defect volume decreases with an 
increase in number of cryoprobes, 
regardless of the geometry of the 
prostate. Results of this study 
demonstrate that the optimal cryoprobe 
layout is associated with a smaller 
defect for symmetric prostate 
geometries and, independently, for 
prostate models that better resemble a 
sphere. Table 1 lists the defect values 
obtained for selected models and their 
deviation from the sphere. Figure 1 
displays the global minimum defect for 
various prostate models as a function of 
the batch size for planning. In general, a 
smaller defect was observed when the 
urethra passes through the center of the 
prostate model. These conclusions can 
be used in generating target shape 
models of various difficulty levels for 
computer-based training. 

Figure 1: Defect as a function of the number of 
cryoprobes used for an optimal cryoprobe layout 
for selected models. 

365



 
Figure 2: Subdomain containing all the cryoprobes in an optimized cryoprobe layout: (a) Model 6 
with 14 Cryoprobes (d=15.2%); (b) Model 1with 14 Cryoprobes (d=15.9%); (c) Model 9 with 10 
probes (d=24.5%); and (d) Model 4 with 14 probes (d=18.9%). The blue dots correspond to the 
center of the active surface of the cryoprobes. 
 

 
Table 1: Defect volume for selected prostate models and a varying number of cryoprobes 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Since the duration of a computer-generated plan is dependent upon a random initial condition, a 
possible large batch of different cases may need to be screened before the best possible cryoprobe 
layout is identified. When starting from a random cryoprobes placement, over 120 consecutive 
computerized planning trials may need to be executed before the global minimum-defect layout is 
identified at an accuracy level relevant to ultrasound imaging (1 mm uncertainty).  The size of the 
same batch can be reduced dramatically by creating a subdomain, which is similar to prostate 
capsule shape but smaller in dimensions (7 to 9 mm from all sides). This sub domain is expected to 
contain all the cryoprobes at the end of the computerized planning process. Similarities between the 

Model 
Number 

Model 
Volume

, cc 

Mean normal distances 
between the sphere and 

the prostate capsule, mm 
Defect, % 

            ΔLdisplaced 7 Probes 10  Probes 14  Probes 
1 35.0 1.53 29.6 19.8 15.9 
2 35.0 2.12 29.8 20.9 18.3 
3 34.9 2.09 32.4 23.5 18.9 
4 35.1 2.63 34.5 24.4 21.8 
5 35.3 1.62 31.8 20.7 17.0 
6 34.8 1.47 30.0 18.4 15.7 
7 35.0 2.23 32.2 22.5 20.0 
8 35.0 1.62 29.1 19.7 16.1 
9 35.0 2.08 32.3 23.7 20.9 
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prostate model shape and the envelope (sub domain) could yield guidelines for cryoprobes 
placement, while simplifying the cryosurgery planning process. Creating such a subdomain may 
also be beneficial during traditional cryosurgery training, when computerized planning tools are 
absent.  
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SUMMARY
We model the interaction between blood flow, arterial wall deformation and a blood clot. The blood

clot is fully coupled with the wall deformation as well as with the pulsatile blood flow. A novel
partitioned scheme is introduced. Model simulations are used to verify the numerical scheme and
study the effects of the material properties of the blood clot on the fluid flow.

Key words: blood clots, fluid-structure interaction, partitioned scheme

1 INTRODUCTION

We model the interaction between blood flow, arterial wall deformation and a blood clot. This multi-
physics problem features three different types of interaction: blood flow-arterial wall interaction,
blood flow-blood clot interaction, and arterial wall-blood clot interaction. As a consequence, numer-
ical algorithms that split the blood flow dynamics, arterial wall mechanics, and blood clot dynamics
are a natural choice. We propose a stable, partitioned method to solve the coupled problem. The
scheme has been numerically analyzed for stability in [1].

Numerical results are used to verify the stability properties. Furthermore, numerical simulations are
preform to study how material properties of a blood clot effect the blood flow in the lumen.

2 METHODOLOGY

With the assumption that we consider blood clots in medium-to-large vessels, we model blood flow
using the Navier-Stokes equations for an incompressible, viscous fluid:

ρf (∂tv + v · ∇v) = ∇ · σf , (1)

∇ · v = 0, (2)

where v is the fluid velocity, σf = −pfI+2µfD(v) is the fluid stress tensor, pf is the fluid pressure,
ρf is the fluid density, µf is the fluid viscosity andD(v) = (∇v+(∇v)T )/2 is the strain rate tensor.

The arterial wall is modeled using equations of linear elasticity. In particular, we consider the thin
wall model given by

ρmh∂ttη +Lη = f , (3)

where L is a linear differential operator derived from the elastic energy of the thin structure. The
structure displacement is denoted by η, the structure density is denoted by ρm, the structure thickness
by h, and the vector of the surface density of the force applied to the shell by f .

Finally, we model the blood clot as a poroelastic material. Its dynamics is described by the Biot’s
equations of dynamic poroelasticity [?, ?, ?], which read as follows

ρb∂ttU + ρq∂tq = ∇ · σp, (4)

κ−1q = −∇pp − ρq∂ttU −m∂tq, (5)
1

M
∂tpp + α∇ · ∂tU +∇ · q = 0, (6)
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where the displacement is denoted by U , the average velocity of fluid relative to the velocity of the
solid is denoted by q, and the fluid pore pressure is denoted by pp. The stress tensor of the poroelastic
medium is given by σp = σE(U)− αppI, where σE(U) denotes the elasticity stress tensor. Given
the density of the solid material ρs and the fluid density ρq, the density of the solid-fluid mixture is
defined by ρb = (1− φ)ρs + φρq, where φ is porosity. The hydraulic conductivity tensor is denoted
by κ, and m = 1

φρq. Finally, α and M are the Biot parameters accounting for the compressibility
in the two-phase material. The Biot modulus M is the inverse of a storage coefficient, defined as the
increase of the amount of fluid as a result of a unit increase of pore pressure under constant volumetric
strain.

The blood flow, arterial wall deformation and blood clot are fully coupled in our model. In particu-
lar, between blood flow and wall deformation we impose the no-slip condition and conservation of
momentum [?]. Between wall and blood clot we impose continuity of the displacement, zero relative
mass flux and continuity of contact forces [?]. Finally, between blood flow and blood clot we impose
the continuity of normal flux, the Beavers-Joseph-Saffman slip condition, momentum conservation
and balance of contact forces [?].

A partitioned numerical scheme is proposed, where the coupled problem is split into the fluid sub-
problem, elastic structure sub-problem and poroelasticity sub-problem. The details of the scheme and
proof of stability are presented in [?].

3 RESULTS AND CONCLUSIONS

A novel partitioned scheme for the interaction between fluid, elastic structure and poroelastic material
is proposed. The scheme is used to model the interaction between blood flow, arterial wall deforma-
tion and blood clot. Model simulations are used to investigate the effects of the material properties of
the blood clot on the blood flow. Our results on a benchmark problem simulating pressure propaga-
tion in an idealized, clotted artery indicate that the flow patterns highly depend on the compressibility
of the blood clot, see Figure ??.

Figure 1: Propagation of the fluid pressure wave, Darcy pressure, and the velocity vectors at four different
times. In the first column the blood clot is significantly more compressible than in the second column.
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SUMMARY 

 

In this paper, a workflow within the VPH-DARE@IT Clinical Research Platform is presented. This 

is used to model the biomechanical behaviour of perfused brain tissue. This workflow features a 3D 

multicompartmental poroelastic framework, patient-specific brain anatomy representations and 

continuous waveforms of internal carotid and vertebral arteries, which are used as a means of 

personalizing the boundary conditions that feed the arterial compartment of the in-house 

poroelastic solver. Results are shown comparing CSF/ISF clearance and accumulation in two males 

of similar age, both are non-smokers, however one is more active and is diagnosed with MCI and 

experiences less sleep.  

 

Key words:  Dementia, Poroelasticity, Periventricular Lucency, FEM 

 

1   INTRODUCTION 
 

Dementia is a general term for a range of progressive, organic brain diseases that are characterized 

by problems of short-term memory, disturbances in language, psychological changes, psychiatric 

changes and lifestyle impairments [1-3].  

 Forty-six million people currently live with dementia [4], whilst by 2050, this number is 

expected to rise to 132 million [5]. The estimated cost of Dementia will increase from $818 billion 

in 2015 to over $1,000 billion by 2018 [5].  

 Mild cognitive impairment (MCI) is defined as a state between normal aging and dementia. 

It is defined as objective cognitive impairment relative to the person’s age, with concern about the 

cognitive symptoms, in a person with essentially normal functional activities who does not have 

dementia [6]. It affects 19% of people age 65 and over [7]. Around 46% of people with MCI 

develop dementia within 3 years, compared with 3% of the age-matched population [8]. 

 The capability to model transport of the fluid content of the brain, in a personalised manner 

and from first principles, is essential for enhancing the biomechanical understanding of functional 

features like perfusion and clearance. This understanding is expected to yield novel information 

(and novel biomarkers) especially regarding early stages of diseases of old age, such as dementia. 

 In this paper, we describe a consolidated pipeline which embeds the following: (i) the three 

dimensional finite element based discretization of the multiple-network poroelastic theory (MPET), 

(ii) MRI image acquisition, segmentation, surface correction, smoothing and ultimately mesh 

generation of the parenchymal and cerebroventricular volumes and finally, (iii) a subject-specific 

boundary condition model consisting of a coupled lumped parameter circulation model, surrogate 

model and cerebral autoregulation model. 
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2  METHODOLOGY 
 

2.1 Multiple-Network Poroelastic Theory (MPET) 

 

MPET is used to develop a spatio-temporal model of tissue displacement and fluid regulation in 

varying scales within the cerebral environment. The field equations are discretized using the finite-

element method, and in all three spatial dimensions. 

 Specifically, the field equations of the MPET system stem from the fully dynamic, classical 

Biot system [9]. For a single compartment, this consists of the Navier equation representing 

momentum balance, and the Duhamel equation for the mass balance representing the diffusive 

Darcy fluid flow: 
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In equations 1a and 1b, ρ represents the density of a porous and permeable matrix, ρf represents the 

density of the fluid, λ and μ are the Lamé parameters (dilation and shear moduli of elasticity), α is 

the Biot-Willis constant, κ is the symmetric permeability tensor divided by the fluid viscosity, γ is 

the constrained specific storage coefficient, g is the gravity vector, s is a source/sink term and 

finally, u and p are the solid matrix displacement (mean displacement of particles forming the solid 

matrix) and the scalar pore pressure, respectively. 

 In its current form, the MPET model comprises of four separate fluid compartments, 

arterial blood (a), arteriole/capillary blood (c), venous blood (v) and CSF/ISF (e) [9]. The resulting 

MPET system is: 
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In the above equations, the fluid phase continuity equations include the sum of all interporosity 

fluxes (sxy), from network y to x. Here, the transfer is considered to be driven by a hydrostatic 

pressure gradient (of the form,  xy xy y xs p p  ), where ωxy is the transfer coefficient scaling the 

flow from network y to network x. 

 

2.2 Verification of MPET poroelastic solver 

 

In order to ascertain the accuracy of the 3D MPET poroelastic solver, the numerical code is verified 

against two consolidation problems, i.e. Terzaghi’s and Mandel’s [10,11] problems, respectively. In 

both of these simulations, a special case of the MPET system is utilized, specifically that of using a 

single compartment. Excellent agreement exists between the analytical and numerical solutions. 

 

 

 

 

 

 

 

 

 
Figure 1. Terzaghi’s 1D consolidation problem: (Left) Plots of dimensionless pore pressure against dimensionless vertical 

distance. (Center) Plots of dimensionless vertical displacement against dimensionless vertical distance. Mandel’s 2D 

consolidation problem: (Right) Plots of dimensionless pore pressure against dimensionless horizontal distance from the 

center. Coloured curves represent the analytical solutions in all three plots. 
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2.3 Consolidated pipeline 

 

A depiction of the consolidated pipeline can be seen in Figure 2 below. The personalization of the 

cerebral geometries is achieved by a separate pipeline that comprises of: (i) Image segmentation of 

sub-cortical and whole brain segmentation of T1-weighted images, (ii) Diffusion tensor field 

estimation, (iii) Image registration, (iv) volumetric mesh generation and (v) permeability tensor 

field interpolation.  

 The second integral component of the consolidate pipeline involves an overarching 

subject-specific boundary condition model, intricately consisting of a lumped parameter circulation 

model, surrogate model and cerebral autoregulation model. This component yields subject specific 

boundary condition profiles for the arterial compartment of the MPET system, and is able to 

provide subject-specific measurements of internal carotid and vertebral artery flow in both left and 

right sides of the cerebrum and cerebellum. These values are divided by the surface area of each 

corresponding surface region (left/right cerebellum/cerebrum) and subsequently converted into a 

Neumann boundary condition via the use of the porosity of the arterial compartment. This 

ultimately gives rise to a detailed atlas of voxel specific arterial pore pressures, which have been 

directly influenced by the adoption of the feeding territories as boundary conditions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Consolidated poroelastic pipeline. 

 

3 RESULTS AND CONCLUSIONS 

 

In Figure 3 below, a sample of the type of results that can be investigated in detail are shown. The 

below results correspond to a period of high activity for both MCI patient and control subject. In 

this set of results, Control 18 corresponds to a 77-year-old male, non-smoker, weighing 64 kg and 

has stated that he spends between 15-29 minutes per day on leisure activities and an average 

sleeping pattern. MCI 16 is a 78-year-old male with MCI, a non-smoker, weighing 70 kg, spends 

over 1 hour on his daily leisure whilst only achieving just under 6 hours of sleep. The CSF/ISF 

clearance corresponds to the Darcy filtration velocity of the CSF/ISF compartment, whilst CSF/ISF 

accumulation corresponds to the fluid increment in the same compartment. Periventricularly, it can 

be seen in Figure 3 that clearance of CSF/ISF is high, with the MCI patient exhibiting a lower peak 

CSF/ISF clearance of ~ 0.8 µm/s compared to ~ 5 µm/s for the control subject in the deep 

parenchyma. Both control and MCI cases appear to have a similar peak clearance rate of ~ 1 cm/s.   

 For the results allied to CSF/ISF accumulation, it is observed that fluid tends to accumulate 

around the ventricles yet also exhibits peak drainage at the ventricular areas of highest concavity. 

The MCI patient accumulates and drains more CSF/ISF compared to the healthy case, even though 

the ventricular volume is smaller for the MCI patient. This qualitatively agrees with previous 

results [9]. Periventricular lucency (PVL) [12] is represented by increased CSF/ISF content in the 
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periventricular regions, and is stipulated to be a result of ependymal surface breakdown. In theory, 

this helps alleviate some of the increased pressure in the ventricles by allowing for some CSF 

extravasation and subsequently edema formation (frontal horns, where peak drainage occurs). This 

mechanism could be achieved with the possible assistance of Aquaporin-4 [13], which lines the 

ependymal surface. Peña and colleagues [14] describe how the concavity of the ventricles helps 

accumulate expansive stresses on the horns of the ventricles, which as is now known could induce 

swelling activated Cl− channels such in microglia, and therefore facilitate periventricular lucency 

[15,16].  

 Results corresponding to a period of low activity (sleep) for the same subject and patient 

show a CSF/ISF clearance (range of ~ 1cm/s to ~ 5 µm/s) and fluid accumulation (2.35 to -0.2) for 

the healthy case, and a range of ~ 7 mm/s to ~ 0.3 µm/s and 2.66 to -1.15 for the MCI patient 

respectively. This type of comparison may assist in the interrogation of whether a paravascular 

pathway facilitates the clearance of solutes from the brain parenchyma, as it has been shown that 

mice lacking astrocytic Aquaporin-4 exhibit reduced solute clearance (such as amyloid-β). This 

type of modelling could therefore aid in providing valuable information allied to disease 

progression in Alzheimer’s disease [17]. Other sets of results currently being scrutinized include a 

healthy 82-year-old female and an 83-year-old female with MCI and two 66-year-old males 

(control and MCI).   
 

 

    

 

 

 

 

 

 

 

 

 

   
Figure 3. CSF/ISF clearance (left pair) and CSF/ISF accumulation (right pair) results for the control (C18) 

and MCI (MCI16) case respectively.   
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SUMMARY
We adopt an arbitrary Lagrangian-Eulerian (ALE) approach in the formulation of a finite element
method (FEM) to solve a poroelastic problem stemming from mixture theory. The problem is moti-
vated by the study of interstitial fluid flow in brain tissue. We focus on a flow regime in which inertia
forces are negligible. A stabilization scheme is proposed and convergence is discussed through nu-
merical experiments.

Key words: FEM, ALE, Theory of Mixtures, Poroelasticity

1 INTRODUCTION

A central problem in brain physiology is the transport of metabolites produced by cell functions
in brain tissue from their production site to the main cerebrospinal fluid (CSF) compartment. The
modeling of these transport phenomena has traditionally focused on Fickian diffusion within the
extracellular space. More recently, the studies by Iliff and co-workers [1] point to the existence
of significant convective transport. Motivated by these new findings, we consider a poroelasticity
model of transport in brain based on mixture theory in which an incompressible fluid flows through
an incompressible solid skeleton capable of large deformations. The motivation for this approach is
that, eventually, we wish to study convective transport of multiple species with a characterization of
corresponding velocity fields. In this abstract we present the main mathematical result pertaining to
our stabilized FEM formulation. We will also include preliminary results relevant to brain physiology.

2 GOVERNING EQUATIONS

2.1 Strong form

We consider the motion of a porous body saturated by an incompressible fluid. The solid phase
is assumed to be hyperelastic and incompressible. We model the system with theoretical setting in
[2], in which the governing equations are developed in Eulerian form over the current configuration.
However, we pull back to the reference configuration of the solid Bs, here taken to be the initial
configuration of the system, and under the assumption that the motion is quasi-static so as to neglect
inertia terms. The governing equations supported over Bs are:

0 = ∂tus − vs, (1)

0 = −ξRsρ
∗
sbs + ξRsF

−T
s ∇Xs p−

(
Js − ξRs

)2 µf

Jsks
(vf − vs)−∇Xs ·Pe, (2)

0 = − (Js − ξRs)ρ
∗
f bf + (Js − ξRs)F

−T
s ∇Xs p+

(
Js − ξRs

)2 µf

Jsks
(vf − vs), (3)

0 = F−T
s :∇Xs

[
ξRs

Js
vs +

(
1− ξRs

Js

)
vf

]
, (4)
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where ρ∗s is the density of the solid as a pure species, and ρ∗f is the corresponding density of the fluid,
us and vs are the displacement and velocity of the solid skeleton, respectively, vf is the velocity of
the fluid phase, ξRs is the volume fraction distribution of the solid phase in its reference configuration,
Fs is the deformation gradient of the solid’s motion, Js = det(Fs), p is the pore pressure, ∇Xs is the
gradient relative to position in the solid]s reference configuration, µf is the fluid’s dynamic viscosity,
and ks is the solid’s permeability. Finally, the colon denotes the inner product of tensors, ∂t denotes
differentiation with respect to time, bf and bs are body force fields per unit mass acting on the fluid
and the solid, respectively, and Pe is the solid’s elastic contribution to the first Piola-Kirchhoff stress
tensor. The above equations, once complemented with appropriate boundary and initial conditions,
allow the determination of the system’s motion described by the four fields us, vs, vf , and p. An
additional field of interest is the filtration velocity vflt = (1− ξRs/Js)(vf − vs).

2.2 Weak form

To motivate our choice of weak formulation, we remark that ξRs is expected to be spatially varying
field to be determined experimentally. For applications in brain mechanics, these measurements are
often characterized by a high uncertainty. Hence, we assume that ξRs ∈ L∞(Bs). This assumption
implies that our weak formulation must not contain spatial differential operators act on ξRs . Fur-
thermore, as the equations presented above derive from the reformulations of equations supported
on the current configuration of the system and then pulled back to the reference configuration of the
solid, the map that is responsible for this remapping is subject to smoothness requirements so as to
guarantee the existence of a smooth inverse. For these reasons, the functional setting for our weak
formulation is as follows:

Vus :=
{
us ∈ L2(Bs)

d
∣∣∇Xs us ∈ L∞(Bs)

d×d,us = ūs on ΓD
s

}
, (5)

Vvs :=
{
vs ∈ L2(Bs)

d
∣∣∇Xs vs ∈ L2(Bs)

d×d,vs = ∂tūs on ΓD
s

}
, (6)

Vvf :=
{
vf ∈ L2(Bs)

d
∣∣ ∇Xs vf ∈ L2(Bs)

d×d}, (7)

Vp :=
{
p ∈ L2(Bs)

d
∣∣ ∇Xs p ∈ L2(Bs)

d×d}. (8)

where Bs denotes the reference configuration of the solid, d = 2, 3 is the space dimension, ΓD
s

denotes the portion of the boundary on which Dirichlet data are prescribed. Given a field, say us, we
denote the corresponding test of function by ũs. Furthermore, we denote by Vus

0 and Vvs
0 functional

spaces defined like Vus and Vvs , respectively, except for the replacement of the Dirichlet boundary
conditions with their homogeneous counterparts. Finally, using the argument presented in [3], we
select ∂tus in the pivot space Hus such that Vus ⊆ Hus ⊆

(
Hus

)∗ ⊆ (Vus
)∗, where the superscript

asterisk denotes the dual space. We then consider the following weak formulation:

Problem (Abstract Weak Formulation — ALE Framework). Given appropriate initial and boundary
conditions, find us ∈ Vus , vs ∈ Vvs , vf ∈ Vvf , and p ∈ Vp such that, for all ũs ∈ Vvs

0 , ṽs ∈ Vvs
0 ,

ṽf ∈ Vus , and p̃ ∈ Vp, ∫
Bs

ũs · (∂tus − vs) = 0, (9)

and

−
∫
Bs

∇Xs p̃ · F−1
s

[
ξRsvs + (Js − ξRs)vf

]
+

∫
ΓN
s

p̃ JsF
−1
s vs · ns +

∫
ΓD
s

p̃ JsF
−1
s v̄s · ns

+

∫
Bs

ṽf · (Js − ξRs)ρ
∗
f

[
∂tvf + (∇Xs vf)F

−1
s (vf − vs)− bf

]
+

∫
Bs

ṽf ·
[
(Js − ξRs)F

−T
s ∇Xs p+ (Js − ξRs)

2 µf

Jsks
(vf − vs)

]
+

∫
Bs

ṽs ·
[
ξRsρ

∗
s (∂tvs − bs) + ξRsF

−T
s ∇Xs p− (Js − ξRs)

2 µf

Jsks
(vf − vs)

]
+

∫
Bs

∇Xs ṽs : Pe −
∫

ΓN
s

ṽs ·
(
s̄ + JspF

−T
s ns

)
= 0,

(10)
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where s̄ is a prescribed boundary traction field over the Neumann portion of the boundary, and where
ūs and v̄s are prescribed Dirichlet data for us and vs, respectively.

We note that, to avoid spatial differentiation of ξRs we have applied the divergence theorem on Eq. (4)
expressing the incompressibility of the constituent species.

3 STABILIZATION

We implement the above weak form using a standard Galerkin approach. Somewhat similarly to the
Navier-Stokes problem, the choice of FEM spaces for the above problem is fraught with difficulties.
We present a stabilization of the above nonlinear problem using a strategy first suggested by Masud
and Hughes [4] for the linear Darcy problem. Specifically, we add to the formulation above the
following term:

1
2

∫
Bs

(
Jsks

µf
F−T

s ∇Xs p̃−(Js−ξRs)(ṽf−ṽs)

)
·
[
−ρ∗f bf+F−T

s ∇Xs p+
(Js − ξRs)µf

Jsks
(vf−vs)

]
. (11)

4 RESULTS AND CONCLUSIONS

4.1 Numerics

We prove that the overall formulation is stable. As the above stabilization scheme is strongly consis-
tent, our formulation guarantees convergence. We investigated the convergence rates of the formu-
lation through a series of numerical tests, in which we find that despite the nonlinear nature of the
problem, these match and sometime exceed the optimal estimates in [4]. An example is presented in
Fig. 1, in which the FEM spaces for all fields are second order Lagrange polynomials on triangular
element domains. A similar result is not obtained for triangles without stabilization.

Figure 1: Convergence rates for the L2-norm (left) and the H1-(semi)norm (right) of the error at t = 0.7 s
(the simulation spanned an interval of 1 s) with ξRs

= 0.5 and triangular element domains with second order
Lagrange polynomials for all fields.

4.2 Interstitial flow in brain

Iliff and co-workers [1] have emphasized the role of convection of interstitial fluid in the tissue sur-
rounding arteries in brain parenchyma. Particularly important are thearteries penetrating into the brain
from the region immediately underneath the subarachnoid space. Iliff and co-workers [1] also em-
phasize the role of pulsation, induced by the heart beat, as the main mechanisms driving the flow of
interstitial fluid. To begin testing these hypotheses, we considered a segment of a penetrating artery
and a cylindrical domain of brain tissue surrounding the artery. The inner radius of the cylinder, co-
inciding with the outer diameter of the artery was taken to be ri = 10µm. The outer diameter of the
cylinder was taken to be ro = 10µm, roughly corresponding to the average half-distance of penetrat-
ing arteries in the murine brain. The length of the cylinder was set to the wavelength of a hear beat
peristaltic wave. The rest of the parameters needed for the calculation has been taken from available
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literature [5, 6, 7] in which porosity is typically estimated from fixed tissue measurements (cf. [7]).
We used a referential porosity of 0.1, that is, ξRs = 0.9. As the motion is studied in a regime of large
deformation, the porosity change with deformation is accounted for. Periodic boundary conditions
were applied at the two ends of the cylinder. Figure 2 shows the radial and longitudinal components of

Figure 2: Radial (left) and longitudinal (right) components of the interstitial fluid velocity field induced in the
brain tissue surrounding as artery whose walls move due to a peristaltic wave.

the fluid velocity induced in the tissue by a peristaltic wave. Postprocessing of this result indicates that
the average filtration velocity induced in the tissue is on the order of 10−13 m/s. This result indicates
that, given the currently accepted estimates of the porosity, that is, of the interstitial space available
for fluid flow, the resulting convection is practically negligible next to the estimates of diffusive flow
(cf. [6]). However, as strongly emphasized by Korogod and co-workers [7], new techniques in brain
tissue characterization are revealing a much different picture of what in vivo conditions could be for
brain extracellular space. More careful calculations based on the modified anatomical measurements
are being currently considered by the authors.
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SUMMARY 

 
Element Free Galerkin (EFG) solution methods are better suited for computing soft tissue 
deformations than the finite element method (FEM). Nevertheless, there are several problems that 
prevent their use in practice: they do not work for any arbitrary nodal distribution, essential 
boundary conditions (EBC) are difficult to impose, and the accuracy of numerical integration 
cannot be controlled. In this paper we present a suite of recently developed algorithms which 
address all these problems, in the context of a Meshless Total Lagrangian Explicit Dynamics 
(MTLED) solution method. We include a 3D example which assesses the accuracy of the proposed 
meshless framework against the commercial finite element software ABAQUS.  

 
Key words:  Meshless Method, Soft Tissue Deformation, Essential Boundary Conditions, Modified 
Moving Least Squares, Adaptive Integration 
 
 
1   INTRODUCTION 
 

For the last 40 years, Finite Element Analysis (FEA) has been the method of choice in 
computational biomechanics. Despite unquestionable progress achieved using FEA, its limitations 
have been highlighted in the literature in the context of patient-specific applications, where 
compatibility with a clinical workflow is essential. These limitations include: a) time-consuming 
generation of patient-specific computational grids (finite element meshes) from medical images — 
a process that requires image segmentation, creation of water-tight surfaces from the segmentation 
and discretization of the complex geometries of body organs defined by these surfaces into 
interconnected meshes of high-quality elements; and b) deterioration of the solution accuracy when 
elements undergo distortion under large deformations induced by interactions between the body 
organs/tissues and surgical tools. In this context, Meshless Methods (MMs) [1, 2], such as Element 
Free Galerkin (EFG) method [3], have been suggested as a possible alternative to FEA. The 
complex finite element grid generation and element distortion problem are eliminated, as no mesh 
is required; only a set of nodes scattered within the domain and on the boundary of the domain is 
needed to discretize the problem space. However, meshless methods based on EFG formulation 
exhibit three major limitations: a) meshless shape functions using higher order basis cannot always 
be computed for arbitrarily distributed nodes (yet irregular node placement is crucial for facilitating 
automated discretization of complex geometries); b) challenges in imposing the Essential Boundary 
Conditions (EBC); and c) inaccurate numerical integration in space, as meshless shape functions 
are not polynomials [1, 2].  

The Moving Least Squares (MLS) [4, 5] has been the preferred choice of approximation in EFG 
due to its continuity and smoothness. However, the practical use of MLS with higher order 
polynomial basis is not trivial for arbitrarily distributed nodes. Therefore, we have developed a 
Modified Moving Least Squares (MMLS) approximation [3, 6, 7] which addresses this problem. 
The next limitation is the exact imposition of EBC which is crucial for accurate prediction of organ 
deformations due to surgery. For some classes of problems, driving deformation through EBC 
imposition can achieve accurate solutions without patient-specific information about tissue 

379



constitutive properties [8]; therefore, imposing EBC is crucial for patient-specific applications. 
However, the MLS derived shape functions in MMs are non-polynomial and non-interpolating 
rational functions. Thus, imposing EBC in MMs is not as trivial as in the FEA, as the shape 
functions do not possess the Kronecker delta property. Most methods proposed for imposing EBC 
in MMs are not applicable to explicit time integration , which enables real-time computations for 
surgery simulation on commodity hardware (off-the-shelf Graphics Processing Units) [9]. In this 
context, we have developed a new technique to impose essential boundary conditions in explicit 
meshless methods [7]. The other major limitation is the numerical integration in space in the 
Galerkin–type MMs where Gaussian quadrature over a background mesh is the preferred method. 
However, as MLS shape functions are not polynomials and their support domains may not align 
with the integration cells, there are errors associated with such integration. These errors have been 
addressed by a new adaptive quadrature algorithm [10].  

In this paper, we present an EFG framework for computing soft tissue deformations, based on the 
Meshless Total Lagrangian Explicit Dynamics (MTLED) solution method, that addresses the 
limitations of MMs discussed in this section through the use of MMLS shape functions, application 
of a new method of imposing the essential boundary conditions, and adaptive numerical integration 
in space. Although each of these solutions has been discussed in our previous publications, they 
have not been integrated in a comprehensive meshless algorithm, as we showcase here. 

2  METHODOLOGY 
 
2.1 Shape functions: modified moving least squares in 3D  
 
 The procedure for constructing the Modified Moving Least Squares (MMLS) shape function 
has been demonstrated in [6, 11, 12]. For the 3D case, the MLS error functional is modified as: 

 𝐽𝐽(𝐱𝐱) = ���𝑢𝑢ℎ�𝐱𝐱𝑗𝑗� − 𝑢𝑢𝑗𝑗�
2 𝑤𝑤��𝐱𝐱 − 𝐱𝐱𝑗𝑗��� + 𝜇𝜇𝑥𝑥2𝑎𝑎𝑥𝑥2

2
𝑛𝑛

𝑗𝑗=1

+ 𝜇𝜇𝑦𝑦2𝑎𝑎𝑦𝑦2
2 + 𝜇𝜇𝑧𝑧2𝑎𝑎𝑧𝑧2

2 +  𝜇𝜇𝑥𝑥𝑦𝑦𝑎𝑎𝑥𝑥𝑦𝑦2 + 𝜇𝜇𝑥𝑥𝑧𝑧𝑎𝑎𝑥𝑥𝑧𝑧2 + 𝜇𝜇𝑦𝑦𝑧𝑧𝑎𝑎𝑦𝑦𝑧𝑧2  (1) 

where the positive weights for the additional constraints form vector µ:   
 

 𝛍𝛍 = �𝜇𝜇𝑥𝑥2 𝜇𝜇𝑦𝑦2 𝜇𝜇𝑧𝑧2 𝜇𝜇𝑥𝑥𝑦𝑦 𝜇𝜇𝑥𝑥𝑧𝑧 𝜇𝜇𝑦𝑦𝑧𝑧� (2) 

Using the minimization procedure, the MMLS shape functions are derived as: 

 𝚽𝚽(𝐱𝐱) = [ ∅1(𝐱𝐱) …  ∅𝑛𝑛(𝐱𝐱) ] =  𝐏𝐏𝑇𝑇(𝐏𝐏𝑇𝑇𝐖𝐖𝐏𝐏+ 𝐇𝐇)−1𝐏𝐏𝑇𝑇𝐖𝐖 (3) 

where the only difference from the standard MLS shape functions is the inclusion of H, a 10x10 
matrix with all elements zeros except the last six diagonal entries, which are equal to μ: 

 𝑯𝑯 = �
𝐎𝐎44 𝐎𝐎46
𝐎𝐎64 𝑑𝑑𝑑𝑑𝑎𝑎𝑑𝑑(𝛍𝛍)� (4) 

2.2 Essential boundary conditions imposition for explicit meshless algorithm  
 
 The recently developed algorithm for imposing essential boundary conditions in Galerkin-type 
meshless method with explicit time integration has been presented in [7] and named Essential 
Boundary Conditions Imposition for Explicit Meshless (EBCIEM). The algorithm adds a 
displacement corrections 𝐮𝐮𝑐𝑐𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑐𝑐𝑛𝑛 to the displacement field 𝐮𝐮� predicted during time-stepping 
when the essential boundary conditions are ignored:   

 𝐮𝐮 𝑟𝑟+1 =  𝐮𝐮� 𝑟𝑟+1 +  𝐮𝐮𝑐𝑐𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑐𝑐𝑛𝑛 
𝑟𝑟+1  (5) 

𝐮𝐮𝑐𝑐𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑐𝑐𝑛𝑛 is computed using the difference between the imposed 𝐮𝐮� and current displacements 𝐮𝐮�:    

 𝐮𝐮𝑐𝑐𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑐𝑐𝑛𝑛 
𝑟𝑟+1 = 𝐏𝐏 𝑟𝑟 . [ 𝐮𝐮 

𝑟𝑟+1 −  𝚽𝚽   
 . 𝐮𝐮� 𝑟𝑟+1 ] (6) 

with 
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 𝐏𝐏 𝑟𝑟 =  𝐌𝐌−1. 𝐕𝐕 [𝚽𝚽   
 .𝐌𝐌−1. 𝐕𝐕 𝑟𝑟  ]−1 

𝑟𝑟  (7) 

where M is a diagonal mass matrix and V is a matrix of shape functions used for describing the 
load on the essential boundary. For the Total Lagrange formulation (where the undeformed 
configuration is the reference frame), 𝐏𝐏 𝑟𝑟  is a constant matrix that can be precomputed.  
 
2.3 Adaptive numerical integration in space 
 
 The adaptive quadrature algorithm for spatial integration [10] uses a specially constructed 
integrand f defined using the MMLS shape function derivatives: 

 𝑓𝑓(𝑥𝑥) = �� �∅𝑘𝑘 ,𝑥𝑥(𝐱𝐱)�
2

𝑛𝑛

𝑘𝑘=1

� �∅𝑘𝑘 ,𝑦𝑦(𝐱𝐱)�
2

𝑛𝑛

𝑘𝑘=1

� �∅𝑘𝑘 ,𝑧𝑧(𝐱𝐱)�
2

𝑛𝑛

𝑘𝑘=1

�
𝑇𝑇

 (8) 

The integrand f is integrated using a recursive integration procedure based on the splitting of the 
integration cells, until an error estimate is smaller than the user-defined tolerance. The resulting 
integration points and associated weights are saved and then used for numerical integration. 
 
3  RESULTS AND CONCLUSIONS 
 
As this study focuses on evaluating the capabilities of our meshless algorithms for soft tissue 
modelling rather than on creating comprehensive models of entire organs, we simulate the 
unconstrained compression of a cube (edge length of 100 mm) having brain-tissue-like constitutive 
properties (Figure 1). The meshless simulations are performed using the MTLED algorithm [13], 
using dynamic relaxation to achieve fast convergence to the steady state solution [14, 15]. The cube 
is discretised using 260 nodes. MMLS uses a constant influence domain for all nodes and the same 
weights for all the additional MMLS constraints (µ=10-7). The EBCIEM method is used to impose 
the EBC [7] and the adaptive numerical integration has an imposed integration accuracy of 0.1%. 
Similar to the neurosurgery simulation in [13], the constitutive behaviour is described using a 
hyper-elastic Neo-Hookean material model with Young′s modulus of 3000 Pa, Poisson’s ratio of 
0.49 and density of 1000 kg/m3. The cube is compressed by displacing the top surface by 20 mm. 
 
For verification, our results are compared with the solution obtained using the well-established 
non-linear finite element static solver from ABAQUS. The finite element model consists of 1683 
nodes and 1014 quadratic tetrahedral elements with hybrid, constant pressure formulation 
(C3D10H). The imposed displacements and material model result in uniform strain within the cube, 
and the finite element solution should be exact and independent of discretisation. The results 
indicate that the MMLS with adaptive integration algorithm outperforms classical MLS in terms of 
solution accuracy and provides the results very close to the exact solution obtained using FEA. For 
the given support domain radius, the classic MLS with quadratic basis failed due to the singularity 
of moment matrices (Table 1 and Figure 1). 
 

  
Figure 1. Differences of computed deformation fields between, a) classical MLS (linear basis) and 
ABAQUS. b) MMLS (quadratic basis, µ=10-7) and ABAQUS. Boundary conditions – Plane 1: 
dx=0; y, z unconstrained. Plane 2: dy=0; x, z unconstrained. Plane 3: dz= -20; x, y unconstrained. 
Plane 4: dz=0; x, y unconstrained).  

a) b) 
Plane 1 

Plane 2 

Plane 3 

Plane 4 (bottom) 
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Table 1. Difference in nodal displacements between the meshless and ABAQUS solutions for the 
cube compression simulation. The model is shown in Figure 1. 

Approximation 
Method 

Basis 
Function 

Adaptive 
Integration 

Integration 
Points EBCIEM Avg. Difference 

(mm) 
Max. Difference 

(mm) 

Classical MLS Linear No 5070 Yes 0.027809 0.10272 

Modified MLS Quadratic Yes 4992 Yes 0.016535 0.053706 

Classical MLS Quadratic Fails to compute due to singular moment matrices 
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SUMMARY 

 

A coupled collagen fiber-axon model was developed to study strain transmission from the 

extracellular matrix (ECM) to a nerve fiber (axons) within the matrix by physically tying a network 

of collagen fibers in the ECM to the axon. This model was used to study lateral loading in which 

the direction of loading is transverse to the major axis of the axon. For a range of axon stiffness 

values, the axonal strain was correlated with the alignment of collagen fiber structure relative to the 

axon and with the volume concentration of collagen fibers in the extracellular matrix. By predicting 

axonal deformation embedded in a collagen fiber network, this study provides information that 

helps understand how local tissue deformation effects the deformation-based physiological 

responses of the axons.  

 

Key words:  collagen fiber network; axon; axonal deformation; Matrix-nerve interaction 

 

 

1   INTRODUCTION 

 
A mechanoreceptor’s deformation encodes its sensory function and depends on its interaction with 

the extracellular matrix that surrounds it. For instance, nociceptors, the pain-signaling nerve 

endings that innervate a number of connective tissues, including the facet capsular ligaments (FCLs) 

in spine [1], may undergo excessive deformation due to loading of the surrounding tissue and 

potentially lead to pain. The heterogeneous macroscopic structure of the innervated tissue 

determines its local tissue strains, and microscopic matrix constituents (e.g. collagen fibers) 

transmit these strains to the nerve fibers (axons) embedded in it. Despite extensive studies of the 

mechanical behavior of connective tissues [2], there is a relative lack of research regarding the 

local deformation of sensory components due to their surrounding ECM. In particular, although 

axonal stretch has been considered in isolated neurons and in neurons embedded in model ECMs 

[3,4], we know of no previous theoretical work on lateral loading. 

 

Collagen fibers, which are the primary load-bearing constituents in the extracellular matrix and 

therefore have the most mechanical significance for connective tissues undergoing deformation, are 

organized differently in different tissues. In the FCLs, for example, the collagen fiber architecture 

(orientation and strength of alignment) varies spatially for each individual specimen [5,6]. Also, the 

tissue itself undergoes complex physiological motions resulting in a variety of local deformations 

[7]. As a result, the direction and magnitude of the load relative to the direction of the axons can 

vary greatly with location and condition. 
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Thus, it is important to understand the influence of ECM deformation on axonal mechanical 

behavior in order to relate the tissue’s behavior to the underlying nerves’ sensory responses. 

Motivated by the factors mentioned above, we developed a model to study the strain transmission 

from collagen fiber networks to the axons, and we studied the effects of collagen fibers structure on 

the axon’s mechanical behavior. 

 

2   METHODOLOGY 
 

Computational Delaunay networks of collagen fibers, similar to those described in [8], were 

generated in MATLAB. These networks contained 2-node nonlinear springs following the 

phenomenological constitutive equation F=AS [exp(BE)-1]/B, where, F, A, S, B and E represented 

fiber force, stiffness, cross section area (radius=50nm), nonlinearity, and Green strain, respectively. 

The fiber properties A and B were set to 43.3MPa and 2.5, respectively, based on our previous work 

[9]. A cylindrical region with diameter 1μm was removed from the networks, to make space for 

embedding a simplified axon. Clipped fibers were attached to the axon at pin-joint insertion points. 

At the point of insertion, local adhesive zones were constructed as nonlinear springs between the 

insertion node and all neighboring nodes within 0.05μm. The network size was 5x5x3 (μm3), and 

the cylinder length and network length (in Z) were the same, meaning that the axon spanned the 

network throughout the Z direction (Figure 1). To ensure complete wrapping of the axon by 

collagen fibers, aside from the generated network fibers, circumferential fibers were constructed 

along the length of the cylinder.  

 

The axon was modeled as a linear elastic cylinder (diameter=1μm, ν=0.48) with longitudinal fiber 

reinforcements. The linear elastic component represent the axoplasm and microfilaments, and the 

reinforcing fibers represent the microtubules within the axon. Three values – 20, 100, and 500 - 

were considered for the stiffness ratio between the collagen fibers of the ECM and the axoplasm 

contribution. The longitudinal fibers modeled the microtubules and were implemented as linear 

elastic 2-node fibers (k=9.4n/m [10]) along the axis of the cylinder. A representative model of axon 

surrounded by collagen fibers is shown in Figure 1.  

 

Networks were stretched by 40% in the X-direction while the faces normal to the Z-direction 

(normal to axon’s long-axis) were kept fixed in Z. To allow lateral contraction in Y, the fibers close 

(distance<0.5μm) to the Y-facing surfaces were made much more compliant compared to other 

fibers in the network (with stiffness 10 times lower). To eliminate edge effects, nodes located on 

the Z-facing surfaces were free to move in X and Y.  These boundary conditions were specified to 

represents lateral loading of a small segment of a long axon and the ECM surrounding it. 

 

Effect of fiber alignment: The network alignment was characterized by calculating the difference 

between the eigenvalues of the orientation tensor, as described in [11]. Briefly, for each network, 

the orientation tensor was constructed as T=Li * a0i⊗aoi / Lt, where Li, a0i, and Lt are each fiber’s 

length, each fiber’s orientation vector and the total length of fibers. If Rx, Ry and Rz are the 

eigenvalues of this tensor, and networks can be either isotropic or transversely isotropic with 

preferential alignment in the Z-direction (axon axis), then δ=Rz-Rx≈Rz-Ry shows the degree of 

alignment (anisotropy). Three cases (n=8 for each) of δ≈0 (isotropic), δ≈0.4 (moderately aligned) 

and δ≈0.8 (strongly aligned) were simulated and compared. 

 

Effect of fiber concentration: To assess the influence of collagen fiber volume concentration on the 

axon deformation, isotropic networks with volume fractions of approximately 10%, 30%, and 50% 

were compared (n=8 for each case).  The volume fraction of fibers was calculated by dividing the 

total volume of fibers by the total volume of networks not occupied by the axon. 

 

Simulations were run on Abaqus/Standard (static analysis). Linear brick elements (C3D8, 13600 

elements) and 2-node connective elements (CONN3D2) were used for the axon and the collagen 

fibers, respectively. 

 

3   RESULTS AND CONCLUSIONS 
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Figure 2. Maximum principal Green strain field on a 

representative axon embedded in a fiber network. 

Figure 1. Axon model reinforced 

by microtubules (red lines) and 

surrounded by collagen fibers 

(white lines). 

Our model showed that network deformation leads to a highly localized deformation field on the 

axon, due to a variety of factors such as network nonlinearity and random connection between the 

axon and the network fibers. Figure 2 shows the strain field (maximum principal Green strain) on a 

representative axon embedded in a fiber network stretched laterally.  

 

The impact of network structure on the axonal deformation is shown in Figure 3 through multiple 

panels, where the maximum (average and largest) and minimum (average and smallest) principal 

Green strain values are plotted with respect to anisotropy (δ) and volume concentration. For each 

case, different stiffness ratios (coded by color and line type) showed similar trends, with the 

maximum principal Green strain increasing with increasing fiber stiffness. 

 

The axon tends to undergo smaller deformation as the network alignment increases along the long-

axis of the axon. Networks with more strongly aligned fibers are more compliant transverse to the 

alignment direction, and therefore impose less strain on the axon. Figure 3A shows that the largest 

maximum principal Green strain (MaxPS) drops from values of ~200% to less than 100% strain, 

when the network changes from isotropic to a strongly aligned one. This strong correlation between 

axonal strain and network alignment can also be seen by the smallest minimum principal Green 

strain (MinPS) (Figure 3B), where these values change from approximately -40% to -20% strain.  

The average values for both MaxPS and MinPS suggest the same trend (Figure 3B). 

 

In contrast to the clear effect of fiber alignment, the largest MaxPS and the smallest MinPS values 

showed only a mild dependence on fiber volume concentration. For the stiffness ratio of 500, the 

absolute values of the largest MaxPS and MinPS decreased around 10% when the volume 

concentration changed from 0.1 to 0.5. The average values of MaxPS (Figure 3D), however, 

increased with volume concentration, since more number of insertion points (in the case of high 

volume concentration) transmitted strain to more locations on the axon. The ratio of the largest to 

average MaxPS dropped by about a factor of two as the volume concentration increased from 0.1 to 

0.5, meaning the axon experiences a smoother strain field when volume concentration increases, 

with a larger average but smaller peak values. This result is not surprising given that the high-

density network had roughly 4 times more connections to the axon than the low-density network. 

 
The collagen fibers in the spinal FCL have been shown to exhibit high spatial structural variability 

[5,6]. The current study used a computational model to quantify how structural variations can lead 

to changes in the deformation of an embedded nerve fiber for a specific loading scenario. 

Predicting the axon’s deformation, both in localized and an averaged sense, is significant in 

studying its sensory function. Sufficiently large deformations can open stretch-gated ion channels 

in axons and trigger a response [12]. Moreover, an axon’s local deformation has been reported to 

serve as a useful predictor of its injury [12]. Our model suggests that a significant level of strain 

localization on the axon occurs as a result of network deformation. The largest MaxPS was 

calculated as around 4 times larger than the applied strain on the network (50% Green strain), and 

the ratio of peak to average MaxPS varied with matrix density. These local values are higher than 

the failure thresholds of the cytoskeletal components in axons [12]. However, failure is not 

incorporated in our model. Since both local and global (i.e., whole-cell) deformations may lead to a 

neuronal and/or injury response, it is imperative that one consider the fine details of axon-matrix 

interactions when attempting to use in vitro results to predict in vivo behavior. 
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Figure 2. Changes of MaxPS, MinPS, and the average values with network anisotropy (A 

and B) and fibers’ volume concentration (C and D). 
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SUMMARY
In order to understand how inflammation and hyper-responsiveness drive airway remodelling in
asthma we have developed a mechanochemical morphoelastic model that accounts for increased air-
way smooth muscle (ASM) and extra-cellular matrix (ECM ) through biochemical pathways driving
phenotypic changes coupled to ASM hyper-responsiveness and contraction and strain-stiffening of
ECM. We have also carried out an experimental study using a well-established OVA mouse model of
remodelling in asthma. Results from the experiments are used to parametrise the model, which re-
veals the importance of frequency of inflammatory challenges, resolution of inflammation and ASM
apoptosis on the remodeled state and subsequent reversal.

Key words: airway smooth muscle, hyper-responsiveness, morphoelasticity, mechanochemical

1 INTRODUCTION

Asthma is a highly prevalent chronic lung disease, characterized by inflammation, airway hyper-
responsiveness (a propensity to excessive bronchoconstriction in response to low doses of stimuli),
and airway remodeling (structural changes to the epithelium, extra-cellular matrix (ECM) and airway
smooth muscle (ASM) [1]). While each characteristic is thought to contribute to asthma severity,
how they interact is not well-understood. Based on our previous work [2, 3, 4] we hypothesize
that although airway remodelling may be initiated by inflammatory cytokines, it is perpetuated by
mechanical factors. Our aim is therefore to investigate the combined effect of repeated, short time-
scale, inflammatory episodes and associated mechanical forces arising from ASM contraction on
long-term airway remodelling. We have thus developed a morphoelastic mathematical model to sim-
ulate structural changes in the airway wall of a mouse subjected to ovalbumin (OVA) challenges, a
well-established in vivo model of asthma [5], in which the OVA initiates an inflammatory response in
the airways followed by airway remodelling.

Our morphoelastic model (an extension of our previous population dynamics model [3]) is based on
the premise that the inflammation triggers a transient phenotype change of the ASM from a contractile
to a proliferative phenotype [3], with a propensity to revert back to the contractile phenotype when
the inflammation is resolved. The proliferative ASM is assumed to lay down ECM at a higher rate
than the contractile phenotype. The resulting structural and volumetric changes are hypothesised to
contribute to increased thickness of the airway wall, modified effective mechanical properties and
response to contractile agonist and consequently increased exacerbations. Our morophoelastic model
accounts for biochemical and mechanical processes illustrated in Fig. 1. Additionally we assume that
the modified stresses that arise from bronchoconstriction of the remodelled airway feed back to drive
activation of pro-remodelling growth factors such as TGF-β as suggested by previous in vitro [5, 6]
and in vivo studies [7].

388



Figure 1: Schematic of the biochemical interactions believed to occur in the airway. The frequency of events
is selected to match the challenge protocol of the OVA mouse model experiments (see Methodology). The
active tone generates stresses in the tissue that then feeds back into either phenotype switching or enhanced
proliferation rates.

2 METHODOLOGY

2.1 Mechanochemical Mathematical Model

We model the airway as a two-layered nonlinear elastic cylinder, consisting of a non-homogeneous
multiphase mixture of three solid and one fluid phases: proliferating airway smooth muscle cells
(density p), contractile cells (c), collagen-dominated extracellular matrix (ECM) (e) and water (w) re-
spectively. Our two-layered model mimics (i) the inner basement membrane (dominated by collagen)
and (ii) an outer layer composed of ASM bundles and ECM, and where the mechanical properties
can vary between layers. In both layers, the functional effects of ASM contraction and ECM strain-
stiffening are incorporated through helically arranged fibres, thus imparting anisotropic mechanical
properties to the airway wall. We assume that mass, and hence volume, increases of the components
occur via inflammation-induced switching of ASM cells from contractile to proliferative phenotype
[3], along with associated ECM deposition (Fig. 1).

Defining the volume fraction of each constituent at each point in space as Φa = a/ρTa for a =
p, c, e, w where ρTa is the true density of each constituent, and assuming there are no voids, we have∑

a Φa = 1.We assume that solid volume fractions vary only with airway radius, i.e., they do not vary
axially and circumferentially. The fluid volume fraction remains uniform and constant throughout the
tissue (assuming for simplicity that neither oedema nor tissue dehydration occurs). Thus, as in [8],
we assume that 70% of tissue is water (Φw = 0.7) and that the fluid phase does not contribute to the
mechanical response of the tissue. The mixture is assumed to be constrained, so that during growth
the solid constituents all move with the same velocity, v. With these assumptions we can thus write a
conservation of mass equation for the entire mixture as

∇ · v =
Sp + Sc + Se

1− Φw
, (1)

and the local conservation of mass for the (solid) constituents

∂Φa

∂t
+∇ · (Φav) = Sa(p, c, e), (2)

where the source terms Sa are based on the interactions outlined in Fig. 1

We treat the growth and remodelling process using the traditional de-coupling of the “growth” de-
formation from the “elastic” deformation, e.g., as in [9, 10]. Since the mixture is constrained, the
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Figure 2: (a) Changes in αSMA Area Fraction. Note the increase in both the mean and deviation from control to
OVA at day 34 and the return to near control status at day 41. Distribution of airway perimeters detected in IHC
slices in (b) control mice and (c) in challenged mice one week post-challenge. (d) Radial, (e) circumferential
and (f) axial stresses in the airway wall plotted as a function of radius and time during the challenge and
resolution period.

solid constituents move together and share a common reference configuration. Thus, the airway is
treated as a single body (composed of multiple phases) initially in a spatial, unstressed and unstrained
reference configuration. The body in the reference configuration is deformed to a final, stressed
configuration via a mapping given by the deformation gradient tensor F = FeFg. Therefore an inter-
mediate “grown” configuration is introduced, in which we assume radial-only growth (i.e. the airway
remains axisymmetric and there is no axial growth). The final configuration, which involves the tissue
elastic deformation from the grown reference configuration is considered to be quasi-static, so that
the velocity terms in the conservation of mass equations are effectively only growth velocities. Given
pressure boundary conditions in the lumen and on the outer airway wall, a contractile force driving
bronchoconstriction, and a fixed axial stretch ratio, the elastic deformations are determined by solving
the balance of linear momentum equations.

The growth process is driven by inflammation events that match the OVA challenge protocol (§ 2.2)
from initial conditions of airway wall calibre and thickness based on measurements from histological
cross-sections (§ 2.2). The model is then used to predict airway wall calibre, thickness and the me-
chanical stress response of the remodelled airway wall as functions of time throughout the challenges
and in the resolution phase (after challenges have stopped).

2.2 OVA-albumin Murine Model

Twenty balb-c mice were sensitised with OVA (following a regime known to induce airway remod-
elling [5]) and six littermates exposed to PBS for control purposes. Precision-cut lung slices (PCLS)
were obtained by initially inflating lungs with warm (37◦ C) liquid agarose that, when cooled, solid-
ifies; 200 µm slices were then sectioned and maintained in serum-free culture media. The PCLS is
a living tissue that retains many in vivo characteristics: both the gross architecture (airways, blood
vessels and alveolar tissue) and micro-architecture (including ECM and various cell types; e.g. ep-
ithelial cells, SMCs, fibroblasts) are maintained. PCLS were prepared on the final day of sensitisation
(day 34) and 2,3 and 4 weeks after. Airways with beating cilia were subjected to increasing concen-
trations of methacholine (1nM-100µM) and analysed as described previously. Mice with matched
treatments were sacrificed 1,2,3 and 4 weeks post-challenge and their lungs analysed via immunohis-
tochemistry (IHC). Custom software was developed to quantify ASM area fraction (computed as area
of α-smooth muscle actin (α-SMA) stain divided by total airway wall area). Additionally, measure-
ments of collagen area fractions, airway perimeter (caliber), and wall thickness were obtained from
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Massons Trichrome-stained histological cross-sections of the airway wall.

3 RESULTS AND CONCLUSIONS

With this first set of experiments we have initially sought to parametrise the model: (i) the resolution
rate of the ASM area fraction post-challenge (Fig. 2(a)) was used to constrain typical apoptosis rate
(ca in Fig. 1); (ii) the dose-response curves from the PCLS experiments were used to determine hyper-
responsiveness of the control and challenged mice (A(k) in Fig. 1). We then used the distributions of
measured airway wall perimeters from the control mice (Fig. 2(b)) to approximate initial conditions
on lumen radius and compared model predictions of remodelled airway calibre with distributions of
the measured perimeters 1 week post-challenge (Fig. 2(c)) to further constrain the remaining parame-
ters in the model. Radial growth of a representative airway with corresponding radial, circumferential
and axial stresses (Fig. 2(d-f)) show the effect of slow decay of contractile tone post-challenge. Pre-
liminary parameter exploration suggests that frequency of challenge, inflammation resolution rate
and apoptosis rate are critical in determining the remodelled state and the rate at which remodelling
is reversed post-challenge. These model results and experimental data will inform design of the next
set of experiments to further explore the interaction of airway remodelling and hyper-responsiveness.
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SUMMARY 
 

We propose a new computational modeling framework to examine potential consequences of 
different combinations of scaffold properties on the in vivo development of a neovessel from a 
polymeric scaffold implanted in the murine venous circulation. Using non-dimensionalization to 
restrict the number of parameters considered, we introduce constitutive relations that capture the 
influence of design parameters such as porosity and fiber diameter on inflammatory and mechano-
mediated phases of neotissue formation, and attempt to validate them experimentally using a 
murine interposition graft model. We suggest that hypothesis-driven models should be pursued 
given their potential to optimize scaffold design and improve long-term performance.   

 
Key words: polymeric scaffold, constrained mixture theory, vascular graft, tissue engineering 

 
 
1   INTRODUCTION 
 
Surgical interventions for cardiovascular disease are limited by the availability of suitable 
autologous vessels as well as the high failure rates and suboptimal performance of prosthetic 
materials [1, 2]. Among the diverse approaches employed in the tissue engineering of vascular 
grafts, implantation of a biodegradable polymeric scaffold has been shown in both animal studies 
and clinical trials to enable neovessel development in low pressure circulations without the 
development of intraluminal thrombus or aneurysmal dilatation [3, 4]. Given these successes, we 
can now focus on optimizing scaffold design so as to yield grafts with biomechanical properties 
closer to those of native vessels, long-term biological stability, and growth potential.  
 
There are, however, many parameters that define each scaffold, including the type of polymer, its 
modulus and degradation rate, pore size and porosity, and fiber diameter and alignment. Although 
trial-and-error approaches have been successful so far, identification of the optimal design from the 
many possible combinations of these scaffold parameters demands a new approach. Here, we 
present a new approach that melds ideas of non-dimensionalization with theoretical analyses of 
polymer properties to parametrically explore the in vivo development of a tissue-engineered 
vascular graft (TEVG) as a function of 6 key parameters for a poly(glycol acid) (PGA) scaffold 
sealed with a 50:50 copolymeric solution of poly(ε-caprolactone and l-lactide) (P(CL/LA)) [5]. We 
then fabricated four scaffold designs differing in these key parameters and implanted them as 
interposition grafts in the inferior vena cava (IVC) of C57BL/6 mice to inform and validate our 
computational model. The long-term biomechanical functionality of these grafts will be used to 
advance our phenomenological model to a mechanistic, inflammation-driven model to describe 
neotissue development and predict TEVG patency and performance.  
 
2  METHODOLOGY 
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Motivated by biomechanical data from mouse IVC interposition grafts, we developed a first 
generation computational model for describing the in vivo development of a tissue-engineered vein 
from an implanted polymeric scaffold, the details of which have been published [6]. Briefly, this 
model extends our validated work on arterial growth and remodeling by considering, for the first 
time, overlapping effects of immuno- and mechano-mediated matrix turnover in an evolving 
neovessel. We model observations that the presence of polymer promotes an early inflammatory 
response that drives matrix deposition/degradation, while degradation of polymer represents a loss 
in load-carrying capability, decreases this inflammatory response, and removes the stress-shielding 
effect on the mechanosensitive synthetic cells, which then begin to deposit and turnover matrix 
accordingly. Our model captures well the experimentally observed evolution of mechanical 
behaviors of TEVGs implanted in the murine venous circulation throughout a 2-year period [7]. 
 
We then identified 6 key physical parameters most often investigated experimentally that modulate 
the host immunologic response to the scaffold: porosity, pore size, fiber diameter, fiber alignment, 
degradation rate, and elastic modulus [5]. We implemented the Buckingham Pi approach, in 
addition to relevant theoretical arguments and structure-function relationships from the literature, to 
reduce the functional dependence of the inflammatory response on these parameters [5]. This 
enabled us to identify 3 primary, tractable, non-dimensional parameters of interest: porosity (ε), 
normalized fiber diameter � (ω*, normalized to the minimum pore size � required for cellular 
infiltration), and fiber �alignment (ϕk). Using these results, we then modified our basic constitutive 
relations to incorporate the aforementioned dependence of inflammation on these 3 non-
dimensional parameters (Figure 1), including postulated mechanical and biological consequences 
for each parameter [5].  

 
Figure 1 Scanning electron microscopy 
image of a PGA-P(CL/LA) scaffold 
showing the primary parameters 
considered: normalized fiber diameter 
ω* and normalized pore size r* [5]. 
Scaffold alignment may also be 
considered in the future, where ϕk = 1 
indicates a highly aligned scaffold and ϕk 
= 0 a scaffold with randomly organized 
fibers.  

 
Following quantification of these parameters for four different scaffold designs, we implanted these 
scaffolds as IVC interposition grafts in C57BL/6 mice for periods of 2, 6, 12, and 24 weeks. Graft 
patency was evaluated by serial Doppler ultrasound, and harvested TEVGs were subjected to in 
vitro biaxial mechanical testing (cyclic pressure-diameter and axial force-length protocols) using a 
computer-controlled system for murine vessels to evaluate how their mechanical behavior evolved 
over 6 months [8]. These data were used to inform and validate the postulated constitutive relations 
in our computational model.  
 
3  RESULTS AND CONCLUSIONS 
 
To assess consequences of altering the structure and properties of the scaffold on TEVG evolution, 
parametric studies were performed for multiple pairs of scaffold porosity and normalized fiber 
diameter [5]. As indicators of evolving TEVG mechanical behavior, circumferential tension–stretch 
experiments were simulated throughout the evolution of the TEVG. Figure 2 shows subsets of two 
simulations: first (left), for varying porosity but fixed non-dimensional fiber diameter (0.6), and 
second (right), for varying fiber diameter but fixed porosity (80%). The solid curves show 
simulations whereas the solid symbols show, for comparison, experimental data from the native 
IVC in the mouse. These simulations reflect the compliance of the TEVG (a key determinant of 
graft success/failure) at various times following implantation. As can be seen, porosity, but not 
initial fiber diameter, dramatically affects the initial scaffold stiffness. Both parameters, however, 
have dramatic effects on subsequent neovessel development. Decreasing the porosity and/or the 
normalized fiber diameter decreases pore size, which in turn decreases the magnitude of the 
inflammatory response to the scaffold, decreases matrix production, and subsequently results in 

sensitivity [14]. Another advantage of such models is that they can
thereby help to reduce the experimental search space, which we
suggest is sorely needed to optimize scaffold design in vascular tis-
sue engineering. Computational models are most revealing, how-
ever, given a modest number of parameters.

The current literature on tissue engineering and biomaterials
reveals a multitude of structural and material parameters of a
polymeric scaffold that can influence both the mechanical and
the biological function of an implanted graft, including the host
inflammatory response to the scaffold and thus the overall devel-
opment of a neovessel in vivo (cf. Refs. [11,15]). For the purposes
herein, we first reduced this extensive list of parameters to a
focused list consisting of those scaffold parameters that have been
most frequently investigated experimentally (Table 1). Next, we
reduced this list further to a tractable set of six parameters for
non-dimensionalization; these parameters represent fundamental
physical properties of a fibrous scaffold (e.g., Fig. 1) that are easily
measured and known to affect the foreign body response (Table 1).
We then used the Buckingham Pi approach to accomplish the non-
dimensionalization [16], which required that we postulate charac-
teristic ‘‘scales’’ for the primary dimensions of interest. The scales
needed herein were those for length, time and mass. Perhaps the
best known similar non-dimensionalization is the identification
of the Reynolds number in fluid mechanics, which reduces effects
of fluid density, mean velocity, tube diameter and viscosity to a
single parameter.

Given that the selection of the requisite length, time and mass
scales was not unique, we explored multiple possibilities (Appen-
dix A) (see Tables A1 and A2). Motivated in part by experimental
findings that reveal the particular importance of scaffold pore size
and degradation rate (cf. Refs. [12,15]), we selected the following
scales: Ls ¼ rmin, Ts ¼ ðkp

qÞ
$1 and Ms ¼ cprmin=ðkp

qÞ
2, where rmin is

the minimum pore size that admits cellular infiltration (having
units of microns), kp

q is the rate of degradation (having units of
days$1) and cp is the shear modulus of the scaffold (having units
of Pa). Using this set of scales, the Buckingham Pi analysis sug-
gested a reduction in parameters from 6 to 4 (Table 2), namely

f kp
q; e; cp;x; r;/k

! "
! !f e; x

rmin
;

r
rmin

;/k
# $

ð1Þ

where e represents scaffold porosity, x is the diameter of the poly-
meric fibers composing the scaffold, r is the mean pore size and /k

describes the alignment of the fibrous scaffold (cf. Fig. 1).
Previous experiments indicate that these physical parameters

strongly influence the initial mechanical properties of the scaffold
and the biological responses following implantation (cf. Table 1). In
particular, several studies suggest that pore size may be a primary
determinant of the overall success of implanted polymeric con-
structs, as adequate pore size is necessary for cell infiltration
[17–20]. If cells cannot enter the scaffold, a scar plate of collagen
may form on the outside of the scaffold, thus encapsulating the
construct and increasing the probability of fibrosis or graft failure
[21]. It has been suggested that 10 lm is the minimum pore size
for cells to infiltrate a scaffold without detrimental shearing
[22,23] though the optimal value remains unclear.

Scaffold fiber diameter (in combination with spacing between
adjacent fibers, i.e., pore size) determines the surface area on
which cells can attach and spread, hence it can influence cell phe-
notype and differentiation [10,24]. Experiments show that increas-
ing fiber diameter increases the magnitude of the inflammatory
response and subsequent matrix accumulation [10,25]. For exam-
ple, increasing the fiber diameter increases macrophage activation
and their secretion of proinflammatory molecules [26]. Although
the optimum fiber diameter remains unknown, a threshold may
modulate cellular responses: fiber diameters below 6 lm (if sepa-
rated adequately) reduce the number of activated macrophages
(cells remain quiescent) and fibrous capsule thickness [10,24].
Fiber diameter may also influence scaffold stiffness, but this effect
depends on the fabrication technique.

Correspondingly, porosity also influences the surface area avail-
able for cell attachment and foreign body detection. Increased
porosity appears to increase the immune response to polymeric
scaffolds that have a wettability attractive to cell infiltration [9].
Increased porosity also increases the surface area available to cells
as the polymer degrades, thus increasing the magnitude of the for-
eign body response. Furthermore, porosity is a major determinant
of polymer relative density and scaffold mechanical properties [27].

Scaffold alignment can also influence the mechanical and bio-
logical properties of evolving TEVGs. Aligned scaffolds tend to
increase cellular infiltration, which decreases the thickness of the
fibrous capsule around the construct relative to that for randomly
aligned scaffolds [28]. Furthermore, cells may preferentially align

Fig. 1. Scanning electron microscopy image of a PGA-P(CL/LA) scaffold showing the
primary parameters considered computationally: normalized fiber diameter x% and
normalized pore size r⁄. Note that scaffold alignment should also be considered in
the future, where /p;k ¼ 0 indicates a highly aligned scaffold and /p;k ¼ 1 a scaffold
with randomly organized fibers. SEM image courtesy of Kevin Rocco.

Table 2
(A) Sample Buckingham Pi non-dimensional analysis demonstrating a reduction of tractable physical parameters for a fibrous scaffold from 6 (cf. bold in Table 1) to 4. Note that L,
T and M denote length, time, and mass. (B) Selection of scales for the three primary dimensions, or units, for quantifying effects of the polymeric scaffold on the mechanobiology,
plus a reduced list of non-dimensionalized parameters.

A. scaffold parameter Symbol SI units General units p group

Degradation rate kp
q Days$1

L0T$1M0 1

Porosity e g=cm3

g=cm3 L0T0M0 e

Modulus cp MPa L$1T$2M1 1
Fiber diameter x cm L1T0M0 x/rmin

Pore size r cm L1T0M0 r/rmin

Alignment /k – L0T0M0 /k

B. Scales for L (length), T (time), and M (mass) Inflammatory response

Ls ¼ rmin; Ts ¼ 1=kp
q; Ms ¼ cprmin=ðk

p
qÞ

2 y ¼ !f ðe;x=rmin; r=rmin;/
kÞ
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more distensible TEVGs. Finally, note that the solid black curves for the constant porosity 
simulations represent the actual scaffold that we used initially and which our model captured 
almost exactly [5, 6, 7]. 
 

 
 
Figure 2 Parameter sensitivity studies varying porosity (left, with fixed non-dimensional fiber 
diameter of 0.6) and fiber diameter (right, with fixed porosity of 80%). The direction of the arrow 
indicates decreasing porosity (left) and decreasing fiber diameter (right). Curves show simulations 
and solid circles show, for comparison, experimental data from the native murine IVC. These 
circumferential tension-stretch plots show TEVG distensibility at 1 day, 2, 6, 12, and 24 weeks, and 
2 years post-implantation [5]. 

 
Despite these model predictions, experiments comparing two new scaffold differing in pore size 
distributions revealed no difference in mechanical properties 6 months post-implantation, but 
instead dramatic differences in patency (20% vs. 68%). This finding reveals the complex 
relationships between scaffold physical properties and long-term biomechanical outcomes such as 
distensibility and patency. Given this discrepancy, we are now moving from phenomenological 
models of neovessel development to a mechanistic, inflammation-driven, bio-chemo-mechanical 
model [9]. Such an approach should allow us to link key scaffold parameters to the duration and 
magnitude of the inflammatory response, phenotype of recruited inflammatory cells, molecular 
signals involved in the cellular crosstalk between macrophages and smooth muscle cells, and 
inflammatory-mediated matrix synthesis and remodeling, which ultimately dictates graft patency 
and mechanical behavior [10]. 
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SUMMARY 

 

An estimated 15 – 30% of people over the age of 60 are affected by some type of bladder 

dysfunction. Both filling and voiding are strongly influenced by bladder mechanical properties that 

are in turn dependent on the bladder specific wall architecture. In this work, we focus on an 

experimental approach for obtaining data for modeling the collagen fiber contribution in 

structurally motivated models of the bladder wall.  A multiphoton compatible biaxial testing 

device was developed and used to evaluate the structure/function relationship between the bladder 

wall loading curve and collagen recruitment in the bladder wall. 

 

Key words:  bladder wall, multiphoton, collagen fiber, recruitment 

 

1  INTRODUCTION 

 

An important mechanical attribute of the bladder is its ability to store large volumes of urine at 

relatively low pressures. However, previous research has found the human bladder capacity 

decreases with age because of decreased compliance [1-3].  This increased stiffness can lead to 

lower urinary tract symptoms (LUTS) including increased frequency and urgency of urination, 

dramatically lowering the quality of life [1-3].  Furthermore, storing urine in a stiffer bladder can 

result in elevated bladder pressure that can be transmitted to the kidney and ultimately cause renal 

insufficiency. 

 

Structurally, the bladder wall is a layered composite with passive components (elastin and collagen 

fibers) as well as active components (smooth muscle cells). During filling, collagen fibers, 

dominate the mechanical response. There remain numerous open questions regarding the 

relationship between bladder wall architecture and mechanical function, even for the healthy 

bladder.  Structurally motivated computational models of the bladder wall provide a framework 

for addressing these questions.  
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In this work, we focus on an experimental approach used to inform the strain energy functions for 

the collagen fiber contribution in these models. Building on prior work in our group, a custom 

biaxial system was developed that is compatible with multiphoton microscopy (MPM), enabling 

simultaneous mechanical testing and imaging of collagen fibers without traditional destructive 

fixation methods [4]. The value of the system for probing the mechanics of the bladder wall is 

illustrated with four bladders from adult rats. The collagen fiber distribution and recruitment were 

monitored from both the lumenal and adventitial sides during biaxial loading, chosen to 

approximate bladder filling.  These data provide crucial information about how the collagen fiber 

load bearing mechanism is distributed across the layers of the bladder wall.   

 

2  METHODOLOGY 
 

Four adult male fisher rats (12 months) were used in this study. The bladders were cut open and 

trimmed into square pieces with the width of 6mm± 1mm, and the thickness 0.5mm±
0.1mm .  To inhibit smooth muscle cell contraction, samples were immersed in Hanks Buffer Salt 

Solution (HBSS) without calcium and with added EDTA (0.5mM). The voltage calcium channel 

blocker nifedipine (5uM; Sigma) and the SERCA pump inhibitor, thapsigargin (1uM; Tocris 

Biosciences), which prevents the reloading of intracellular calcium stores, were also 

added.   Fiducial strain markers (Basalt microspheres, 425-500 \micron, Whitehouse Scientific) 

were attached to the sample and used to obtain local estimates of strain [5].   

 

Mechanical testing was performed using a strain controlled custom biaxial system coupled with a 

multiphoton microscope, enabling imaging of collagen fibers in intact specimens without staining 

or fixation, Figure 1. After 5 preconditioning cycles under equi-biaxial loading to a stretch of 0.8, 

the sample was extended until a tare load of 0.02N and equi-biaxial loading tests were performed 

with imaging MPM imaging from the lumen side.  Multiphoton scans of each sample were 

performed using a vertical step size of 2 microns to a depth of approximately 200 microns.  

Imaging depth decreased under strain. Three-dimensional reconstructions were generated from the 

stacks and associated with points on the stress strain curve.  At a minimum, MPM images were 

obtained at 5 strains for each sample.  

 
Figure.1 Schematic of preparation and testing for bladder sample. 

 

Collagen fibers were traced in 2D slices (manual filament function in Imaris, Bitplane, Switzerland) 

through the depth of the 3D reconstructed model. Starting and ending points were specified by the 

operator. The fiber straightness was defined as chord length (L) divided by fiber arch length (S), 

397



L/S, where chord length was defined as the length of a best linear fit to the same segment [2]. The 

number of fiber tracings was validated by increasing the number of traces until the normalized 

mean straightness converged (abs[e(j)] < 0.005).  

 

Data sets for the biaxial loading studies were fit to an exponential, anisotropic constitutive model 

with all tissues samples achieving an  R
2
 > 0.96.  Following the approach of Sacks [3], the 

intramural stress in the bladder wall corresponding to filling pressure of 100KPa was estimated 

from an equilibrium balance for a sphere (Laplace's law).  Using the exponential fit, loading 

curves were extrapolated to this maximum load.  The toe, transition, and high stress regions were 

identified based on deviation of the data from linear fits to the data starting from the minimum and 

maximum strains. The waviness of the lumenal surface of the bladder was measured in cross 

sectional slices from the 3D reconstructions.  

 

3  RESULTS AND CONCLUSIONS 

 

The laminated structures within the bladder wall are typically grouped into three layers that could 

be identified in the MPM reconstructions. Moving from the lumen, these are the mucosa, the 

muscularis propria (referred to as the detrusor layer below) and the adventitia. Within the mucosa 

layer, collagen fibers are largely found in a sub-layer referred to as the lamina propria (LP).    

 

A typical loading curve from the bladders is shown in Figure 2, where a toe, transition and high 

stress region were identified (not shown here).  By way of example, two projected stacks from the 

detrusor layer (DSM) are shown below the loading curve for the toe region and the high stress 

region, where it can be seen that the DSM fibers are highly tortuous at low loads and are recruited 

to load bearing at higher loads.  This recruitment process was quantified using the fiber traces 

across the 3D layer. For the left image, no fibers were recruited, while for the stack associated with 

the high stress region, 98% of the fibers were recruited. In addition, the collagen fiber orientation 

was quantified and compared across strain levels, Figure 3.   

 
Figure 2. Biaxial loading curve (Red is longitudinal, Blue is circumferential) of a representative 

adult rat sample with projected stacks from reconstructed 3D model in detrusor layer at low and 
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high strain. White lines in left figure indicate fiber traces (Y is longitudinal, X is circumferential). 

 

 
 

Figure 3. Fiber orientation density distribution for images in Figure 2 (±90 degree is longitudinal 

and 0 degrees is circumferential). 

 

The role of collagen fibers in the LP layer as well as the changing gross structure were evaluated in 

the MPM stacks taken from the lumenal side. The flattening of the lumenal surface of the mucosa 

layer was preliminary to the initiation of the recruitment in the transition regime in all cases.  This 

was followed by continued recruitment of the collagen fibers in the high stress regime.  Two 

distinct phenotypes were seen for how recruitment was distributed in the DSM and LP layers.  An 

understanding of this distributed recruitment process is essential for understanding bladder function 

in both health and disease. 

 

The data obtained using this methodology provide the basis for structurally motivated models of 

the bladder wall being developed in our group. These models include distinct roles for collagen in 

the layered bladder wall as well as staged reorientation and recruitment of collagen fibers.  

Structural models of this kind provide the basis for the computational frameworks needed to 

analyze normal bladder function and pathololgy. 
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SUMMARY
We propose a continuum model of skeletal muscle tissue with a reduced performance due to ageing.
The passive behavior of the material is described by a hyperelastic, polyconvex, transversely isotropic
strain energy function, and the activation of the muscle is modeled by the so called active strain
approach. The loss of ability of activating of an elder muscle is then obtained by lowering of some
percentage the active part of the stress, while the loss of mass is modeled through a multiplicative
decomposition of the deformation gradient.

Key words: sarcopenia, active strain, hyperelasticity, damage

1 INTRODUCTION

Sarcopenia is defined as the loss of skeletal muscle mass and strength that occurs with advancing
age [1, 2]. Although nowadays this syndrome affects more than 50 million people, so far there are
no compelling tests for its diagnosis and many efforts are made by the medical community to better
understand it.

The strenght produced by the skeletal muscle tissue is the combination of the presence of connective
tissue and fibers. This tissue is mainly composed by water and it has a highly-ordered hierarchical
structure.

The aim of this contribution is to propose a mathematical model of sarcopenic skeletal muscle tissue
which has a reduced ability of activating and which has lost mass.

2 METHODOLOGY

We will model the tissue as a transversely isotropic and incompressible continuum material. The
former assumption is motivated by the alignment of the muscular fibres, while the latter is ensured
by the high water content of the tissue. Focusing our attention only on steady properties, we neglect
the viscous effects and restrict ourselves to the framework of hyperelasticity. In the model that we
propose, there are two main constitutive prescriptions: one for the hyperelastic energy when the tissue
is not activated (passive energy) and one for the activation. Moreover, in order to describe sarcopenia,
the loss of performance and of mass are obtained by two different methods.

Following [3], we assume an exponential stress response of the passive material, which is customary
in biological tissues. Denoting with F the deformation gradient and with C = FTF the right Cauchy-
Green tensor, the hyperelastic strain energy density is given by

W (C) =
µ

4

{
1

α

[
eα(Ip−1) − 1

]
+Kp − 1

}
, (1)

where Ip and Kp are two generalized invariants which account for the isotropic and anisotropic com-
ponents of the tissue, µ is an elastic parameter and α is a positive dimensionless material parameter.
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Such an energy density is a slight simplification of the one proposed in [4] and it is polyconvex and
coercive.

Coming to activation, a recent and very promising way to describe it is the so called active strain
approach [5], where the extra energy produced by the activation mechanism is encoded in a multi-
plicative decomposition of the deformation gradient in an elastic Fe and an active part Fa:

F = FeFa.

Unlike the classical active stress approach, in which the active part of the stress is modeled in a pure
phenomenological way and a new term has to be added to the passive energy, the active strain method
does not change the form of the elastic energy, keeping in particular all its mathematical properties.
Furthermore, in the case of muscles the active strain approach is more adherent to the physiology of
the tissue, being a mathematical representation of the contraction of the sarcomeres at the molecular
level. The active strain approach has firstly been applied to the skeletal muscle tissue in [3]. The
active part of the decomposition Fa is constitutively provided as a function of the stretch along the
fibres direction in order to fit the common experiments which measure the stress response of a muscle
to elongation [6].

Finally, we consider the loss of performance, which is one of the novelties of our model. We model
it in two components, both typical of sarcopenia: the loss of muscle mass and the loss of activation.
The former is encoded in the deformation gradient decomposition by a percentage parameter g which
measures the fraction of muscle fibres which are not active anymore; the latter is represented by a
damage parameter d which reduces the active part of the stress by a given percentage [7]. The lack
of experimental data on the elastic properties of a sarcopenic muscle tissue does not allow any fitting
of the two parameters; however, the proposed model can be numerically implemented using finite
element methods and some different scenarios can be studied.

3 RESULTS AND CONCLUSIONS

We will present some results obtained using FEniCS [8], an open source collection of Python libraries,
showing that the experimental results of [9] on the passive and active stress-strain healthy curves,
obtained in vivo from a tetanized tibialis anterior of a rat, can be well reproduced by our model in the
healthy case. Further, the behavior of the tissue when g and d increase is analyzed and compared.
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SUMMARY
Residual stress is a prominent feature of the ventricular wall. We hypothesize that the interaction be-
tween collagen fibers and myocytes significantly contributes to the residual stress field. We performed
opening angle experiments to quantify the constituent-specific contribution to the residual stress field
in rat left ventricles. We tested three groups: isolated collagen network (decellularization), isolated
myocytes (collagenase treatment), and control. Our experiments showed a larger and smaller open-
ing angle in the decellularized and collagenase treated samples, respectively, when compared to the
control. Finally, modeling analyses of these experimental results suggest the presence of a strong
physical interaction between these constituents.

Key words: Residual stress, consituents interaction

1 INTRODUCTION

Myocytes and the collagen fibers are key constituents of the heart tissue and they contribute collec-
tively to the overall heart’s mechanical and functional behaviors. Although it is generally known
that myocytes and the collagen fiber network both affects ventricular mechanics and can interact me-
chanically, it is not known, however, how they interact and how that interaction affects the tissue’s
mechanics. Consequently, current descriptors of cardiac tissue mechanics do not take into account
the direct mechanical interactions between collagen and myocytes. Here, we describe a combined
modeling-experimental approach to elucidate the mechanical interactions between myocytes and col-
lagen in the normal rat heart.

2 METHODOLOGY

Hearts from normal adult male Sprague Dawley rat (n = 15) were explanted, and lateral ring slices
showing the left ventricle (LV) and right ventricle were obtained from the hearts. These ring slices
were divided equally into 3 test groups. Ring slices in the first group (cell-only, n = 5) were soaked
in crude bacterial collagenese to degrade the collagen, whereas those in the second group (collagen-
only, n = 5) were soaked in a 1% sodium-dodecyl sulfate in deionized water to remove the cells.
In the third group (control, n = 5), ring slices were soaked in a Krebs-Henseleit buffer solution.
All samples were soaked for 96 hours in their respective solutions. Thereafter, an opening angle
experiment, which consists of making a radial cut through the LV lateral wall in the ring slices,
was performed to quantify the amount of prestress in the samples from all the groups. Histological
analyses were also conducted using Masson’s trichrome and Picrosirius red staining to quantify the
amount of collagen and myocytes in samples from the test groups.

Modeling was performed to interpret the experimental results. The constrained mixture (CM) model,
which assumed that the overall tissue mechanical behavior is described by the sum of its constituents
mechanical behavior weighted by their corresponding mass fraction, was used to infer the existence
of any mechanical interactions between the myocytes and collagen. We note that the CM model does
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not take into account any explicit inter-constituent mechanical interactions between the myocytes and
collagen. Specifically, the CM model describes the overall tissue mechanical behavior by a strain
energy function that is given mathematically by

Wheart = φcell Wcell + φcoll Wcoll − p(J − 1) , (1a)

where
Wcell = c1

(
exp k(I1((FFp, cell)

T · (FFp, cell))− 3)− 1
)
, (1b)

Wcoll = c2
(
I1((FFp, coll)

T · (FFp, coll))− 1
)
. (1c)

In Eq. (1), p is the Lagrange multiplier (for enforcing incompressibility), J is the Jacobian of the de-
formation gradient, while φcell and φcoll denote the mass fraction of the myocyte and collagen in the
tissue, respectively. The strain energy functions of the myocyte (Wcell) and collagen (Wcoll) were pre-
scribed based on uniaxial mechanical tests conducted on single myocytes [1] and collagen fibril [2], in
which the corresponding material parameters c1, k and c2 were fitted from the test results. Both Wcell
and Wcoll depend on the deformation map from the corresponding natural stress-free configuration of
the myocytes and collagen, respectively. These mappings were decomposed sequentially into (1) a
map between the cut ring of the “cell-only” and “collagen-only” samples (assumed to be stress-free)
to the intact ring (i.e., Fp, cell and Fp, coll) and (2) a map between the intact mixture to its deformed
configuration F (See Figure 1d). We note that Fp, cell and Fp, coll can be calculated respectively from
the opening angle measured in the “cell-only” and “collagen-only” samples.

Parameterized using quantities measured experimentally in the intact tissue as well as tissue isolated
with collagen and myocytes (i.e., φcell, φcoll, c1, k, c2, Fp, coll and Fp, cell), the CM model was used to
predict the opening angle of the mixture to test the hypothesis on the existence of a inter-constituent
mechanical interaction between the myocytes and collagen. Specifically, should the CM model be
able to reproduce the opening angle measured in the intact tissue using measured quantities associated
with the constituents would suggest that any explicit mechanical interaction between the constituents
is negligble. Conversely, should the model fail to reproduce the measured opening angle would
suggest the existence of an inter-constituent mechanical interaction that cannot be ignored.

3 RESULTS AND CONCLUSIONS

Our experimental results showed that the opening angle increased with time and reached a steady
state at about 15 minutes after the cut in the “cell-only” and “collagen-only” samples. The “control”
samples took a longer time (80 minutes) to reach steady-state. Compared to the opening angle of the
mixture (55◦), the “collagen-only” samples have a larger opening angle (105◦) (p < 0.05) whereas
the “cell-only” samples were found to possess a smaller opening angle (20◦) (p < 0.05) (Figure 1a).
These results showed that a more prominent residual stress field resides within the samples contain-
ing only collagen (i.e., samples that were decellularized) when compared to the samples containing
only myocytes (i.e., samples that were treated with collagenase). More importantly, differences in
the opening angle between these test groups also suggest that the collagen and myocytes contribute
differently to produce the residual stress fields found in the heart, with collagen being the main con-
tributor to the stress fields. This is despite the fact that the collagen accounts for only about 10% of
the mass of cardiac tissue as estimated from the histological analyses (Figure 1b).

Parameterized using quantities obtained from the experiments, the CM model predicted an opening
angle that is far off from that measured in the “control” samples containing both myocytes and col-
lagen. Instead, the model predicted an opening angle of 104.0◦, that was close to that found in the
“collagen-only” samples. The CM model can only reproduce the measured opening angle found in
the “control” samples using a prescribed mass fraction of φcell = 0.99995 and φcoll = 0.00005 (i.e.,
myocytes and collagen accounting for 99.995% and 0.005% of the mass in the mixture).

We have quantified the prestress associated with the collagen and myocytes in the normal rat hearts.
Our results suggest that, despite accounting for only 10% of the mass fraction in the heart, collagen
is the main contributor to the residual stress fields found in the hearts. We have also intepreted the
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Figure 1: (a): Opening angle test results. (b): Histological analyses. (c): Mechanical tests on isolated single
collagen fibril [1] and myocyte [2]. Inset: fitted material parameters. (d) Constrained-mixture model using
experimental data of measurements of constituent prestress (Fp, coll and Fp, cell), mass fraction (i.e., φcell,
φcoll) and material parameters (c1, k, c2).

experimental measurements using the CM model. Because the CM model takes into account the
contribution of collagen and myocytes to the overall mechanical behavior by their mere presence,
and does not consider any explicit mechanical interaction between them, the failure of the model to
reproduce the opening angle measured in the “control” samples (mixture) would suggest the existence
of an inter-constituent mechanical interaction between these constituents in the cardiac tissue. A mass
fraction of φcell = 0.99995 and φcoll = 0.00005 necessary to reproduce the opening angle in the CM
model is far beyond the values measured in this study as well as in previous studies. These results
suggest the presence of a direct myocyte-collagen mechanical interaction in the cardiac tissue that
could play an important role in endowing its mechanical behavior.
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SUMMARY
Fibrosis is a leading cause of morbidity and mortality in chronic injuries worldwide. Development
and propagation of fibrosis is mediated by modulation of tissue mechanical properties and associated
biochemical signaling pathways. Understanding the contribution of mechanical stretch in conjunction
with soluble factors like TGF-β in cell phenotype regulation is necessary to identify new therapeutic
targets. We have developed a novel cell stretcher to characterize response of fibroblasts to dynamic
uniaxial stretching. Cellular contractility has also been computed in response to TGF-β using traction
force microscopy. These experimental results are essential to create effective computational models
for the disease phenotype.

Key words: fibrosis, dynamic cell stretching, TGF-β, mechanobiology

1 INTRODUCTION

Mechanical forces are an integral part of the cellular milieu along with soluble factors and have
been known to regulate cell behaviour by modulation of gene expression [1]. These forces have
also been implicated in the development of pathologies including fibrosis, cancer etc [2, 3]. Fibrosis
is the pathology of excessive wound healing, characterized by secretion of large amount of ECM
proteins which lead to change in mechanical properties of the surrounding tissue [4]. Fibrosis can
occur in any tissue and is the most common histological feature of failure in vital organs like lungs,
liver and heart [5]. In cardiac tissue, fibrosis is propagated by the transformation of fibroblasts into
activated myofibroblasts which secrete ECM proteins [6]. Understanding this complex pathology
requires investigation of mechanical properties of tissue and role of soluble profibrotic factors like
transforming growth factor-β (TGF-β) in modulation of cell behaviour [2].

Arterial and cardiac fibroblasts are constantly subjected to circumferential mechanical strain that acts
on the vascular walls and plays an important role in regulation of vascular structure and functional re-
sponse [7]. Mechanical stretching induces cell remodelling by influencing cell-matrix interaction and
cytoskeleton reorganization [8]. Cells can sense alteration in the mechanical environment as a result
of stretch and transduce this mechanical signal into a biochemical stimulus (mechanotransduction) by
modulating gene expression [9]. Mechanotransduction in fibroblasts occurs through a complex inter-
play between cytoskeletal components like actomyosin and integrin-mediated pathways that influence
cell contractility and ECM secretion in response to stretch [10]. Mechanical stimuli like stiffness or
cyclic stretch can lead to activation of fibroblasts, which then secrete more TGF-β thus promoting
the fibrotic phenotype [8]. Quantification of the cell contractility in response to TGF-β and cyclic
stretching is necessary to further our understanding of fibrosis. Traction force microscopy (TFM) is
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a tool to quantify the forcesexerted by cells on their environment and is a quantitative measure of cell
contractility [11]. TFM involves seeding cells on deformable substrates embedded with fluorescent
beads and computing forces from substrate displacements that occur because of the contractile forces
exerted by cells. A variety of computational methods can be used to compute tractions from displace-
ments although caution must be exercised by considering experimental conditions and variability in
cell response [12].

The goals of this study are to investigate changes in cell mechanobiology in response to cyclic uni-
axial/biaxial stretching and TGF-β. A novel dynamic cell stretching device was fabricated to apply
uniaxial and biaxial cyclic stretching of cells seeded on thin elastomer membranes. Cell response was
quantified using parameters like cellular traction forces, cell area, cell aspect ratio, stress fibre for-
mation and actin cytoskeleton orientation. Preliminary studies show the individual results of cyclic
stretching and TGF-β; however current endeavours aim at studying the combined effect of these
two parameters on cell mechanobiology. These experimental results can be useful to create effective
computational models that incorporate chemomechanical signalling process to understand cell-matrix
interactions in fibrosis and ultimately aid in the development of effective control therapies.

2 METHODOLOGY

NIH3T3 fibroblast cells were maintained in high glucose DMEM medium supplemented with 10%
FBS at 37 ◦C and 5% CO2. TGF-β treatment was performed according to published protocols.
Briefly, cells were allowed to attach to the substrate and spread, following which they were cul-
tured in serum-depleted medium (DMEM+1% FBS) for 24 hours in order to mitigate the effects
of TGF-β present in FBS. The samples were then treated with 5 ng/ul TGF-β in serum depleted
medium and tractions were measured after 24 hours. Polydimethylsiloxane (PDMS) Sylgard 184
silicone elastomer was used to culture cells as a biocompatible material. It was made using a ratio
of 10:1 elastomer to curing agent to make thin sheets of 100 µm thickness which were used as sam-
ples for stretching experiments. The PDMS sheets were plasma treated for 2 min and incubated with
20 µg/ml of fibronectin solution at 37 ◦C for 1 hour.

A custom designed cell stretching device was used for uniaxial stretching of NIH3T3 fibroblast cells
seeded on PDMS membrane. The cell stretching device was fabricated using a biocompatible acrylic
compound (Verro White) through 3D printing technique and has provisions for both uniaxial and biax-
ial stretching of equal or different magnitude. The cell stretcher can be operated using user-controlled
stretch amplitude and frequency inputs for both static and dynamic stretching over extended time
periods. A custom designed clamping system was realized for proper grasping of thin PDMS elas-
tomer membranes that can undergo large non-linear deformations, so as to ensure the stretch remains
throughout its length. The design principle is based on clamping a thin stretchable PDMS elastomer
membrane between two opposite translating actuator arms, allowing for static and dynamic stretch
in both orthogonal directions. Novel clamp design was employed to ensure the membrane does not
slip out and for easier handling of specimen during repeated clamping and removal. The clamped
membrane is placed inside the custom designed cell stretching device connected with four actuators
of the biaxial stretcher. This design also enables for easier assembling and disassembling of the cell
stretching device with the actuator arms such that it can be periodically viewed under microscope.
The cell stretcher is placed inside an incubator which maintains a sterile environment and optimum
CO2 supply (5%) and constant temperature of 37 ◦C.

Calibration of the bioreactor was performed by strain quantification using displacement markers in
stretched PDMS membranes. Quantification of in-plane strains in the specimens was achieved by
tracking markers on the specimen using an overhead video camera (Sony HD HDR-XR100E). Cen-
troid of the marker region is obtained using thresholding and the corresponding displacements are
obtained. A strain interpolation algorithm was used to quantify in-plane strains in the specimen. This
method uses positions of an array of markers that define four node quadrilateral elements in the refer-
ence coordinate system prior to stretching. We quantified Green Lagrange strain and the deformation
gradient tensor [13]; which has been used to obtain a map of stretches subjected on each specimen
that are necessary to characterize the mechanical response.
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Quantification of cell contractility was performed using traction force microscopy. Fibroblasts were
seeded on polyacrylamide gels of 10 kPa and 40 kPa stiffness embedded with 200nm fluorescent
beads. Displacements of the gel resulting from the contractile pull of the cell were measured by imag-
ing the sample before (stressed configuration) and after removal of the cells (referential configuration)
by trypsinization. Digital image correlation (DIC) techniques were used to generate displacement
fields from stressed and referential images. We used inverse approach Regularized Fourier Trans-
form Traction Cytometry (Reg-FTTC) that is based on the Boussinesq-Cerutti problem in elasticity
and computes tangential tractions applied to the free surface of a semi-infinite solid. Traction forces
exerted by fibroblasts in response to TGF-β (5ng/ul) were computed using this approach.

3 RESULTS AND CONCLUSIONS

NIH3T3 fibroblasts cultured on a thin PDMS membrane and the membrane was clamped inside the
bioreactor for uniaxial stretching. The stretch parameters were chosen based on physiological values
of stretch observed in arterial tissues. Preliminary experiments performed at 5% stretch at a frequency
of 0.1 Hz and 1 Hz for 6 hours show changes in cell aspect ratio and re-orientation of actin stress
fibers. These effects are not observed at lower frequency in the experimental time period, although it
is possible that the response may be delayed due to slower rate of stretching and less experimental time
duration. We are currently quantifying the distribution and orientation of stress fibers in response to
varying stretch. Future experiments are aimed at repeating the stretching experiments (both uniaxial
and biaxial) with varying stretch conditions for longer time duration to understand the temporal stretch
response.

Cellular contractility is an important measure of the mechanobiological response of cells. Modulation
in contractility can influence behavior of the cells in response to chemomechanical stimuli. To quan-
tify the contractility of the cells in response to TGF-β treatment, we measured the traction forces
generated by these cells on a deformable substrate. Our results show a decrease in traction forces
upon TGF-β treatment on the stiffer 40 kPa gel, but not on the softer 10 kPa gel. We hypothesize
that this may be due stiffness dependent TGF-β response that has been observed in case of epithelial
cells in earlier studies [8]. We also show significant differences in tractions exerted by cells on 10
kPa (43± 18.6 nN) and 40 kPa (88.1± 24 nN) gels with stiffer substrates showing higher forces.

Cell morphology is an important determinant of its behavior and response to stimuli. We measured
cell areas and nuclear areas of cells treated with TGF-β for 24 hrs. We observed that cell areas in-
creased from 1536±402 µm2 to 2246±708 µm2 after treatment with TGF-β for 24 hrs. Nuclear area
also showed an increase upon TGF-β treatment. Mechanical stretching has been known to modulate
gene expression leading to changes in cellular morphology in myofibroblasts and cardiomyocytes, al-
though the contribution of morphological changes to generation of fibrotic phenotype is still unclear.
We are currently performing experiments to quantify morphological changes after uniaxial stretching.

Figure 1: (a) Custom designed cell stretcher and bioreactor. A thin sheet of PDMS has been clampled in
the bioreactor and can be subjected to uniaxial or biaxial stretching. (b) 3T3 fibroblasts cultured on PDMS
stretched for 6 hours at 5% stretch, 1Hz stained for actin (red) and nucleus (blue). Scale bar: 25 µm. (c)
Traction forces exerted by cells on PA gels of varying stiffness with and without TGF-β treatment
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Together our results show the response of NIH3T3 fibroblasts to mechanical stretch and TGF-β, both
of which are important contributors to generation of fibrotic phenotype in arterial tissues. We have
used a custom designed bioreactor to subject cells to 5% stretch at 1Hz and 0.1Hz and report the
changes in cell orientation, aspect ratio and actin stress fiber for 1Hz frequency at the end of 6 hours.
Traction forces decreased on stiffer substrates upon TGF-β treatment but no difference was seen
on the softer gels. Morphology experiments showed significant differences in cell and nuclear area
upon TGF-β treatment. These results show the importance of chemomechanical stimuli in regulating
cellular contractility, which is integral to manifestation of fibrosis pathology.
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SUMMARY
Our objective is to personalize an atrial model of the propagation of the action potential, based on
electrical catheter data with the help of the data assimilation. The originality of the approach is
to introduce a Luenberger observer of the propagation which can pursue the actual activation front
reconstructed from catheter data. Moreover, this approach may account for the breakthrough of new
activation fronts at anytime with an additional topological gradient term. Here, this approach is
adapted to atrial models of the propagation of action potentials and evaluated for the first time on a
real patients dataset.

Key words: Shape-based estimation, front observers, reaction-diffusion, electrophysiology

1 INTRODUCTION

The purpose of our work is to couple models of the propagation of the action potential and electrical
catheter data in order to propose a personalized estimation of the electrical activity of a patient. To
do so, we rely on the sequential data assimilation strategy introduced in [1] and based on an original
similarity measure between the computed depolarization and the observed front. Then an efficient
feedback adapted to this similarity measure is proposed based on shape derivatives leading in fine to
a so-called Luenberger observer. This seminal idea was complemented in [2] with the introduction of
the topological derivative of the measure in order to account for the breakthrough of new activation
fronts at anytime. Justifications of the stabilization property brought by the feedback was established
in [1] and numerical illustrations were presented on synthetic data revealing the potential of the ap-
proach. The application of this estimation framework can now be evaluated on real data. To this
end our feedback is integrated to several atrial models of the action potential propagation such as
the bilayer surface atrial model [3] or the surface-based asymptotic electrophysiology model [4] and
evaluate for the first time on a real patient’s dataset from CARTO recording at the Institute Liryc in
Bordeaux.
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2 METHODOLOGY

We consider a generic model of reaction diffusion defined on a surface domain S, namely
c∂tw −∇ · (D · ∇w) = kf(w, κ), in S × (0, T ),

κ̇ = η(κ,w) in S × (0, T )
(D · ∇w) · n = 0, on ∂S × (0, T ),

w(x, 0) = w0(x), in S.

(1)

where w can be a scalar field or the tensorization of multiple scalar fields κ are internal variables
associated with the gating of the action potential, c is a capacitive term, D a diffusion tensor, k a
reaction term, f and η are reaction functions.

We now aim at estimating a target trajectory w̌ of this model, starting from a partially unknown initial
condition w̌0 and/or associated to partially unknown parameters, typically Ď or ǩ. On this target
trajectory, we have at our disposal some measurements of the time depolarization map – namely the
spatial distribution of time when w reaches a threshold value cth – on a observed subdomain. We
denote this map Sobs 3 x 7→ t̆dep(x) = mint{w̆(x, t) > cth} ∈ R+. In fact the actual given tdep map
is a perturbation of the ideal t̆dep due to noise and error. From any map tdep, we can generate a time
sequence of data

z ∈ L2([0, T ];L2(Sobs)) :

∣∣∣∣∣R+ × Sobs → {−1, 1}
(t, x) 7→ 1t>tdep(x)− 1t<tdep(x)

classifying, up to some measurement errors, the activated part of the domain at each time t. Note that,
in practice, we only rely on a discrete sampling of this map.

From the data z, we define a similarity measure – based on the Chan-Vese functional [5] – of the form

J(z, w) =

∫
Sobs

H(w − cth)
(
z − C1(z, w)

)2
dx+

(
1−H(w − cth))

)(
z − C2(z, w)

)2
dx, (2)

where H is the Heaviside distribution and

C1(z, w) =

∫
Sobs

H(φ(w))z dx∫
Sobs

H(φ(w)) dx
, C2(z, w) =

∫
Sobs

(
1−H(φ(w))

)
z dx∫

Sobs

(
1−H(φ(w))

)
dx

. (3)

The Luenberger state estimator proposed in [1, 2] is then designed from the shape gradient and topo-
logical gradient of J. It reads

c∂tŵ −∇ · (D · ∇ŵ) = kf(ŵ, κ) + g(z, ŵ), in S × (0, T ),
˙̂κ = η(κ̂, ŵ) in S × (0, T )

(D · ∇ŵ) · n = 0, on ∂S × (0, T ),
w(x, 0) = ŵ0(x), in S.

(4)

where ŵ0 is the a priori initial condition and the feedback term is given by

g(z, ŵ) = γsh(x) δ(ŵ − cth)
(
−
(
z(t)− C1(z, ŵ)

)2
+
(
z(t)− C2(z, ŵ)

)2)
+ γtopo(x)H

(((
z − C1(z, ŵ)

)2−(z − C2(z, ŵ)
)2)

(ŵ − cth)
)

×
((
z − C1(z, ŵ)

)2 − (z − C2(z, ŵ)
)2)

. (5)

In the definition of the feedback law, δ is the Dirac function, γsh(x) is a positive gain function weight-
ing the shape gradient and γtopo(x) is a positive gain function weighting the topological gradient.
Additionally to the initial work of [1, 2], we integrate here a necessary way to manage partial mea-
surement on Sobs by typically restricting γsh and γtopo to be non-zero only on Sobs.

To apply (4) for the bilayer surface atrial model, the model definition introduces two scalar fields rep-
resenting the variables on two different layers [3], typically at the endocardium and at the epicardium.
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In this case, we will consider that only one layer is observed hence the gain functions γsh and γtopo
are non-zeros only on the corresponding dynamics. Concerning application of (4) the surface-based
asymptotic electrophysiology model [4], a bidomain is considered hence leading to the introduction
of the extracellular potential dynamics. In this case, the feedback applies only on the transmembrane
potential part of the dynamics.

Finally, we point out that, based on the work [6], a supplementary level of parameter estimation can
be added to this observer to eventually estimate some uncertain parameters [1].

3 RESULTS AND CONCLUSIONS

We now want to apply the estimator (4) to actual data of a CARTO recording of the left atria of a
patient. The initial time-activation map is presented in Figure 1-(1st & 3rd) where we see that only a
part Sobs of the atria surface Sobs has activations times.

Figure 1: Time activation map extracted from CARTO data and corresponding reconstruction from bilayer
surface model [3]

From a practical point of view a geometrical mesh is first created from the patient data. Then, the
set of recorded activation times is projected on the surface mesh. Moreover, a fiber architecture
is defined based on physiological considerations as typically proposed in [7, 8]. Finally the initial
electrophysiological a priori state is guessed from the atrial node position and the early activation
times.

In the resulting observer simulation, the filter corrects the action potential so as to track CARTO
local activation times, while preserving a biophysical behavior. Therefore, we are able to reconstruct
smooth activation maps over the whole atrial surfaces. Then from the observer simulation, we can
eventually generate a new complete and denoised time activation map as presented in Figure 1-(2nd

& 4th) and of direct use for cardiologists. Note that the topological term allowing new fronts is not
necessary in this case as only one front is expected. However, this promising strategy can reconstruct
more complex patterns [2] and may also allow to reconstruct velocity fields and directions, phase
maps and eventually give information on repolarization.
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SUMMARY 
 
Models in the form of dynamical systems are very common in the cardiovascular and 
pharmacokinetics fields, either as stand-alone models or as part of multidomain (or multiscale) 
models. Their parameters constitute an essential part of the models, and are often unknown. In the 
last years, we have explored their identification through an inverse problem that takes dynamical 
measurements as observations for the Unscented Kalman Filter (UKF). Handling of dynamical as 
well as average parameters, measurements at different heart rates, and use of non-periodic signals 
will be discussed through various applications, with synthetic and real clinical or experimental 
data. 
 
Key words: parameter estimation, unscented Kalman filter (UKF), dynamical signals, multiscale 
models, pharmacokinetics models 
 
 
1   INTRODUCTION 
 
Multiscale modeling is commonly used to assess in more detail the flow in a 3D region of interest, 
while the rest of the blood circulation or respiratory system is taken into account with reduced 
models (mostly 0D models). The latter constitute boundary conditions for the 3D part, and drive 
most of its dynamics. They are thus crucial for the model. 0D models have also described blood 
flow dynamics on their own, in particular to model the entire circulation. Yet, their parameters are 
a priori unknown: they need to be identified in order to reflect blood or air flow measurements. 
Depending on the considered application, available measurements besides imaging data to inform 
on the geometry vary. Direct or surrogate measurements of flow and/or pressure are considered. 
Depending on the acquisition method, full time-varying curves or only mean values are trusted.  
Several challenges in this topic were faced: measurements are not necessarily taken at boundaries 
of the 3D domain [2,3]; they are often too few to identify all parameters, and thus need to be 
complemented by modeling assumptions or literature data [1,2,3,4]; parameter inference 
implementation and computational complexity need to be coherent with the available amount of 
information. Thus parameter identification can be done on purely 0D models [1,4,5], on loosely 
coupled 3D-0D models [2], or on strongly-coupled 3D-0D models (in the sense that each parameter 
identification simulation includes the 3D part) [3]. In terms of methods, variational approaches —
 simple parameter space search [1,4] and fixed-point algorithm [3] — and sequential (unscented 
Kalman filter) approaches [2,5] have been implemented. The latter is especially well geared for 
dynamical signals. 
We here present our experience with the UKF, first in the cardiovascular 3D-0D or purely 0D 
settings [2,5]. This includes the handling of pressure and flow measurements taken at different 
heart rates [6], along with methodological issues pertaining to cardiovascular models. Finally, this 
methodology is tested on ICG dynamical signals for pharmacokinetics modeling of liver perfusion 
and function [7]. 
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2  METHODOLOGY 
 
Data assimilation is a process by which real measurements (partial observations of the system state) 
and `a first guess' (prior knowledge) of the initial state are integrated into a computational model to 
reduce its uncertainty in representing the real system. In the context of blood flow, it has mainly 
been used for parameter estimation by treating the parameters as state variables; thus requiring 
prior knowledge of the parameters as well. Basically it entails to minimize a cost function, which is 
composed of a sum over time of the discrepancy between the observations and the corresponding 
functions of the state variables in a certain norm, and of the norm of the uncertainties in the initial 
state and parameters. Depending on the norms, one chooses to put more trust (weight) on the data 
or on the a priori knowledge. The problem is then solved here by variational or sequential 
approaches. Variational methods usually employ targets of the mean/extrema values or scalar shape 
descriptors of the clinical measurements and are successful only when a few parameters are to be 
estimated. An alternate approach for parameter estimation that has gained a lot of attention in 
recent years is the sequential Kalman filtering-type method that takes advantage of time-varying 
measurement curves. 
The goal of all filtering methods is to provide estimates of dynamical system state recursively at 
each measurement time, given prior (initial) estimates of its mean and covariance at time t=0. This 
is achieved through two steps of propagation and correction. The forward propagation step involves 
propagation of the mean and covariance from one time step to the next through the forward 
dynamical model. In the correction step, these means and covariances are corrected through the 
measurements (minimization of a cost function or by Bayes' rule). While the steps of forward 
propagation and correction are common to all sequential filters, the Unscented Kalman Filter 
(UKF) employs a set of deterministically chosen new guesses to be propagated and is particularly 
well suited for nonlinear dynamical systems in hemodynamics [2]. 
 
The methodological developments we present here are especially related to cardiovascular 
dynamics modeling. A framework for Windkessel parameter estimation in a 0D representation of 
the 3D fluid-flow domain is first proposed [2]. Parameters are estimated from uncertain 
measurements through the UKF, and the 0D representation is iteratively improved through 3D-
CFD simulations. This method is capable of handling asynchronous measurements at the same 
heart rate.  
The methodological developments further include [6]: to handle a variety a) of measurement types 
such as cardiac cycle whole dynamics, min/max values, average values only (the latter being non-
trivial to handle in the UKF context); b) of prior knowledge in the method; and d) of heart-rates at 
which measurements were taken, a common situation in the clinics. A response to ill-conditioning 
of the empirical covariance matrix is also suggested. 
Differently than in cardiovascular applications, dynamical fluorescence images provide a non-
periodic surrogate for a compound concentration (here the Indocyanine Green – ICG) [7]. This 
non-periodicity as well as the usually scarcity in time of the data introduce a challenge for which 
we propose a solution. 
 
3  RESULTS AND CONCLUSIONS 
 
Sensitivity analysis is carried out to discuss identifiability issues, both in cardiovascular and ICG 
pharmacokinetics.  
Results are presented for three patient-specific cases of congenital heart disease (aortic coarctation 
and single-ventricle pathophysiology) [2,5]. Data-assimilation with measurements at different heart 
rates is successfully presented on synthetic data-set and on a patient-specific case with heart valve 
regurgitation [6]. The UKF application to the ICG dynamics is then demonstrated with its 
specificities compared to hemodynamics, on synthetic and experimental data. 
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SUMMARY
Phase Contrast MRI measures the blood flow velocity within large blood vessels. The corresponding
relative blood pressure can be estimated via an inverse problem by optimizing boundary condition
parameters. This requires solving the Navier-Stokes equations in a domain extracted from medical
images. However, an uncertainty is associated to the position of the boundaries of the order of the
image resolution. Applying standard no-slip boundary conditions on inaccurately extracted walls may
cause large errors in the estimated pressure gradient. This work deals with an approach for reducing
such errors by using slip and transpiration boundary conditions on the vessel wall.

Key words: computational fluid dynamics, hemodynamics, optimization, finite element method

1 INTRODUCTION

Knowledge of the hemodynamic conditions in detail is important for the understanding, diagnosis
and treatment of cardiovascular diseases. One example is the congenital disease called coarctation
of the aorta (CoA) where the cross section of the ascending aorta is constricted, resulting in altered
flow conditions with severe consequences for the cardiovascular system, including death. The con-
striction causes a drop in blood pressure, a threshold value of which is the usual criterion for surgical
intervention. However, measuring the pressure drop is an invasive procedure by itself.

Non invasive measurement techniques exist for the blood flow velocity, namely Phase Contrast MRI.
Time-resolved, either three-dimensional velocity fields (4D-Flow) or partial measurements in two-
dimensional slices through the area of interest (2D-PCMRI) can be registered. Data assimilation
techniques allow to reconstruct the complete flow field from partial (in space and time) data and
provide information on other hemodynamic quantities [4], such as the pressure field, and, e.g., me-
chanical properties of the blood vessel [3]. In addition to enriching the image analysis, this approach
has prognostic capabilities and can give insight into the possible outcome of a treatment or aid in
decision-making [6]. Methods of this family involve solving the Navier-Stokes equations numer-
ically, embedded in a parameter estimation framework, in a computational domain obtained from
images. The position of the vessel walls therefore has an uncertainty associated to it, at least of the
order of the image resolution. Up to date all publications addressing this topic have used no-slip
boundary conditions on the estimated vessel walls. However, this may introduce large errors in the
velocity and pressure gradient estimates.

This work presents a simple approach of reducing such errors by using slip and transpiration bound-
ary conditions instead of no-slip conditions, and estimating slip and transpiration coefficients from
velocity measurements.
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2 METHODOLOGY

2.1 Model description

A variational data assimilation framework for reconstruction the flow field or estimating the pressure
gradient from PC-MRI velocity measurements is based on the inverse formulation of the incom-
pressible Navier-Stokes equations (NSE). Boundary condition parameters are estimated such that a
measure of the error between the numerical solution of the NSE and the measurement data is mini-
mized. Although real aortic blood flow is pulsating, we consider the steady state case in the present
analysis.

Assume that the geometry of a part of a stenotic aorta was obtained by segmentation of MRI images.
There is an uncertainty associated to the position of the vessel wall, at least of the order of the image
resolutionH . Hence, the true domain Ω and its boundary ∂Ω are not exactly. Only approximations Ω̃,
∂Ω̃ are available, and dist(Ω, Ω̃) ∼ H . In particular, we suppose that Ω̃ ⊂ Ω; the approximate vessel
wall is shifted by a constant offset towards the interior. The situation is illustrated in Fig. 1. Imposing
no-slip boundary conditions on the approximate vessel wall Γ̃w is expected to introduce large errors
in the estimated velocity and pressure gradient.

As a remedy we propose the use of Navier-slip and transpiration boundary conditions [5] for the
Navier-Stokes equations instead of no-slip conditions,

n · [µ∇u− 1p] · n+ β u · n = 0 on Γ̃w, (1)
d−1∑
k=1

n · [µ∇u− 1p] · tk +
d−1∑
k=1

γ u · tk = 0 on Γ̃w, (2)

where n is the wall normal vector, tk denotes the k-th wall tangential vector. The coefficients β
and γ control the wall transpiration and the slip, respectively. These boundary conditions lend them-
selves for implementation in a finite elements framework, by simply replacing the ‘natural’ boundary
integral arising from partial integration of the stress term. Note that the slip/transpiration boundary
conditions are consistent with a Poiseuille flow, where γ and β are known explicitly.

We formulate the following minimization problem: Given velocity measurements um in an approxi-
mate geometry Ω̃, find the optimal parameters

θ̂ = arg min
θ

dist(u(θ),um) (3)

such that u : Ω̃→ R
d, p : Ω̃→ R satisfy the incompressible Navier-Stokes equations

ρ(u · ∇)u− µ∆u+∇p = 0 in Ω̃ (4a)

∇ · u = 0 in Ω̃ (4b)

n · [µ∇u− 1p] · n+ β(θ)u · n = 0 on Γ̃w (4c)
d−1∑
k=1

n · [µ∇u− 1p] · tk +

d−1∑
k=1

γ(θ)u · tk = 0 on Γ̃w (4d)

u = gd(θ) on Γ̃d, (4e)

n · [µ∇u− 1p] = 0 on Γ̃n. (4f)

Here, ∂Ω̃ = Γ̃d∪ Γ̃w∪ Γ̃n constitutes the boundary of the domain Ω̃, with slip/transpiration boundary
conditions defined on Γ̃w, a Dirichlet condition for the inflow profile gd, and a zero-stress Neumann
condition on Γ̃n. The profile gd and the coefficients γ, β are parametrized by the parameter array
θ. The measure dist is defined, e.g., as the L2 error between the velocity measurements and the
numerical solution, projected onto the grid where the measurement data is given. For the optimal
parameters θ̂ an optimal estimate (û, p̂) = (u(θ̂), p(θ̂)) is obtained. We consider the blood as a
Newtonian fluid.
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2.2 Test case setup

We study the proposed model in an idealized scenario of an aortic coarctation. First, a two-dimensional,
axisymmetric reference geometry Ω is defined as illustrated in Fig. 1 and a numerical reference so-
lution to the steady, incompressible Navier-Stokes equations is obtained with no-slip boundary con-
ditions on the true wall. Second, an ‘inaccurate’ geometry Ω̃ is defined by moving the vessel wall
toward the interior by an offset ∆R (Fig. 1). Synthetic velocity measurements are created in Ω̃ by
projecting the velocity reference field onto a coarse triangulation of Ω̃ (the measurement grid) with
mesh size H ≈ ∆R and by adding Gaussian random noise to all velocity nodes with zero mean and
a standard deviation of 10% of the maximum velocity.

Γd Γn

Γsym

Γ̃w

f0R

R

Li Lc Lo

Γw

R−∆R

Figure 1: CoA geometries. Dotted boundary: approximated vessel wall Γ̃w, offset by ∆R. Solid line: true
vessel wall Γw. f0 (here 0.6) is the obstruction ratio, Γsym denotes the symmetry axis, Γd and Γn inflow and
outflow boundaries, respectively.

2.3 Implementation

The method outlined above is implemented using a inf-sup stable mixed finite element discretization
of the Navier-Stokes equations with nonlinear Picard and Newton iteration. A standard BFGS algo-
rithm is applied to the minimization problem. Backflow stabilization according to [2] is used at the
outflow boundary Γn to avoid backflow instabilities. We used the finite elements toolbox FEniCS [1]
in this work.

3 RESULTS AND CONCLUSIONS

We compare the performance of the slip/transpiration model to standard no-slip boundary conditions
on the inaccurate vessel walls. The reference case presented in section 2.2 is simulated in Ω with
assuming a dynamic viscosity µ = 0.035 Poise and density ρ = 1 g/cm3. The reference inflow
profile is parabolic with a centerline velocity of U = 61.25 cm/s and satisfying the no-slip boundary
condition at the wall Γw. The true vessel radius isR = 1 cm. This corresponds approximately to flow
conditions present at peak systole and a Reynolds number Re = ρ2RU/µ = 3500. In order to assess
the effect of subsampling the velocity measurements on the velocity and pressure drop estimates, a
set of measurement resolutions and wall offsets is considered, H ∈ [0.5, 2] mm, ∆R ∈ [0, 2] mm.

We will compare two simulations in the small geometry Ω̃ with to different boundary conditions

1. no-slip boundary conditions on the inaccurately segmented vessel wall Γ̃w,

2. slip/transpiration boundary conditions on the inaccurately segmented vessel wall Γ̃w.

In setup 1, only one parameter characterizing the maximum velocity of the parabolic inflow profile
on Γd will be estimated from the measurements. In setup 2, both inflow boundary profile parameters
on Γd (maximum velocity and wall offset ∆R) and the slip and transpiration coefficients on Γ̃w will
be estimated from the velocity measurements.

Figure 2 shows the errors of the velocity and the pressure drop estimates with respect to the reference
obtained with both boundary conditions (setups 1 and 2), in dependence on the wall offset ∆R (equal
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the image resolution H; or H = 0.5 mm for ∆R = 0 mm). The slip/transpiration model achieves
a significant reduction of the errors. In the case of the velocity, the spread of the error due to noise
is negligible. However, small disturbances in velocity cause large perturbations in pressure. Here
too, the slip/transpiration model seems slightly more robust to noise. Note that for the true geometry,
∆R = 0 mm, the slip/transpiration model shows the correct no-slip behaviour. For a wall offset
> 0 the pressure drop is underestimated at first, then rises for increasing ∆R, intersecting with the
reference pressure drop near ∆R = 1 mm.
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Figure 2: Relative errors in velocity (L2 norm) and pressure drop (signed) with respect to the reference. Circles
indicate the mean value of 50 realizations of noisy measurements (Gaussian noise, σ = 0.1 maxu), error bars
indicate the standard deviation.
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SUMMARY 
 

New insights into the mechanisms underlying cardiac arrhythmias may be possible from a greater 
understanding of variables unobserved in experimental settings. When experimental observations 
are sparse, data assimilation can be effective at recovering a more complete system state estimate. 
We have recently shown using synthetic observations of one- and three-dimensional cardiac tissue 
that data assimilation can be used to recover state variables observed sparsely in space and time or 
unobserved. Here we extend these findings to show that data assimilation remains effective in 
reconstructing cardiac states with underlying system spatial heterogeneity and in the presence of 
significant model error. 

 
Key words: data assimilation, cardiac arrhythmias, alternans 
 
 
1   INTRODUCTION 
 
Cardiac arrhythmias remain an important health problem, largely because an incomplete 
understanding of their underlying dynamics remains elusive. A quantitative understanding of 
cardiac electrical dynamics is difficult to achieve: although measurements of voltage at high spatial 
and temporal resolution through recordings of fluorescence from voltage-sensitive-dye-perfused 
cardiac tissue (optical mapping) [1] are achievable, the resolution still is not at the level of an 
individual cell, and many important variables other than voltage are not or cannot be observed. 
Thus, most simulations of cardiac electrical dynamics aim to achieve qualitative (e.g., type of 
dynamics) or high-level quantitative (e.g., dominant frequency) agreement with observations. We 
previously showed that data assimilation [2], a technique borrowed from weather forecasting, holds 
promise for allowing a more quantitative reconstruction of dynamics during complicated cardiac 
arrhythmias like fibrillation. Here we extend these results to show that data assimilation remains 
useful for reconstructing states of discordant alternans in one-dimensional rings from synthetic 
observations when intrinsic spatial heterogeneity and more significant model error are considered. 
 
 
2  METHODOLOGY 
 
We closely follow the methodology of Hoffman et al. [2]. For data assimilation, the Local 
Ensemble Transform Kalman Filter (LETKF) [3] was used. The model of cardiac action potentials 
used in the algorithm was the Fenton-Karma (FK) model [4] with the same parameter values as in 
Ref. [2] except where noted otherwise to ensure spatial discordant alternans in a 1D ring geometry 
(periodic boundary conditions), which corresponds to a propagating wave state with persistent 
oscillations in wavelength. Numerical integration of the model differential equations was 
performed using the explicit Euler method with time steps of 0.05ms and a spatial resolution of 
0.025cm. For the LETKF, we used 20 ensemble members to characterize covariance of the model-
derived (background) forecast. Observations were assimilated every 5ms. As in Ref. [2], 
multiplicative inflation was used to artificially inflate the estimated covariance, and additive 
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inflation in the form of scaled differences of 5-ms forecasts was used to extend the subspace 
spanned by the ensemble. Initial states for the ensemble members were drawn randomly from states 
visited during a 500-ms model run, which ensured physical consistency of the initial ensemble. 
Synthetic observations were generated using either the FK model or the Beeler-Reuter (BR) model 
[5] by coarsening the true 2-second state to 5ms-intervals (100 time steps) and 0.075cm spacing (3 
grid points) and then adding random Gaussian error (mean zero, standard deviation 0.05).  
 
 
3  RESULTS AND CONCLUSIONS 
 
We extend results from Ref. [2] by showing that the LETKF can recover discordant alternans states 
in 1D with spatial heterogeneity in the truth as well as with more significant model error. We also 
show preliminary results of fitting parameters to experiments; improved alignment of simulations 
with experiments should further extend the conditions under which data assimilation is useful. 
 
3.1 Data assimilation in the presence of tissue spatial heterogeneity 
 
Real cardiac tissue is likely to contain spatial variations in electrophysiological properties. We 
tested whether the LETKF could perform well in recovering the truth state when one model 
parameter, τsi, was varied spatially in the truth data. This parameter scales the slow inward current 
of the FK model, and small differences can have large effects on wavelength and alternans 
propensity (see Fig. 1). We used a single sinusoid scaled to fit the 14-cm ring; the maximum and 
minimum values of τsi were set to 29.3 and 28.7, so that the average value of τsi was 29.0, the same 
as in the numerical model used in the LETKF. The spatially heterogeneous truth state clearly 
exhibited spatial variations in wavelength on top of the discordant alternans dynamics.  
 

 
Figure 1. Upper left: space-time plot of truth voltage including spatial heterogeneity; colormap 
ranges from dark blue (lowest voltage) to red (highest voltage). Upper center: true spatial 
heterogeneity in parameter τsi. Upper right: before the first assimilation of observations, true wave 
profile (black), observation points (green), initial estimate of wave profile obtained by averaging 
initial ensemble members (background, red), and improved estimate after incorporating data 
(analysis, blue). Lower left: estimated voltage showing excellent agreement after 500 ms. Lower 
center: root-mean-square error for background and analysis, with values below the observation 
error after 500 ms. Lower right: wave profile after 1000 ms, with truth, background, and analysis 
essentially superimposed within the envelope of the observations (green).  
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Although the LETKF had no awareness of the spatial variation in the truth and used a spatially 
invariant value for τsi, it nevertheless obtained excellent agreement with the truth, as shown in 
Fig. 1. Within the first assimilation cycle, the forecast improved from a largely featureless average 
of the ensemble members (initialized to random model states) to a recognizable wave with correct 
location and wavelength. Small errors resulting from a slightly elevated resting voltage value 
(lighter blue in space-time plots) were corrected within about 500ms, corresponding to one period 
of the discordant alternans. Within the same time, the root-mean-square error dropped below the 
level of noise added to the observations and approached zero.  
 
3.2 Data assimilation in the presence of significant model error 
 
To further test whether data assimilation could recover more realistic truth states, we used the BR 
model to generate a truth state of discordant alternans in a 12.5-cm ring while continuing to use the 
FK model within the LETKF. This case posed a considerable challenge because the action 
potentials of the BR model, and thus those in the truth state and synthetic observations, had a spike-
and-dome morphology, whereas the action potentials of the FK model, and thus those produced by 
the LETKF algorithm, did not. Despite the differences in wave shape arising from the different 
action potential shapes, within 500ms (one discordant alternans period) the LETKF matched 
wavefront location and produced good estimates for wavelength and conduction velocity, as can be 
seen in Fig. 2. As expected, the RMS error was higher (above the level of the noise added to the 
truth) because of differences in action potential shape; these differences can be seen in Fig. 2 as 
areas of elevated voltage (light blue) that persist along the wavefront after the first 500ms. In 
general, although differences in wave shape confined to a narrow area of the wavefront cannot be 
matched because the model used in the LETKF cannot achieve such shapes on its own, the LETKF 
performed well in matching the salient features of the truth state, including the location, speed, and 
dynamically varying width of the wave.  
 

 
Figure 2. Performance of data assimilation in the presence of significant model error. Left: truth 
voltage from the BR model. Right: reconstructed voltage showing excellent agreement in 
wavelength, wave speed, and wave location after the first 500 ms. Colormap ranges from dark blue 
(lowest voltage) to red (highest voltage). 
 
3.3 Customizing model parameterizations from experimental data 
 
Better agreement between observations with spike-and-dome action potential morphology and 
forecasts produced by the LETKF algorithm could be achieved by substituting a model capable of 
reproducing wave shapes, such as the model of Bueno-Orovio et al. [6]. However, finding 
parameter values for these models that fit specific experimental data is challenging because of the 
large number of parameters, biological variability, and the highly nonlinear nature of the problem. 
Because spatial heterogeneity may make it necessary to perform multiple parameterizations for a 
single experiment, computational efficiency is also important. We have implemented a genetic 
algorithm to find parameterizations to fit the Bueno-Orovio et al. model to experimental data from 
microelectrode recordings. Like the FK model, the Bueno-Orovio et al. model is a flexible 
phenomenological reaction-diffusion model that can reproduce a broad range of cardiac dynamics, 
but unlike the FK model, it can reproduce action potential shapes. We find that the genetic 
algorithm works well in many cases, including for experimental data, even when fitting many 
parameters, provided that the bounds on parameters are not excessively large. Figure 3 shows an 
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example of fitting to experimental action potentials from microelectrode recordings of both 
endocardium and epicardium. We permitted the algorithm to vary 18 of 28 parameters. The 
algorithm was able to find good parameterizations in both cases, including good agreement for the 
distinctive action potential shapes. This approach, which has been used by others previously [7,8], 
shows promise for finding model parameterizations and should be useful in developing customized 
and spatially heterogeneous models for use in the LETKF to increase its range of applicability. 
 

 
Figure 3. Parameter fitting (red) of the Bueno-Orovio et al. model to endocardial and epicardial 
microelectrode data (black). Cycle lengths of 300 and 200 ms (left and center) fit simultaneously 
are shown for endocardial data. One cycle length of 352 ms is shown for epicardial data. 
 
3.4 Conclusion 
 
We find that our data assimilation approach [2] continues to perform well for estimating states of 
cardiac discordant alternans in one-dimensional rings even when intrinsic spatial heterogeneity in 
the truth state is not included in the LETKF model and even when model error is increased by 
obtaining synthetic observations from a different model than that used within the LETKF. Future 
work includes verifying our one-dimensional results with spatial heterogeneity and large model 
error in three-dimensional simulations of scroll waves as well as estimating parameters as part of 
data assimilation, developing heterogeneous models to use within the LETKF, and applying our 
methods to data from cardiac tissue experiments. 
 
 

ACKNOWLEDGMENTS 
 
This work was supported by the National Science Foundation under Grant Nos. CMMI-1234235, 
CMMI-1341190, and CNS-1446312. 
 
 

REFERENCES 
 
[1] E.M. Cherry and F.H. Fenton. Visualization of spiral and scroll waves in simulated and 
experimental cardiac tissue. New Journal of Physics, 10:125016, 2008. 
[2] M.J. Hoffman, N.S. LaVigne, S.T. Scorse, F.H. Fenton, and E.M. Cherry. Reconstructing three-
dimensional reentrant cardiac electrical wave dynamics using data assimilation. Chaos, 26:13107, 
2016. 
[3] B.R. Hunt, E.J. Kostelich, and I. Szunyogh. Efficient data assimilation for spatiotemporal 
chaos: A local ensemble transform Kalman filter. Physica D, 230:112–126, 2007. 
[4] F. Fenton and A. Karma. Vortex dynamics in three-dimensional continuous myocardium with 
fiber rotation: Filament instability and fibrillation. Chaos, 8:20–47, 1998. 
[5] G.W. Beeler and H. Reuter. Reconstruction of the action potential of ventricular myocardial 
fibres. The Journal of Physiology, 268:177–210, 1977. 
[6] A. Bueno-Orovio, E.M. Cherry, and F.H. Fenton. Minimal model for human ventricular action 
potentials in tissue. Journal of Theoretical Biology, 253:544–60, 2008. 
[7] C.T. Bot, A.R. Kherlopian, F.A. Ortega, D.J. Christini, and T. Krogh-Madsen. Rapid genetic 
algorithm optimization of a mouse computational model: benefits for anthropomorphization of 
neonatal mouse cardiomyocytes. Frontiers in Physiology, 3:421, 2012. 
[8] Z. Syed, E. Vigmond, S. Nattel, and L.J. Leon. Atrial cell action potential parameter fitting 
using genetic algorithms. Medical & Biological Engineering & Computing, 43:561–571, 2005. 
 

426



 

 

5th  International Conference on Computational and Mathematical Biomedical Engineering – CMBE2017 

10-12 April 2017, United States 

P. Nithiarasu, A.M. Robertson (Eds.) 

 

NON-INVASIVE DETECTION OF AORTIC ANEURYSM BY 

ANALYSIS OF PRESSURE AND FLOW RATE WAVEFORMS 
 

Igor Sazonov
1
, Ashraf W. Khir

2
, and Perumal Nithiarasu

3 

1 
Swansea University, Bay Campus, Fabian Way, SA1 8EN, U.K., I.Sazonov@swansea.ac.uk

 

2 
Brunel University London, Uxbridge B8 3PH, U.K., Ashraf.Khir@brunel.ac.uk 

 

3 
Swansea University, Bay Campus, Fabian Way, SA1 8EN, U.K., P.Nithiarasu@swansea.ac.uk 

 

SUMMARY 

 

A novel method of detecting aortic aneurysm (AA) is proposed which comprises measuring and 

analysis of the blood pressure/velocity waveforms. The analysis is based on 1D modeling of a 

cardiovascular system and approximation of an aneurysm by lumped (0D) model. The method is 

justified experimentally in the simplified arterial network and in the numerical modeling of the 

human arterial network.  The method can provide clinicians with a non-expensive, easily accessible 

tool for aneurysm screening, monitoring and the intervention time estimation.  

 

Key words:  aneurysm detection, blood pressure waveforms, one-dimensional modelling 

 

 

1   INTRODUCTION 
 

Cardiovascular disease is the main death cause. Aortic aneurysm (AA) is a disease that consumes a 

significant amount of health-care budget. AA presents with a localized weakening and dilation of 

the aortic wall. Its rupture is responsible for significant number of deaths. The abdominal aortic 

aneurysm (AAA) is the most prevalent type of aortic aneurysm, whilst the thoracic aortic aneurysm 

(TAA) is a relatively rare disease and more difficult to detect by ultrasound (US). The AA repair 

needs surgical intervention; it may be either an open surgery or the endovascular aneurysm repair 

(EVAR). So far the main criterion for surgery intervention of AA is its diameter (5.5 cm for AAA). 

However, about 60% of AAAs with a diameter over 5.5 cm never rupture, so an operation takes 

unnecessary surgery risk. On the other hand, small AAAs can rupture too. 

The US echography is currently the most practical, non-invasive and inexpensive modality in the 

AAA screening but it has some limitations: inaccurate measurement can be caused by sound 

attenuation, bowel gas, obesity, artery tortuosity or calcification. The shape and size of the 

aneurysm can be determined most accurately by means of 3D CT or MRI methods but they are 

much more expensive and mainly applied at the latest stages of AA evolution. Besides the AA size, 

its rapture time depends also on mechanical properties of the vessel wall that cannot be determined 

from above modalities directly.  

Therefore developing cost effective and easily accessible non-invasive methods for AA detection 

and monitoring is a problem of great importance for biomedical engineering. The approach based 

on measuring and analysis the arterial pressure and velocity waveforms looks to be promising 

towards developing such methods. The pressure waveforms can be measured via arterial tonometry 

or cuff pressure measurements obtained from the wrist, arm or carotid. The arterial velocity may be 

measured with US Doppler echography.  

The waveform analysis can be based on a one-dimensional (1D) systemic circulation modelling. 

Recent works on 1D circulation modelling have demonstrated its accuracy in predicting various 

blood flow quantities [1-2]. Therefore it has a great potential for the developing non-invasive 

aneurysm detection methods [3].   
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2   LUMPED ANEURYSM PARAMETER 
 

Waves speed in the ascending aorta is approximately 5 m/s and increases toward peripheral 

arteries. Analysis of a typical in vivo waveform shows that first 5 harmonic components contain 

95% of the pulse energy. If the heart beat period is approximately 1 s, then the wavelength of the 

5th harmonic will be on the order of 1 m, i.e. essentially exceeds the length of a typical aortic 

aneurysm which rarely exceeds 10-15 cm. For such long waves, the waves can `sense’ the 

aneurysm as a localized discontinuity (0D object) characterized by its lumped parameters.  

The aneurysm compliance is introduced in [4] 

as a lumped parameter. Value C = V/P is 

called the vessel compliance where V is 

change of the vessel volume under change of 

pressure P. If CV is the compliance of a healthy 

vessel, and CA is the compliance of the same 

vessel with an aneurysm, then their difference 

CA = CA – CV is an additional vessel 

compliance caused by presence of an aneurysm. 

We refer to the CA parameter as to the 

aneurysm compliance.  Numerical modelling of 

the simplest pipeline shows that the pulse 

reflected from an aneurysm and from a 0D with 

the same additional compliance CA are 

practically identical for a typical incident wave 

form in aorta, as it is shown in Figure 1.  

The longwave approximation gives following 

equation for the additional compliance for a 

fuzzy-form aneurysm: 
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where A(x) and c(x) are respectively the cross-section area and the wave speed in the vessel with 

the aneurysm, A0 and c0 are respectively the non-disturbed area and wave speed in the healthy 

vessel, L is the aneurysm length,  is the blood density, h is the vessel wall thickness, E and  are 

the vessel wall material Young modulus and Poisson ratio, respectively; x is the coordinate along 

the vessel axis referenced from the inlet of the aneurysm.  

As seen from Eq. (1), the CA parameter grows when the aneurysm grows (approximately 

proportional to cube of the aneurysm diameter) and also if the aneurysm wall becomes softer 

(inverse proportional to the wall stiffness). So the CA parameter can be considered as an aneurysm 

severity indicator: it can be equally large for an aneurysm of a large diameter with relatively stiff 

vessel walls and for a smaller aneurysm with `softer’ walls, i.e. more probable for rapture despite 

its small size. Hence the aneurysm compliance can be a more informative parameter about the 

aneurysm rupture timing than the aneurysm diameter. Also note that even if the aneurysm size is 

evaluated from other modalities (US, or CT or MRI) the aneurysm compliance can be an additional 

parameter enabling evaluating the elastic properties of the aneurysm wall and, as a result, more 

accurate rupture time prediction. 

In the linear approximation, the pressure waveform reflected from the 0D lumped aneurysm pr can 

be calculated through the convolution with the incident waveform pi  
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where (t) is Dirac’s delta, R(t) is the kernel determined by two parameters: 

Figure 1. The incident  pressure waveform (black) 

and the computed waveform reflected from an 

aneurysm (with the length of 12 cm and maximal 

diameter of 5 cm) (blue) and from a 0D objects 

with the same compliance (red).  
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where xA is the distance from the site where the pressure waveforms pi and pr are measured to the 

center of the aneurysm. Parameters t and  can be evaluated by comparing the both waveforms. 

Then the aneurysm location xA (relative the pressure measuring site) and the aneurysm compliance 

CA can be calculated via (3). Note the lumen cross-section area and the wave speed at the 

aneurysm inlet should be known to evaluate the aneurysm compliance. 

 

3   EXPERIMENTAL RESULTS 

 

Reflection from artificial aneurysms has been studied experimentally in Brunel University. The 

experimental rig includes a pump modelling the heart and system of pipes modelling the simplest 

blood vessel network. One pipe segment has a bulge to represent an artificial aneurysm. Four 

artificial aneurysms have been produced with diameters of 24, 34, 44 and 50 mm. Pressure is 

measured by the 6F pressure transducer tipped catheter (Gaeltec, Scotland, UK). The flow rate is 

measured by the ultrasound flow probes (Transonic System Inc, Ithaca, NY, USA). Some pressure 

waveforms are presented in Figure 1. Simultaneous measuring of pressure and flow rate waveforms 

enables wave separation into forward, pf, and backward, pb, waves. Parameters xA and CA has 

been evaluated by the least square fitting of the pf * R into pb: min)*(2

1

2  dtRpp
t

t fb  where t1,t2 

are, respectively, beginning and ending of pulse pf * R where pf  is the main peak of pulse pf .  

Results of fitting and their comparison with reference values are presented in Table 1. The 

reference value of xA is the directly measured distance between the measuring site and center of the 

aneurysm. The reference values of CA have been calculated with the use of  Eq. (1). 

Table 1. Aneurysm location, xA, and its severity, CA, determined by the proposed method for the 

experimental rig. 

 xA, cm CA, MPa/cm
3
 

D, mm 24 34 44 50 24 34 44 50 

Reference 55.0 55.0 55.0 55.0 8.30 25.5 52.8 75.7 

Experimental 58.7 49.4 50.5 52.8 11.0 49.7 99.3 109 

Numerical 54.5 53.9 53.8 53.6 9.50 27.3 62.6 97.1 

 

4   NUMERICAL RESULTS 

 

The locally conservative Galerkin (LCG) method adjusted for the one-dimensional approximation 

of the systemic circulation and described in [2] has been used for numerical simulation. First, it has 

been applied to model the experimental network. The comparison of experimental and numerical 

pressure waveforms is shown in Fig 2. The discrepancy can be caused by uncertainty is in the 

determination of Young’s modulus of the connecting tubes and tubes’ connectors. Results of 

the application of the least square fitting procedure are presented in Table 1. 

 

   

 Figure 2. Experimental (black) and numerical (red) pressure waveforms. 

Second, the numerical simulation scheme has been applied to the human arterial system model 

network ADAN 55 [5] with aneurysm in the abdominal part of the aorta. Aneurysms of two sizes 
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are modelled: two- and three-times wider than the healthy vessel in its widest part. We will refer to 

them as AAA-2 and AAA-3, respectively. The waveforms are taken for the analysis computed in 

(a) in the aortic arc and (b) in the left and right carotids. Note that carotids are accessible parts of 

body for measuring the pressure and velocity waveforms. In the aortic arc, the incident and 

reflected propagate in opposite directions, so the wave separation helps in waveform analysis as it 

was for the experimental rig and its numerical simulation. In carotid, the incident pulse and the 

pulse reflected from the aortic aneurysm propagate in the same direction therefore more 

sophisticated analysis is required to extract the aneurysm parameters. In our study we utilize the 

fact that flow rate waveforms have a rather narrow peak so the incident and reflected peaks can be 

separated in time. Therefore we can apply the least square fitting algorithm described in Section 3 

to the flow rate waveforms. The results are presented in Table 2. Here we indicate the time of the 

wave propagation from the measuring site to the aneurysm. Its reference value in a pipe with 

variable wave speed can be calculated via the integral 
Ax

xcdxt
0

)(/ . The reference 

compliance CA,  is calculated using Eq. (1). 

Table 2. Aneurysm location, xA, and severity, CA, determined by the proposed method for the human arterial 

network. Here AAII and AAIV denote ascending and descending parts of aortic arc respectively, RCA and 

LCS denote the right and left common carotid respectively [5]. “Ref.” is reference value, “Num.” is the value 

obtained via the least square fitting algorithm. 

 t, ms CA,  MPa/cm
3
 

Ref. 
AAA-2 AAA-3 AAA-2 AAA-3 

Num. Num. Ref. Num. Ref. Num. 

AAII 143 137 179 25 19 78 58 

AAIV 126 105 132 25 26 78 90 

RCA 194 151 161 25 13 78 48 

LCA 189 145 161 25 16 78 71 

 

5   CONCLUSIONS 

 

A novel method of detecting aortic aneurysm is proposed based on measuring and analysis of 

pressure/velocity waveforms. The method has been justified (i) experimentally in a simplified 

network with interchangeable artificial aneurysms of different diameter, (ii) in numerical modelling 

of the experimental network within framework of the 1D approach, and (iii) for an in silico human 

arterial network with AA of different size.  The method can provide clinicians with the non-

expensive, easily operating tool for aneurysm screening, monitoring and the intervention time 

estimation. 
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SUMMARY 

 
The left atrial appendage (LAA) is a unique anatomical extension originating from the main body of 
the LA which is hypothesized to be a principal location for intra-atrial thrombus formation in atrial 
fibrillation (AF). In order to define a hemodynamic surrogate for the effects of LAA shape on blood 
flow stasis, we studied the flow characteristics in the LAA in a patient-specific geometry, under rigid 
wall conditions simulative of AF, using particle image velocimetry and computational fluid 
dynamics. LAA-specific residence time distributions can objectively quantify stasis (and therefore 
stroke) risk, without relying on observations of structure or shape alone. 

 
Key words:  Left Atrial Appendage, Computational Fluid Dynamics, Particle Image Velocimetry, 
Residence Time Distribution 
 
 
1   INTRODUCTION 
 
Atrial fibrillation (AF) is a disorder of cardiac rhythm which is associated with significant morbidity 
and mortality. In the presence of AF, reduced cardiac contractility results in flow stasis and thrombus 
formation, which in-turn increases the risk of cardioembolic complications and stroke.  The left atrial 
appendage (LAA) is a unique anatomical extension originating from the main body of the left atrium 
(LA) which with experiences poor contractility in AF and which is hypothesized to be a principal 
location for intra-atrial thrombus formation. Over 90% of non-rheumatic valvular AF related LA 
thrombi occur in the LAA [1], providing clinical rationale for exclusion (viz. suturing or stapling) or 
percutaneous occlusion of the LAA in the interest of reducing the risk of stroke. These procedures 
rely on pre-operative LA imaging to estimate LAA orifice sizes and specific morphological clues 
(eg: number of LAA lobes or existence of thrombi) to establish thrombogenic risk as well as the 
personalized suitability of specific devices to a given patient [2]. Transesophageal echocardiography 
(TEE) is currently considered the clinical standard of care to detect thrombi in the LA and LAA but 
it is semi-invasive and causes physical discomfort for the patient. Modalities, such as cardiac 
computed tomography (CCT) [3] or magnetic resonance imaging (MRI) [4] can reveal greater 
structural accuracy in LA shape, in a non-invasive manner. While the effect of atrial geometry on AF 
has been thoroughly studied [5], the influence of patient-specific LAA shape on hemodynamics and 
stasis has not been quantitatively analyzed. A hemodynamic model for LAA-specific residence time 
distributions can help objectify decision making regarding stasis (and therefore stroke) risk, without 
relying on observations of structure or shape alone.   
 
 
2  METHODOLOGY 
 
Contrast-enhanced CCT DICOM images of an AF patient was segmented in 3D to extract the LA 
surface, using basic iso-contouring approach, in Paraview (Kitware Inc.), followed by surface 
preparation steps, including regional smoothing and definition of flat inlets and outlet planes, in order 
to result in surface models suitable for computational flow studies as well as for 3D printing an in-
vitro model.  The model included four pulmonary vein inlet planes and one mitral valve outlet plane.  
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To first visualize atrial zones wherein red blood cells are prone to coagulate under AF conditions, we 
employed a 2D flow visualization approach using fluorescence particles as well as PIV in a patient-
specific 3D printed model. Next, using CFD studies, we analyzed atrial velocity and pressure fields 
and computed a residence time distributions in the LAA and compared this distribution against other 
control volumes in the LA, to quantify the principal geometric source of thrombus risk in the LA. 
 
2.1 Particle image velocimetry 
 
In order to visualize particle stasis in the LAA to accurately capture the assymmetric atrial flow 
patterns [6], 2D PIV was conducted in a patient specific LA model developed into a hollowed 3D 
printed block printed using the transparent VeroClear material on a Stratasys 3D printer. The model 
was assembled in a mock circulatory loop and 2.0 L/min of water seeded with fluorescent particles 
(i.e. Thermo Scientific Fluoro-Max red aqueous fluorescent articles) using Hoffman clamps to 
equally distribute inflow to the four pulmonary veins of the LA model. An illuminated laser volume 
within the LAA was used (instead of illuminated sheet) to capture a projection of 3D particle flows 
in the volume of the LAA [7]. The PIV apparatus used a double-pulse Nd:YAG laser, each with 
energy of 50 mJ per pulse at 532 nm and operated at a repetition rate of 7 Hz and a single CCD 
camera (model Imager Pro SX 5M, LaVision, Germany). The camera was fitted with a high-pass 
filter to block laser light (i.e. green, 532 nm) and to transmit the emitted fluorescence of the seeded 
particles in the flow (i.e. red, >590 nm).  The raw PIV images were preprocessed by subtracting the 
sliding minimum over a specified time to eliminate background noise followed by a Gaussian 
smoothing filter to reduce pixel-to-pixel noise and finally particle intensity normalization to reduce 
high intensity fluctuations of particles in the flow domain, prior to vector computation, using the 
LaVision DaVis software (LaVision, Germany). 
 
2.2 Computational fluid dynamics 
 
Steady state, incompressible, Newtonian flow, under assumptions of rigid, impermeable cardiac 
walls (simulative of idealized AF conditions) was modeled using the steady state solver of 
OpenFOAM, simpleFoam, considering dynamic viscosity of µ = 0.00371 Pa.s and density of ρ = 
1060 kg/m3 for blood properties. The mitral valve was considered to be open and flow was considered 
steady for the purpose of our simulations. To determine the maximum element size, we calculated 
the Taylor micro-scale (λ) which is in between the largest and smallest length scales. The mitral valve 
outlet diameter was 1.9 cm, which makes the turbulence length scale. 0.07 1.33 10 . 

Overall inflow rate is 2 L/min which makes 0.235	 /  and the turbulent kinetic 

energy, 3.547 10 . Using the  model, the energy dissipation rate is 

assumed 0.09 8.254 10
.

 [8]. Therefore, the Taylor micro-scale will be, 

10 3.878 10 . So, the maximum element size in our mesh was 3.5 mm. Further, to 

establish grid-independence for CFD studies, we calculated the energy dissipation rate of the atrium 
and increased the mesh density until changes were less than 5%. The geometry meshed with 296,000 
tetrahedral elements including layered boundary fitted inflation grids with prismatic elements 
(generated using the meshing utilities in Ansys Workbench 17.2). The resulting velocity field was 
used to initialize a scalar transport solver to determine the path of neutrally buoyant particles (similar 
to the fluorescent particles used in our PIV experiments). 
 
Residence time distribution (RTD) helps us estimate the probability of a particle residing in a given 
region of the LA volume over a period of simulation time. To calculate the RTD, we employed an 
unsteady simulation using the OpenFOAM solver, scalarTransportFoam, initializing the velocity 
field from the simpleFoam solution. First order upwind discretization scheme for velocity and linear 
discretization for the pressure terms and Gaussian integration method were implemented. A time 
step, dt = 0.000125 sec was considered after a time-step independence study evaluating the solution 
for time distribution of concentration of particles seen at the mitral valve outlet. We injected a delta 
function of scalar with concentration of unity at each of the four pulmonary venous inlets, with an 
injection pulse width of 0.001 sec. Three cases of scalar transport were evaluated in this study, 
changing the assumed blood cell diffusivity, D, in each case, to evaluate the effects of pure advection 
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transport (i.e. D = 0 m2/s), pure diffusion transport (D = 1 m2/s) and transport with equally important 
advection and diffusion transport. The diffusion coefficients for the blood cells were decided based 

on Peclet number, 
.

, for each case. Based on mitral outlet diameter and peak 

velocity, diffusivity, D = 0.00646 m2/s corresponds with PeL = 1. In this study, we used D = 0.01 m2/s 
to model a case with equally weighted advection and diffusion transport.   
 
 
3  RESULTS AND CONCLUSIONS 
 
PIV studies revealed that neutrally buoyant fluorescent particles deposit and remain stagnant within 
the appendage under rigid wall conditions in studied atrial geometry, which increases risk of 
thrombus formation (see Figure 1).  CFD studies for scalar transport under zero diffusivity conditions 
(i.e. advection-only transport) revealed that it takes a long time for all injected particles to reach the 
mitral valve outlet with particles lingering the longest in the LAA (see Figure 2). As diffusivity was 
increased, the particles spread through the LA and LAA much faster and exited the mitral valve more 
rapidly. However, the pattern of particle redistribution within the atrium was approximately the same 
in each case, with the appendage remaining the location where particles tended to gather – as 
confirmed by our experimental observations. Increasing the diffusivity lowered the probability of 
permanent lingering of particles in the LAA although their concentration declined dramatically at the 
far end of the tail of the RTD plots (see Figure 3). 
 
Figure 1C shows two zones in the LAA which resemble recirculation areas, one slow (i.e. blue 
colored) at the distal tip of the appendage and the other higher velocity zone close to the LAA ostium.  
The major vortex near the tip of the appendage corresponds with observed regions of stasis and high 
concentration of trapped particles over time. Figures 2 presents results on expected blood cell 
concentrations from CFD, in a plane parallel to the projection plane used in PIV (see Figure 4). 

Figure 1. A) PIV 
vector computation 
result colored with 
velocity magnitude, 
normalized from 
minimum (purple 
for stasis i.e. |V| = 0 

m/s) to maximum (red), for particles seen in a projection of the illuminated LAA volume. B) 
Approximate path-lines of the particles (manually traced as white lines) in the appendage, 
superimposed on an instantaneous screenshot of the same projection plane. The fluorescent particles 
in the regions of stasis can be clearly seen, corresponding with purple regions of stasis in the distal 
LAA regions.  C) CFD generated streamlines of flow in the LAA, colored by velocity magnitude, 
normalized by minimum to maximum, from blue to red. 

Figure 2. Contours of particle 
concentrations in a plane inside the 
LAA. The first row images are 
instantaneous snapshots at a time 
instant when the tail of the RTD curve 
begins forming and the second row 
represents instantaneous snapshots 
towards the end of the RTD tail i.e. 
after a long of time. 
 

Figure 3 presents RTD curves representing probability density estimates for time spent by particles 
leaving the faces of a small control volume at the center of the atrium (blue), a surface at the inlet / 
ostium of the appendage (red) and mitral valve (green), when D=0.01 m2/s. The appendage RTD plot 
has a larger tail area (i.e. 0.1319 for t > 1s) than a control volume inside the atrium (i.e. 0.1080 for t 
> 1s). However, the entire atrium (i.e. 0.1475 for t > 1s, evaluating particle residence based on time 
to exit the mitral outlet plane) has a larger area under the RTD curve than that computed for particles 
leaving the LAA orifice, since the appendage itself is a part in the full atrial volume. The tail area of 
each curve depicts the probability of particle’s existence in the studied region. A higher tail area and 

CB
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the greater the peak of the RTD curve is skewed to the right, the more particles reside for longer 
durations of time and greater is the thrombus potential. 

Figure 3. RTD curves representing kernel 
probability density of time spent by neutrally 
buoyant particles (i.e. red blood cells) in different 
regions of the LA. RTD of particles entering the 
LA at the pulmonary veins and leaving the faces of 
a cubical control volume (CV) inside the atrium 
(blue), a slice at the LAA orifice (red) and at mitral 
outlet plane (green), are plotted for simulated 
particle transport with D = 0.01 m2/s. 

In conclusion, we present a novel approach to quantify atrial flow stasis in terms of new concept 
called residence time distribution, which is established by means of a 3D impulse response approach 
for particle transport from pulmonary venous inlets to the mitral valve, in a patient specific LA.  Our 
studies support the hypothesis that stasis in the LAA is the principal source of thrombosis in the LA. 
Studying the RTD curves and particle concentration contours of the LA and its appendage 
quantitatively establishes that despite its small volume in comparison with to the atrium, the LAA 
has a large influence on trapping red blood cells owing to regions of slow flow and stasis. Further, 
we used different particle transport diffusivities, D, in our RTD models and showed that setting the 
diffusivity to correspond with a Peclet number ~ 1 (i.e. equal advection and diffusion effects in 
particle migration) may provide reasonable estimate of RTD in a reasonable computational time, 
whereas ignoring diffusive transport effects (i.e. D=0) is more computationally expensive and may 
potentially overestimate residence time and clotting probabilities.  When benchmarked against a 
cohort of patients with LAA shapes, the tail areas from our RTD approach (i.e. area under t > 1 sec, 
for D=0.01 s-1) may be able to stratify stroke risk as a function of estimated hemodynamic function 
for the most prevalent distinct LAA shapes (viz. chicken wing, cactus, windsock and cauliflower 
shaped LAAs [9]). Such hemodynamic models for LAA-specific RTD can help objectify decision 
making regarding stasis (and therefore stroke) risk, and extend the clinical paradigm for patient 
selection for LAA exclusion or occlusion based on observations of structure or shape alone. 
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SUMMARY 
 

This paper presents generic approaches for performing verification and validation of computational 
models used for evaluating hemolysis due to viscous shear stress in medical devices.  For 
verification, we developed flow-based verification benchmarks to verify the implementation of 
power-law based hemolysis models in Computational Fluid Dynamics (CFD). Additionally, this 
paper also discusses a “threshold-based” validation approach that provides a way to validate the 
viscous shear stress predicted by CFD model for scenarios where the shear-stress threshold for 
hemolysis is clearly defined. The applicability of the threshold validation approach was tested on 
the FDA nozzle geometry. Our verification and validation approaches can help improve the 
credibility of CFD models used to evaluate the risk of hemolysis in medical devices. 
 
Key words:  Computational fluid dynamics, power-law hemolysis model, verification, validation, 
and uncertainty quantification  
 
 
1   INTRODUCTION 
 
 Computational Fluid Dynamics (CFD) has played a key role in research, design, and development 
of medical devices. However, its use in medical device regulatory process has been very limited 
with companies relying primarily on bench testing, animal testing, and clinical trials to provide 
evidence of safety and efficacy [1]. One of the main reasons for the limited use of CFD models is 
the challenge of adequately establishing credibility for making safety claims regarding hemolysis in 
medical devices.  Establishing model credibility requires one to perform the appropriate 
verification, validation, and uncertainty quantification (VVUQ) to ensure that the model results are 
sufficiently accurate for the prescribed context of use.  This paper highlights existing and new 
approaches for performing VVUQ to evaluate hemolysis in medical devices using CFD.  
 
To perform verification for power-law based hemolysis modeling, analytical solutions for the 
Eulerian power-law hemolysis model (which estimates hemolysis index (HI) as a function of shear 
stress and exposure time) were obtained for Couette flow, and Newtonian and non-Newtonian pipe 
flow models [5]. Subsequently, CFD simulations of fluid flow and HI were performed using the 
Eulerian model and compared with the analytical solutions.   
 
To perform validation, Sandia National Laboratories and other research groups have published 
reports on VVUQ approaches for various applications in the aerospace and automotive industries. 
However, the adoption of these VVUQ methods in CFD models applied to medical devices is not 
widespread. The most common type of validation strategy used in medical devices is to compare 
the mean data from the validation experiments with a single representative simulation (which 
mimics the mean experimental properties).  Subsequently, the validity of the model is determined 
by examining how well the mean data match each other. However, it is common to not have a 
precise understanding of all the input parameters such as device geometry, fluid properties, and 
inlet and outlet boundary conditions, needed for simulating the validation experiments in CFD. 
Consequently, in addition to comparing the mean data from experiments and simulations, a 
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quantitative estimation of all these uncertainties is required to determine the level of confidence 
with which the difference between the experiment and computation can be estimated, and ranked as 
being acceptable to make a safety claim.  
 
This paper describes a study in which results from the FDA nozzle model are used to illustrate 
techniques for rigorous error quantification, as well as to introduce a method for quantifying how 
well the model is validated for the intended use of assessing the risk of hemolysis within a blood-
contacting device.  Our study estimates the uncertainties in the simulations and experiments 
following the ASME V&V 20 standard [3].  The confidence interval for the difference between 
computations and measurements is also estimated based on Student’s t-test statistics.  Comparing 
the width of this confidence interval to the difference between the computationally calculated shear 
stress and published shear stress thresholds for red-cell blood damage allowed an objective 
determination of the credibility of the computational model for the intended use of blood-damage 
prediction. 
 
 
2  METHODOLOGY 
 
2.1 Verification 
 

The Eulerian form of power-law equation for HI, developed from regression analysis of in 
vitro blood damage data in a constant shear Couette flow device is expressed as  

                                                .                                   (1) 

where / , /  and  is the velocity of the carrier fluid (i.e. blood).  As noted 
above, this linearization was possible because the empirical data were obtained from geometries 
with uniform shear fields (i.e. Couette flow). For steady flow problems, eq. 1 reduces to a 
hyperbolic transport equation with a source term 
         .               (2) 
Considering the linear nature of this scalar transport equation, deriving an analytical expression for 
HI’ is possible for simplified flow fields that have an analytical solution for the velocity vector,	  . 
 
The analytical solution for HI can be obtained as  

                                                                                                                     (3) 

where  and Vz for different benchmark problems are listed in Table 1. More details about the 
derivation of the analytical solution can be obtained from Hariharan et al. [5]. 
 
Flow geometry Analytical solution 
Newtonian pipe 
flow 

	 , 1  and 2 ,   

Non-Newtonian 
(Casson) pipe flow 	 	 	  and  

2
 

Couette flow 	 and  

Table 1: Analytical solution for Eulerian HI for simplified flow geometries 
 
2.2 Threshold-based Validation 
 For situations where threshold values for safety are available (such as the viscous shear-
stress threshold for hemolysis), a model can be considered validated if the difference between the 
simulation results and validation experiments (defined as comparison Error, E, in this study) is less 
than the difference between the simulation results and the threshold [4].  The allowable value for E 
is a function of how close the simulation results are to the safety threshold.  

To present the threshold approach mathematically (more details are provided in Hariharan et al. 
[4]), we begin by defining the “proximity” Ω as the magnitude of the difference between the 
simulation result S and the threshold: Ω = |Threshold-S|.  If the uncertainties in the experiments, 
the CFD model, and the thresholds are properly quantified, then both E and Ω can be expressed in 
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terms of confidence intervals as CIE and CIΩ. A model can be considered sufficiently validated if E 
is less than Ω, and CIE and CIΩ are non-overlapping.  The limits of the confidence intervals for E 
and Ω can be determined using the expression for the difference of two normally distributed 
random variables with unequal variance.  The confidence interval CIΩ for Ω is given by [4]: 

 

CIΩ=[ Ω- " , / ⁄ ⁄ , Ω+ " , / ⁄ ⁄  ]                     (4) 

 
where t is the t-test statistic obtainable from the critical values of the Student’s t-distribution, the 

degrees of freedom "=
⁄ ⁄

⁄ ⁄
, n1 and n2 are the number of samples 

associated with each variable, α=0.05 (for 95% CI limit), B1
2 is 	  and B2

2 is 
, with Uth being the uncertainty in the threshold.  An analogous expression holds for CIE and can 

be written as  
 

CIE=[ E- " , / ⁄ ⁄ , E+ " , / ⁄ ⁄  ]                              (5) 

where the degrees of freedom, "=
⁄ ⁄

⁄ ⁄
   

 
3.  RESULTS 
 
3.1 Verification  
 Figure 1 compares the HI (%) predicted by CFD model with Newtonian and non-
Newtonian pipe flow verification benchmarks for a range of Reynolds numbers. For all cases, the 
Eulerian based CFD simulations matched the Eulerian analytical solutions within ~1%, which 
indicates successful implementation of the Eulerian hemolysis model. The CFD simulations were 
performed using two different commercial solvers, ANSYS Fluent and CFX. More details about 
the models can be obtained from Hariharan et al. [5].  
 

 
Figure 1: Comparison of HI values  between analytical and Eulerian CFD solutions for different 

Reynolds numbers (Newtonian and Casson pipe flow).   
 
3.2 Threshold-based Validation 
 Figure 2a compares the viscous shear stress in the throat region of the FDA nozzle model 
for a throat Reynolds number of 2000 [2]. The throat region represents the region of maximum 
viscous shear stress in this flow geometry. In the throat region, PIV estimated the maximum 
viscous shear stress to be ~25 Pa which is ~30% more than the value predicted by the CFD. The 
error bars for the CFD data in the figure represent the uncertainty in the CFD output due to 
uncertainties in the simulation input, such as fluid density, viscosity and inlet turbulent intensity 
[2].  In order to evaluate if ~30% difference bertween CFD and PIV is acceptable for the nozzle 
model, we used the threshold based validation approach described in the methods section. Figure 
2b  provides the confidence intervals (CI) for the comparison error and the proximity (|threshold-S|) 
as a function of radial distance in the throat region of the nozzle model. Our results indicate that the 
CI for the E range between 2 and 10 Pa, which is two orders of magnitude below the CI for the 
proximity. In other words, even when taking the simulation uncertainties into account, the shear 
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stress predicted by the CFD model is extremely unlikely to exceed the threshold for hemolysis (i.e. 
the potential for viscous shear-induced hemolysis is unlikely). 

 

 Figure 2: a) Shear Stress vs radial distance with uncertainty bars for both CFD and PIV b) 
Confidence intervals for |threshold-S| represented as CIth and Error, E expressed as CIE.   

 
Limitations: It should be noted that the CFD model was validated with the experimental data only 
at Re=2000. Because the validation was performed for the transitional flow regime, additional 
validation experiments are needed before the model can be used for a broader context of use, 
especially in the turbulent flow regime. 
 
4.  CONCLUSION 
 The verification and validation approaches presented here have the potential to improve the 
credibility of the CFD models used for predicting hemolysis risk due to viscous shear stress. The 
threshold-based validation approach could be extended to other computational models and can 
enhance the influence of computational modelling in the safety evaluation of all types of medical 
devices. 
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1   INTRODUCTION 

Modeling and computational analysis play an increasingly-important role in bioengineering, 
particularly in the design of implantable ventricular assist devices (VAD) and other blood-handling 
devices. Numerical simulation of blood flow and associated physiological phenomena has the 
potential to shorten the design cycle and give the designers important insights into causes of blood 
damage and suboptimal performance [1]. 

 

2  METHODOLOGY 

A set of modeling techniques is presented which are based on stabilized space-time finite element 
formulation of the Navier-Stokes equations. Fully time-resolved simulations with moving meshes 
following the motion of rotating VAD components suffer from high computational costs. Alternate 
methods that represent the rotating components in an averaged sense using a rotating frame of 
reference have been adopted in some commercial solvers, and are also used in our simulations [2]. In 
such steady simulations, most of the features of the unsteady swirling flow field in a VAD are found 
to be adequately represented. 

Quantitative hemolysis prediction, lacking a first-principles model, is relying heavily on experimental 
calibration. Typically, a cumulative release of hemoglobin from red blood cells (RBC) is measured as 
a function of time in controlled-shear experiments. In a most common approach, such correlations are 
used to relate instantaneous stress along the flow pathlines to local rates of release of hemoglobin, 
which are then accumulated and averaged over the entire flow field. Such approach can be called 
stress-based, as it relies on the current fluid stress to determine RBC stretch. This approach neglects 
the fact that an RBC requires certain time in a steady-shear experiment to reach that level of stretch. 

A more precise model takes the possible lag between the fluid stress and RBC stretch (or strain on the 
RBC) into account. Quite obviously, fully resolved model of RBC deformation can be applied only to 
a small number of cells, and is not suitable for device-scale analysis. For these reason, simplified RBC 
deformation models have been developed. Red blood cells under shear can be modeled as deforming 
droplets, and their deformation tracked along pathlines of the computed flow field [3]. Instead of fully 
resolved RBC discretization, e.g., using shell finite elements, a 3×3 morphology tensor is used to 
describe approximately the RBC shape. In recent years, efficient continuum-based implementations 
have supplanted previous pathline-based methods, and the experimental correlations have been 
adjusted to the particular strain-based form of the model [4]. 

Hemolysis prediction based on highly complex VAD flow fields using the above approach still suffers 
from numerical issues related to the discretization of the equation governing the evolution of the 
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morphology tensor. That equation is not dissimilar from typical differential equations governing the 
viscoelastic stress tensor in a non-Newtonian fluid. In those cases, a reformulation in terms of a 
logarithm of the tensor is found beneficial, making the sharp exponential boundary and internal layers 
in the tensor components more suitable to interpolation using standard finite elements. We have thus 
developed, analogous to the log-conf formulations in flow rheology [5], a log-morph formulation. 
Such a change of variables has been found to significantly improve the numerical behavior of the 
hemolysis quantification tools. 

 

3  RESULTS AND CONCLUSIONS 

The abovementioned hemolysis quantification methods are applied to several rotary blood pumps. 
One of them is currently a subject of an FDA round-robin study, and is a simplified centrifugal pump 
with a central inflow tube and four vanes placed on a disk. Another pump is a commercial device 
being developed and tested at the University Hospital Aachen. Although the experimental validation 
of hemolysis for a real VAD is extremely difficult, we have obtained PIV-based flow data to compare 
the flow simulation predictions; based on such validated flow fields, certain trends and areas of 
concern can be identified and compared for the standard and for the advanced hemolysis model. 
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SUMMARY
Ventricular Assist Devices (VADs) are pumps which support failing hearts. While considered by

some surgeons as gold standard treatment, current VADs have many complications related to the
imposed stress on the blood. In particular, damage to the leukocytes may contribute to infections,
currently the biggest post-surgical problem. Our aim was to create a numerical model of a leukocyte
which can be used to investigate leukocyte deformation in VADs. The leukocyte was modelled as
a compound liquid droplet and solved in OpenFOAM using the multiphaseInterfoam solver. Initial
results are presented for different shear rates, extensional versus planar shear, and for different nucleus
sizes.

Key words: leukocyte, compound drop, ventricular assist device

1 INTRODUCTION

Over 500,000 people in the UK have heart failure and there are around 10,000 deaths each year
[1, 2]. For the majority of patients heart failure is treated with a cocktail of drugs, or a pacemaker.
However, in the worst cases patients really need a new heart. Around 14,000 patients are admitted to
hospital annually with the most severe symptoms, unfortunately, fewer than 200 heart transplants are
performed each year [3, 4].

Cardiac assist devices can be used to help the failing heart to pump blood around the body. Ventricular
Assist Devices (VADs) work in parallel with the native heart to augment the function of the left, or
both, ventricles. Blood perfusion is restored, improving quality of life and halting or even reversing
the disease progression. 2 year survival rates for low risk VAD patients are now comparable with
those of transplant patients [5]. However, although considered by some surgeons as gold standard
treatment [6], current VADs have many complications related to the imposed stress on the blood.
Much of the work done to date has focussed on the damage done erythrocytes, the red blood cells,
under shear stress and numerical modelling of haemolysis has shown some success in assisting in
the design of new devices. There has been far less work on the influence of fluid dynamic stress on
leukocytes, the white blood cells.

Infections occur in 30% of VAD patients [7] and are the biggest long term cause of death [8]. Damage
to leukocytes likely lowers a patients immune defence, reducing their ability to fight infections. Addi-
tionally cell microparticles (MPs) which break off can start the clotting cascade leading to thrombosis,
a cause of device failure, heart attacks and neurological dysfunction. Reduced leukocyte numbers and
circulating MPs were found in VAD patients [9, 10] and in the CentriMag VAD in vitro [11].

Leukocyte deformation under vascular flow conditions, and in pipettes, has been studied experimen-
tally and numerically before, most notably by Kan et al [12, 13]. However, the shear stresses involved
in those conditions are far smaller than those experienced by the leukocytes in cardiac assist devices:
approximately< 10 Pa compared with> 100 Pa. In addition, the time scales involved are longer than
those in cardiac assist devices: for example, depending on the flow rate blood spends approximately
< 0.5 s within the device, compared with > 20 s in the pipette.
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The aim of this work is to develop numerical models of leukocytes which can be used to investigate
leukocyte deformation under the high shear, short exposure conditions typical of cardiac assist de-
vices. Here we present the numerical model and initial results for varying shear rate, nucleus size
and shear type. These demonstrate the viability of the model and reveal the differing influence of the
nucleus in neutrophils versus lymphocytes.

2 METHODS

Figure 1: Leukocyte modelled as a sphere with concentric nucleus

The liquid-like behaviour of leukocytes is widely accepted [12] and so the leukocyte was modelled as
a compound drop as shown in figure 1. The model then consisted of three fluids: plasma, cytoplasm
and nucleus. The Navier-Stokes equations were solved using a finite volume method and the Volume
of Fluid (VOF) method was used to calculate the volume fraction of each fluid and the positions of
the interfaces. The surface tension at the plasma-cytoplasm (σc−p) and cytoplasm-nucleus (σn−c)
interfaces represented the cell and nuclear membranes respectively. The methods were implemented
in OpenFOAM (foam-extend-3.2) using the multiphaseInterFoam solver.

The cells were assumed to be spherical with concentric spherical nuclei. The nucleus of the neutrophil
occupies 21% of the volume of the cell [12] and so the ratio of nuclear radius (rn) to cell radius (Rc)
was rn/rc = 0.585.

The cell was positioned at the centre of a cube with side length 4rc. The model was three-dimensional
and the shear rate was specified using velocity boundary conditions on all cube faces. By specifying
the velocity boundaries as a function of position any general shear rate could be applied. The velocity
at the cell centre was always zero and so there was no displacement. The velocity field was initiated
using the potentialFoam solver to ensure continuity of mass.

The cell was exposed to constant shear for the same fixed time in all simulations. Deformation of the
cell and nucleus were examined at the end of the simulation.

3 RESULTS

3.1 Shear Rate Magnitude

Extensional shear was obtained by applying the velocity boundary condition ~v = G/2(2x,−y,−z)
and the value of G was varied resulting in a range of shear rates. At low shear rates there was minimal
deformation (figure 2). At high enough shear rates the cell deformed to a prolate ellipsoid, whereas
the nucleus became an oblate ellipsoid, in agreement with work by Kan et al [12].

3.2 Size of Nucleus

In lymphocytes the nucleus occupies 44.4% of the volume [13] and so a cell with a nuclear radius
rn/rc = 0.76 was created in order to compare the deformation of lymphocytes with neutrophils. For
the low shear rate the cell with the smaller nucleus (like a neutrophil) had negligible deformation
whereas the cell with the larger nucleus (like a lymphcyte) had a slightly prolate shape (figure 3).
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Figure 2: Influence of shear rate magnitude on cell deformation

Figure 3: Influence of nuclear size on cell deformation

3.3 Shear versus Extension

Figure 4: Comparison of extension and plane shear

Planar shear was obtained by applying the velocity boundary condition ~v = G(y, 0, 0). The cell
deformed such that its long axis was inclined in the direction of the velocity (figure 4).

4 CONCLUSIONS AND FUTURE WORK

A model of a leukocyte was created and initial results show that it can be used to investigate cell
deformation under different types of fluid dynamic shear stress (extension and plane shear), and for
different types of leukocyte (neutrophils and lymphocytes). Future work will involve investigating
the changes in deformation as the leukocytes travel through cardiac assist devices (figure 5) and the
subsequent relaxation of these cells.
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SUMMARY 

We have developed a methodology to quantify and characterize Red Blood Cell (RBC) aggregates 
to enhance current understanding of non-Newtonian behaviour of blood in microcirculation. The 
present paper focuses on the implications for blood viscosity and blood flow modeling. Micro 
Particle Image Velocimetry measurements of velocity and shear rate of human blood suspensions 
flowing in a Poly-dimethylsiloxane microchannel are compared to those of corresponding 
numerical simulations. A spectral element Computational Fluid Dynamic solver for the 
incompressible non-Newtonian Navier-Stokes equations is used allowing for variable viscosity. 
Carreau and Power Law models of non-Newtonian blood are used with coefficients fit to the 
experimental measurements for RBC aggregate sizes in controlled and measurable low shear rate 
environments for 5, 10 and 15% hematocrit.  
 
Key words: red blood cell aggregation, blood viscosity, microcirculation, spectral element method 
 
 
1   INTRODUCTION 
 
Red blood cells (RBCs) are the most abundant cells in human blood, representing 40 to 45% of the 
blood volume (hematocrit, H). These cells are unique in their ability to deform and bridge together 
to form aggregates, also known as rouleaux (Fig. 1), under very low shear rates. The theory and 
mechanics behind aggregation are, however, not yet completely understood. The purpose of our 
work is to provide a novel method to analyze, understand and mimic blood behaviour in 
microcirculation. The main objective is to develop a methodology to quantify and characterize 
RBC aggregates and hence enhance the current understanding of the non-Newtonian behaviour of 
blood at the microscale. 
 
Due to its two phase flow nature and the aggregates' presence, 
blood is considered as a non-Newtonian fluid, whose 
description of viscosity still requires investigation. It is known, 
however, that RBCs can only aggregate under extremely low 
shear rates ranging from 1 to 10 s-1. Above this range, RBCs 
tend to disaggregate and flow separately in vessels. 
Viscometric studies [e.g. 1] have demonstrated the existence of 
an inverse relationship between shear rate and aggregates sizes. 
Measuring RBC aggregates presents a challenge due to the 
varying nature of blood, not only from person to person but 
during the day. We have developed a controlled RBC 
aggregation measurement method to quantify the 
phenomenon under fixed conditions [2].  
 
Numerous studies have attempted to understand and analyze the mechanism of RBC aggregation. 
Degrees of aggregation have been determined based on several methods, such as the erythrocyte 
sedimentation rate, microscopic aggregation index and syllectometry methods. While these 

Fig. 1: Red Blood Cell rouleaux 
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methods provide several indices of RBC aggregation, they do not provide sufficient information to 
understand the microrheological behaviour of blood. A few studies, however, have attempted to 
determine the degree of aggregation under controlled flow conditions [e.g. 3]. These studies 
indirectly investigated RBC aggregate sizes by determining the ratio of the occupied space in a 
shearing system, measured from microscopic blood images. This provides information on the 
degree of aggregation as well as the local viscosity. Chen et al. [4] presented a direct measurement 
technique for RBC aggregate sizes and provided RBC aggregate size distributions for different 
shear stresses by varying the flow rate of the suspensions while monitoring the pressure drop across 
a flow chamber. The shear stresses are calculated based on the monitored pressure using Stokes' 
equation. These previous studies demonstrated the existence of a relationship between RBC 
aggregates and the shear stress within the flow. However, since blood is non-Newtonian, it has not 
been possible to directly relate aggregate sizes to the shear rate applied. Our methodology provides 
a direct correlation between applied shear rate and RBC aggregation by controlling the shear rate in 
a micro-Couette flow (see Fig. 2) and observing and quantifying the RBC aggregation.  
 
Numerical studies have been a great tool for investigation and modeling of RBC deformability and 
aggregation to understand the behaviour of RBCs under physiological and pathological conditions 
[5-9]. However, large discrepancies between numerical model and experimental results still exist. 
Therefore, there is a need to develop a non-Newtonian model for blood based on experimental data, 
accounting for the behaviour of RBC aggregates in microcirculation. 
 
2  METHODOLOGY 
 
Numerical simulations are combined with image processing techniques, micro Particle Image 
Velocimetry measurements and optical viscometry techniques to investigate and determine RBC 
aggregate sizes and viscosity under specific and controlled conditions: those of constant shear rates. 
Suspensions of porcine and human blood were tested experimentally in vitro and numerically 
(using Power law and Carreau models) in a double Y-microchannel. The ultimate goal of this 
research is to reveal a relationship between RBC aggregate sizes and corresponding shear rates. 
The results obtained from this research may contribute to advancement in the hemorheology field 
by providing an experiment based model for blood flow accounting for RBC aggregates to be 
incorporated into numerical models. 
 
Measurements of blood behaviour were performed in a PDMS Y-microchannel (Fig.2), fabricated 
in the laboratory with an approximate cross-section of 110 x 60 µm, wherein blood suspensions 
were entrained by a faster-flowing solution of Phosphate Buffered Saline (PBS). Velocity 
measurements were performed using a micro particle image velocimetry (µPIV) system to 
determine the shear rate within the blood layer. Aggregate sizes were determined based on the 
microscopic images of the RBC flow in the microchannel, using image processing techniques.  

 
Fig. 2: Y Microchannel for co-flowing blood and PBS, yielding a shear (Couette-like) flow in the 
blood layer.  
 
Blood apparent viscosity was measured using the theory of optical viscometers based on the 
analytical solution of two co-flowing laminar, miscible fluids in a rectangular cross-section 
channel. Porcine blood suspended at 5, 10 and 15% H was tested at room temperature with flow 
rates in the channel of Q = 10 and 5 µL/hr. The effects of shear rate and hematocrit were quantified 
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for porcine blood, serving as a proof of concept for the human blood tests. Human blood suspended 
at 5, 10 and 15% H was tested at room and body temperatures with flow rates in the channel of Q = 
35, 20, 10, 7.5 and 5 µL/hr. The temperature was controlled via a heating lamp and a thermocouple 
positioned at the exit of the channel to avoid flow disturbances. Six samples (from six different 
individuals) were used for the tests performed at room temperature, while five samples were used 
for the tests performed at body temperature. 
 
Numerical simulations of the experimental flows were performed with Nek5000 [10], a spectral 
element incompressible Navier-Stokes solver with an advection-diffusion equation for viscosity, 
treating the two co-flowing fluids of different viscosities as follows: the PBS was modeled as a 
Newtonian fluid with constant viscosity as measured experimentally and the blood was modeled as 
a non-Newtonian fluid by the Power Law or the Carreau models. The parameters for the Power 
Law and the Carreau models were determined by regression fitting of the experimentally obtained 
viscosity measurements. The methodology was validated on a flow of water and POLYOXTM WSR 
301 (Dow Corning, USA) in the same microchannel system.  
 
3  RESULTS  
 
Human RBC aggregate sizes were plotted as a function of corresponding shear rates and were 
analysed for different hematocrits at room temperature. It was found that, for all the samples 
suspended at 5% H, varying the shear rate did not result in a significant increase of the aggregate 
sizes, which is in agreement with the findings of Kim et al. [11,12]. Whereas, for the 10% H 
suspensions, lowering the shear rate below 10s-1 resulted in a significant increase of the RBC 
aggregate sizes. The same trends were obtained at body temperature, however, with smaller 
aggregate sizes for all hematocrits. These results confirm the conclusions of Neumann et al. [13]. 
 
Apparent viscosity and the resultant relative viscosities were plotted as a function of corresponding 
shear rates and were analyzed for the different hematocrits. Higher viscosities were found for 
higher hematocrits, as expected. Viscosity was found to increase with decreasing shear rate, 
showing the non-Newtonian shear-thinning behaviour of blood. However, the different samples 
used, exhibiting different non-Newtonian behaviours, produced significant variation in viscosity, 
predominantly for the 5% H suspensions. Less variation was found between the samples for the 
relative viscosity since it takes into account the donor's plasma (suspending medium) viscosity. 
Higher viscosities were recorded for samples with higher aggregation indices (AI). The viscosity 
data were fitted with two empirical models previously developed to analyze the non-Newtonian 
behaviour of polymers: the Power Law model and the Carreau model. The non-Newtonian 
parameters associated with these models through fitting of the experimental data were used in the 
numerical simulations. 
 
Numerical simulations were performed replicating the experimental cases, using the non-
Newtonian parameters from both models. The numerical simulations were performed for the 
samples suspended at 5% and 10% H flowing at Q = 20 and 7.5 µL/hr for both hematocrits at body 
temperature, T=37°C. The velocity profiles were extracted at two different locations in the 
microchannel (140 µm and 1.3 mm from the Y microchannel intersection) matching the 
experimental locations visualized. The numerical velocity profiles compare very well with the 
experimental µPIV data as shown for an example in Fig.3 for a single human blood sample using 
the Carreau model for 5% H flowing at Q=20 µL/hr. 
 
4 CONCLUSIONS 
 
Numerical blood viscosity models that incorporate human RBC aggregation behaviour, as 
measured from experiments at body temperature, were developed and shown to be reliable in 
predicting low hematocrit blood flow in microchannels. This work provides a framework for 
simulations of flows of RBC suspensions, exhibiting very good agreement between simulations and 
experiments. Future work can extend this study to anatomically correct microchannel geometries. 
In order to test the feasibility of such a study, preliminary work has been performed to fabricate the 
microchannels and to generate suitable numerical grids.  
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Fig. 3: Comparison of experimental µPIV velocity measurements (black) and numerical simulation 
velocity predictions using the RBC-aggregation-correlated Carreau model for 5% hematocrit 
human blood flowing at Q=20 µL/hr and T=37°C at a) 140 and b) 1300 µm beyond the Y junction. 
The green curve is the simulation result using a correlation for a single human blood sample, while 
the blue curve is for a correlation for 5 samples. The red symbols show the RMS of the 
experimental velocity profile.  
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SUMMARY
Established blood viscosity models fail in predicting viscosity correctly in complex realistic flows,
such as in membrane oxygenators. Since coagulation is believed to be at least partly triggered by
flow, i.e. shear rates, a correct viscosity representation is crucial. For realistic representation of red
blood cell interaction a simplified model for proper viscosity representation is required, since more
complex approaches are to costly. Therefore different approaches for representing realistic blood flow
behaviour, based on RANS-CFD simulations are investigated and compared to experimental results.

Key words: haemodynamics, blood viscosity model, coagulation model, membrane oxygenator

1 INTRODUCTION

Artificial lungs using membrane oxygenation show significant thromboembolic effects in conjunction
with high risk of bleeding. At least some of the processes involved in this phenomena are believed
to be induced by flow [1]. Thus, computational fluid dynamics (CFD) is applied in order to gain
a deeper understanding of the processes. However, blood is a rather complex heterogeneous multi-
phase mixture of solid corpuscles suspended in liquid plasma. Additionally, the suspended particles
are subject to several biological processes, which can also be flow induced. The rheological properties
of blood are determined by the properties of its components and significantly by their interaction with
each other as well as the surroundings. Therefore, blood, treated as fluid in terms of continuum
mechanics, shows several non-linear and non-Newtonian properties.

Figure 1: Fibers inside the oxygena-
tor form a complex fluid domain
(adapted from membrana.com).

In order to model coagulation and other flow induced biological
processes, a correct viscosity representation is crucial. The shear-
thinning property of blood is already well established in CFD by
the Careau-Yasuda model. The local apparent viscosity depend-
ing on vessel diameter, due to the formation of a plasma skim-
ming layer (PSL) and pseudo haematocrit reduction due to bolus
formation, is commonly summarized as Fåhræus-Lindqvist effect
(FLE). Available models of the FLE are only applicable in straight
or slightly tapered tubes. For strongly idealised vessel geome-
tries, this is sufficient. However, the real world is not remotely
straight. Preliminary tests revealed, that a simple dependence on
clear diameter is not sufficient for computing realistic complex
flow fields. Inside a membrane oxygenator, the flow encounters
rapidly changing clear diameters. Therefore, an augmented FLE-
model is necessary in order to get a correct blood representation
in terms of viscosity.
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Inside an oxygenator device about 200 layers consisting of over 180 fibres each (diameter 340µm,
gap 150µm) are stacked crosswise and connected by warp threads, see fig. 1. By that, the fibres form
more than 30 000 interconnected wavy channels. Since most investigations on blood viscosity change
due to FLE have been undertaken in straight or tapered pipes, not much is known on the erythrocyte
motion and its effect on viscosity in more complex, wavy channels. The formation of a PSL is due
to the tumbling motion of blood cells in velocity gradients close to a wall. The relative motion of
blood cells and plasma involves inertia. Preliminary experiments, discussed later, showed the impact
of inertia in a phase shift between clear diameter and actual formation of a plasma skimming layer.
A kinetic theory based approach can be used in order to account for effects related to inertia and
collision of particles. This enables predicting the apparent viscosity of blood in arbitrary channel
geometries as well as with arbitrary hematocrit on a theoretical base, rather then empirical corelation
[3]. The observable migration of corpuscles towards the centre of small vessels can be considered
as diffusion, induced by shear. If the potential effect of deformation on migration is neglected, the
resulting force is due to a radial gradient of shear. Gidaspow [2] shows, kinetic theory for the multi-
phase flow of blood gives good results for straight vessel shapes of diameters of 190µm as measured
in [3]. However, inside a membrane oxygenator the flow encounters wavy and curvy shapes.

2 METHODOLOGY

To be able to compare experimental results and simulation data, the same geometries are used in
both, experiments and simulations. The geometries are two straight and one wavy channel. The
wavy channel is a rather strong simplification of the real geometry inside an oxygenator, of course.
However, it is a first step towards a realistic geometry.

Experimental Validation All model enhancements are adjusted and validated by means of real
blood flow experiments. Therefore, additional experimental investigations on erythrocyte motion at
different velocity gradients and haematocrit levels are carried out in transparent micro channels of
different geometry using optical tracking techniques.

The blood flow was induced by two computer driven micro syringe pumps. The resulting blood flow
was investigated by optical means using a microscope. Since the haematocrit (ht) within the micro
channel is of great importance for the resulting flow, it was measured using a centrifuge with samples
being taken at the inlet of the micro channel. For improved optical tracking, RBCs were stained with
FITC in order to achieve fluorescent labelling and therefore contrast enhancement. Furthermore, it
was tested to remove the haemoglobin of the RBCs, responsible for the reddish colour of the blood,
for further improvement of the contrast. However, since this technique is rather complex, the process
chain for this procedure has to be improved in future. Blood coagulation assessments have been
conducted using a micro-ct at a rather high resolution.

Numerical Simulations In a first step, RANS-CFD simulations using the CFD research code
THETA by the German Aerospace Center (DLR) with an Carreau-Yasuda viscosity model have been
conducted using an ECMO-like geometry. Simulation results were compared to micro-ct image data
from a clinically used oxygenator. As a second step, a rather simplified approach of FLE-like viscos-
ity adaption in a wavy micro channel was applied and compared to experimental data. In a third step,
a kinetic theory based model is applied to blood flow in micro channels of different shapes.

First approach: Steady THETA RANS simulations with Carreau-Yasuda (CY) blood viscosity model on
a generic ECMO-like geometry. The model consisted of a pseudo-structured (prisms and tetrahedral
elements) four membrane layer geometry with 7.6 mio. nodes at a scaled volume flow. Obtained
results have been analysed in terms of flow regime and shear rate distribution with respect to critical
physiological limits for blood coagulation initiation. Furthermore, using micro-ct image data, the
obtained simulation results have been compared with real blood clotting patterns in a clinically used
ECMO oxygenator. Simulations were conducted in steady state with k-ω-SST turbulence model. A
turbulence model was applied since in the inlet and outflow region turbulent flow occurred.

Second approach: RANS simulations using THETA with CY blood viscosity model and geometry-
based viscosity adoption. For this approach, the viscosity adaption was based on the clear diameter
of the channel geometry in conjunction with literature data for the FLE [4]. Since it became appar-
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ent from experiments that this approach did not result in a realistic blood flow representation, more
fundamental investigations are necessary.

Third approach: Simulation using kinetic theory (KT) with underlying CY model. All transient kinetic
theory simulations are preformed using Ansys Fluent 17.1 with a timestep of 10−5 s and 100 inner
iterations. The multiphase flow is modelled via an Eulerian granular formulation. Since occurring
Reynolds numbers are very low, this uRANS simulations are considered laminar and therefore per-
formed without turbulence modelling. Viscosity is computed assuming a Euler granular two-phase
flow using kinetic theory with an underlying CY model for the liquid phase instead of a constant
plasma viscosity. Since both models, KT and CY, aim on different physical aspects of blood flow, it
seems reasonable combining them. In KT, erythrocytes are represented as spherical particles whose
interaction is only modelled by means of collision whereas CY models the effects of agglomeration
of the non-spherical erythrocytes. However, applying CY only on the plasma phase of an Eulerian
granular flow represents a simplification. The phase interaction is modelled using the Wen-Yu drag
model. For lift, the Saffan-Mei model is applied. Inter-particle collisions are considered by a resti-
tution coefficient of 0.95. The inlet is prescribed with a 100Pa pressure head against the pressure
outlet. The wall has a no slip condition for the liquid phase and a specularity coefficient of 0.6 for
the granular phase. The inlet volume fraction is uniformly 0.4. The simulated geometries are 48mm
long 2-d channels. The wavy channel is 60µm at the narrowest and 300µm on the widest. It is
discretised with triangles and quadrilaterals on the wall, using approximately 1 million nodes in total.
The straight shapes are 60µm and 300µm wide, with 30× 2400 and 60× 2400 nodes, respectively.

3 RESULTS

Figure 2: Formation of PSL. Up-
per: low volume flow/ht. Lower:
high volume flow/ht.

Experimental Validation Experimental data revealed a rather
complex flow dependency on the volume flow, the geometric shape
and the haematocrit. Figure 2 depicts the dependency of the resulting
PSL of the haematocrit and the volume flow. The upper image repre-
sents a low haematocrit and volume flow case, the lower image a high
volume flow, high haemaocrit case. In the upper image it becomes
apparent, that in contrast to literature for straight channels, in wavy
channels the thickest PSL forms at the largest diameter whereas the
PSL in the throat of the channel is not visible (phase-shift). However,
by increasing the haematocrit, the situation changes completely. In
this case, no PSL is visible. By this, a solely geometrical approach
is just not sufficient.

Figure 3: Comparison of CFD and experi-
mental data (shear rate distribution and co-
agulation locations).

Numerical Simulations Carreau-Yasuda: Comparing
CFD results with medical image data, it becomes apparent
that CFD predicts a uniform shear rate and viscosity dis-
tribution between all membrane layers. In addition, even
asymmetric fibre distribution results in somehow rectified
flow without any hint on fibre cross flow. Thereby, the
shear rate exceeds the limit for physiological flow induced
coagulation initiation limit almost everywhere. However,
medical image data reveals distinct coagulation spots, es-
pecially in the first membrane package and at the in- and
outlet regions (see fig. 3, red and yellow markings). Most
likely, this is related to an insufficient representation of
blood viscosity and to cell-biological effects.

Kinetic Theory: Even for the simple 2-d cases, the time needed for reaching convergence is beyond
any reasonable applicability on realistic geometries. Additionally, only with straight shapes in a
certain diameter range it is possible to come close to any realistic solution. Figure 4 (a) depicts the
computed volume fraction of particles and (b) shows the apparent viscosity resulting from the KT
approach with underlying CY model. The small straight channel (d = 60µm) shows a particle
free layer at the walls and a higher concentration in the center, just as the FLE predicts. Also the
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viscosity distribution appears to give plausible results. The volume fraction of particles in the large
straight channel (d = 300µm) does not vary much with radial position. Only in the outmost layers
there is a reduction in particle density. This also correlates well with the FLE, which predicts only
little influence at this diameter. However, the apparent viscosity in the large channel is computed
incorrectly. In contrast to the expected distribution due to shear thinning and the FLE, there is a
large area where viscosity is nearly constant and only rises towards the very center. The computed
volume fractions in the wavy channel is, compared to the experiment and to predictions by FLE, quite
meaningless. Particles seem to choke somehow in the constriction. Besides that, particle density
seems to be quite random. The viscosity distribution is also not in accordance with experimental
results.

(a) volume fraction (b) viscosity

Figure 4: Volume fraction (a) and apparent viscosity (b) for straight and wavy geometries computed using
kinetic theory. While straight shapes are reasonable, the model fails on more complex geometries.

4 DISCUSSION AND OUTLOOK

Concluding the results, the kinetic theory approach, as it is implemented in Ansys Fluent, works
well for simple straight geometries with the right dimensions. Already varying the diameter gives
partly non-physical results. When it comes to slightly more complicated domains, the results are just
not reasonable. Since the solution is sensitive to some hardly known input parameters, such as the
Lennard-Johnson potential of red blood cells, for example, special attention on validation hast to be
paid. Using the kinetic theory model, implemented in Ansys Fluent, massive computational power is
required to simulated even simple cases. Against this background it is just not possible to simulate
a real full sized membrane oxygenator, which consists of ≈ 900 million nodes. Thus, and since the
actual implementation in Fluent is not known, the goal is to implement an improved kinetic theory
approach in the THETA-code. This allows to control the solution accuracy and computing time bet-
ter as well as implement some improvements, such as accounting for the non spherical nature of red
blood cells inherently, for example. The long term objective is to find an analytical model, accounting
for coagulation on a continuum mechanics level, suitable for implementation in THETA. In order to
predict the shear induced coagulation correctly, a realistic viscosity representation is crucial. Cur-
rently, the simulations are limited to simple steady cases, as proof of concept. In a next step towards
realistic conditions, pulsatile flow will be incorporated.
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SUMMARY 

 

The actin cytoskeleton plays a very important role in various mechanical behaviors of cells. Thus, 

rheological properties of the actin cytoskeleton have been studied vigorously during recent decades. 

Despite significant advances in understanding of actin rheology, it still remains elusive how actin 

dynamics affects the rheological properties of the actin cytoskeleton. Using agent-based 

computational models, we demonstrated that severing of F-actin, which has been neglected in most 

previous studies, can be one of critical factors governing the actin rheology.  

 

Key words:  actin, myosin, rheology, simulation 

 

 

1   INTRODUCTION 
 

Rheological properties and contractility of the actin cytoskeleton mediate important physical 

behaviors of cells, including cell division, migration, and shape change. The rheological properties 

include strain-stiffening and stress relaxation that limit cell shape change and determine its rate. 

The actomyosin contractility originating from interactions between actin filament (F-actin) and 

myosin motor facilitates various structural reorganization of the actin cytoskeleton within cells. 

Recently, in vitro experiments using reconstituted networks consisting of F-actin, actin cross-

linking protein (ACP), and motor have provided insights into understanding basic mechanisms of 

the rheological properties and contractility of the actin cytoskeleton. It was observed that passive 

actin networks without motors exhibit strain-stiffening and stress relaxation while active actin 

networks with motors tend to contract into single aggregate or multiple aggregates. It has been 

postulated that these interesting behaviors of actin networks are attributed mainly to mechanics of 

F-actin or transient binding/unbinding of ACPs on F-actin. By contrast, potential impacts of rich F-

actin dynamics to rheological properties and contractility of the actin cytoskeleton have been 

neglected in previous studies. One example of F-actin dynamics is severing; F-actin is more likely 

to be severed if it is subjected to bending deformation. Using computational models, we 

demonstrated that F-actin severing arising from compression-induced F-actin buckling coordinates 

with ACP unbinding, leading to very distinct modes of stress relaxation in passive actin networks 

as well as severely deteriorates network connectivity during contraction of active actin networks, 

resulting in formation of multiple small aggregates and low network contraction.  

 

2  METHODOLOGY 
 

We used our previous coarse-grained Brownian dynamics model for simulating actin structures. F-

actin, ACP, and motor are simplified into interconnected cylindrical segments. F-actin consists of 

serially-connected cylindrical segments with barbed and pointed ends. ACP is comprised of a pair 

of cylindrical segments. Each motor has a backbone structure with motor arms. Displacement of 

the segments is governed by the Langevin equation. Harmonic potentials maintain equilibrium 
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angles and lengths formed by the segments. Repulsive forces account for volume-exclusion effects 

between F-actins. Positions of the segments are updated at each time step using the Euler 

integration scheme. ACPs bind to F-actin at a constant rate and also unbind from F-actin in a force-

dependent manner following Bell’s equation. A motor arm binds to F-actin and walks toward the 

barbed end of F-actin, generating tensile forces. It is assumed that F-actin is severed at a rate that 

exponentially increases as a bending angle increases based on observations from recent single-

molecule experiments.  

For investigating rheological behaviors of passive actin networks, we subjected a cubical actin 

network (3×3×3 μm) to various cyclic shear strains and monitored the buildup and relaxation of 

shear stress with and without F-actin severing under a wide variety of conditions. For studying 

contractile behaviors of active actin networks, we employed a circular actomyosin network within a 

thin computational domain (20×20×0.1 μm) and measured the magnitude and rate of contraction 

and the number of aggregates with and without F-actin severing under diverse conditions.  

 

3  RESULTS AND CONCLUSIONS 

 

We found that F-actin severing significantly affects the relaxation of shear stress in cross-linked 

actin networks subjected to cyclic shear strain. Moreover, F-actin severing coordinates with ACP 

unbinding through their differential effects on the supportive and non-supportive frameworks. 

While ACP unbinding mostly occurs within the supportive framework, F-actin severing occurs 

outside the supportive framework. ACP unbinding relaxes stress during each strain-stiffening 

process, not over cycles, whereas F-actin severing hardly impacts current strain-stiffening process 

but relaxes stress over cycles. Thus, they independently induce distinct modes of stress relaxation. 

The stress relaxation taking place over cycles is very consistent with previous experimental results. 

We also demonstrated that active actin networks may show the largest contraction at intermediate 

bending rigidity, not at the lowest rigidity, if F-actin is severed by buckling induced by myosin 

activity as shown in recent experiments; if F-actin is very flexible, frequent severing events can 

severely impair network connectivity, leading to formation of multiple small aggregates and low 

network contraction. By contrast, if F-actin is too stiff, networks show minimal contraction due to 

inhibition of F-actin buckling.  

These results strongly suggest that buckling-induced F-actin severing can play a significant role in 

the rheological properties and contractility of the actin cytoskeleton. 
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SUMMARY
We propose a phase-field model of amoeboid cell motility. The model includes the dynamics and in-
teractions of the F-actin network, the myosin molecular motors, a generic membrane-bound activator,
and an extracellular chemoattractant. A momentum balance equation accounts for the main forces
involved in cell motion. Two-dimensional results are in quantitative agreement with experiments,
while three-dimensional examples suggest that the model may open new opportunities to simulate
cells moving in the extracellular matrix.

Key words: amoeboid motion, chemotaxis, phase-field method, isogeometric analysis

1 INTRODUCTION

Cell motility is a crucial biological process that manifests itself at subcellular, cellular, and tissue
scales. Phenomena such as tissue growth, pathogen removal, or cancer metastasis highlight the im-
portance of cell motion in life. Here, we focus on the cellular scale, particularly on the movement of
individual amoeboid cells. The movement of this kind of cells is achieved by the combination of the
following five independent steps [1]: the protrusion of the cell’s front caused by actin polymerization;
the formation of focal adhesions between the cell and the surrounding substrate; the degradation of
the extracellular matrix; the contraction at the back of the cell caused by myosin; and the detachment
of adhesion points at the cell’s back.

A well-known example of amoeboid cell is Dictyostelium discoideum, which has been widely studied
in several experimental [2] and theoretical [3] works. Dictyostelium is a deformable and elongated
cell that moves alternating the retraction and extension of actin-rich protrusions, i.e., pseudopods, in
a crawling-like motion.

Generally, the emergence and retraction of pseudopods are directed by external signals. It has been
observed that some cells, e.g., neutrophils, do not move unless there is a extracellular ligand that
binds to the membrane receptors and, consequently, triggers the motile machinery. However, it has
also been noticed that other cells, e.g., Dictyostelium, are able to move without the presence of an
external stimulus; that is the so-called pseudopod-centered view [3]. Here, we follow the pseudopod-
centered view, where pseudopod formation does not need any external stimulus. In case there is any
external signal, it will only bias the location and the growth time of the new pseudopods.

In this work, we propose a mathematical model for single amoeboid cell migration in chemotactic
and non-chemotactic environments. The model employs a phase-field method [4] to track the cell
and the membrane. Therefore, we can reproduce the interactions between the main cytosolic and
membrane-bound components involved in cell motility by means of PDEs. We have also incorporated
the cellular motion forces into a Stokes-type equation, which describes the flow of the actin filament
network. We have included a force that represents a simple interaction between the cell and external
fibers, so that we are able to simulate cells moving within fibrous networks. Finally, we consider an
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external chemoattractant that may modify the pseudopod formation and, thus, the movement of the
cells.

2 MODEL

The model is based on our previous work [5]. We can divide the model in four compartments: (1)
The cell motion, governed by a phase-field (φ) equation that tracks and moves the cell. (2) The
cytosol biochemomechanics that describes the F-actin (ρf ) and myosin (ρm) densities. Regions of
higher F-actin density are associated to pseudopods. The F-actin network is treated as a viscous
fluid [6] with velocity u, controlled by a Stokes-type equation. (3) The dynamics of the extracellular
chemoattractant. (4) The dynamics of the activator a, which is located at the membrane through the
marker δm (defined below), interacts with the chemoattractant and the actin proteins, and simplifies
the dynamics of the membrane signaling molecules (e.g., PIP3 [3]).

By including the phase-field framework in our model, we are able to solve the problem using a single
and fixed mesh. Thus, we naturally locate the equations inside the cell (e.g., ρf and ρm), outside the
cell (e.g., the chemoattractant), and at the membrane (e.g., a) without resorting to moving meshes and
surface PDEs. The main equations of the model are the following (for further details see [5]):

The cell motion is driven by a modified Allen–Cahn equation which moves the cell membrane ac-
cording to the velocity u:

∂φ

∂t
+ u · ∇φ = Γφ

(
ε∇2φ− G′(φ)

ε
+ cε|∇φ|

)
, (1)

where Γφ and ε are parameters, c is the curvature, and G(φ) is a double well potential.

Myosin is transported by the actin network and diffuses throughout the cell:

∂(φρm)

∂t
+∇ · (φρmu)−∇ · [Dm(ρf )φ∇ρm] = 0, (2)

with the diffusion coefficient Dm depending on the F-actin density.

The F-actin equation is derived from a free energy functional F that includes diffusive terms, con-
servation of the total amount of actin (N ) inside the cell, and the interactions between G-actin (ρg),
F-actin, and the activator:

∂(φρf )

∂t
+∇ · (φρfu) = −Γf

δF
δρf

= Γf

[
ε2f∇ · (φ∇ρf )− φ ∂F

∂ρf
− αφ(N −N0)

]
, (3)

where Γf and εf are parameters and F controls actin phase transitions in terms of ρg, ρf , and a. The
constant α determines the strength of actin conservation, where N0 is the value of N at the initial
time.

The governing equation for the actin filament flow is

∇ · (σ + σmyo + σprot) + F adh + Fmem + F rep = 0, (4)

where σ is the classical stress tensor of a Newtonian fluid, and σmyo and σprot account for the
contraction and protrusion exerted by myosin and F-actin, respectively. The adhesion between the
cell and the substrate is included through the term F adh (this is an hydrodynamic drag in the three-
dimensional case). The force Fmem represents the surface tension of the membrane and, finally, the
term F rep models repulsive contact forces produced by obtacles in the cell.

The chemoattractant is located outside the cell using, again, the phase-field approach. We consider
a diffusive equation with a natural decay, a chemical consumption by the cell, and a source term
defining the origin of the chemoattractant in the problem.

The generic activator a is located in the membrane through the marker δm = exp[−ϕ(φ− 0.5)2],
where ϕ is a parameter controlling the thickness of the marker. The activator dynamics equation is

∂(δma)

∂t
+∇ · (δmau) = ∇ · (Daδm∇a)− raδma+ baδmSa, (5)
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which includes diffusive, decay, and source terms, with their respective parameters Da, ra, and ba.
The activator controls the polymerization of the F-actin network (i.e., the pseudopod formation)
through the function F in Eq. (3). In regions of higher activator density, pseudopods will emerge.
Thus, the term Sa determines the spatial location of the new pseudopods and their life time. To define
Sa, we employ probability distributions derived from experimental works [2] that provide statistical
data for pseudopod location, growth time, and interval time between pseudopods.

In the model, we consider that the occupancy of the membrane receptors is proportional to the chemo-
tactic ligand density on the cell’s membrane. Since the cell is able to detect the presence of an ex-
tracellular ligand through the level of occupied receptors, we can define the gradient (∇q) and the
average concentration (q) by means of the maximum and minimum chemoattractant densities on the
membrane, and their respective locations. Following the pseudopod-centered view, the chemoattrac-
tant modifies the pseudopod location and growth time probability functions. Thus, we modify these
functions based on experimental works [7, 8, 9] that employ ∇q and q to define the bias imposed by
the external chemoattractant.

3 RESULTS AND CONCLUSIONS

We solve the problem on a single fixed mesh by using Isogeometric Analysis (IGA) [10], a NURBS-
based finite element method that features higher-order accuracy. For the temporal discretization we
employ a time-stepping scheme based on the generalized-α method.

The first kind of simulations are devoted to study single cell motion in non-chemotactic environments.
For the two-dimensional numerical examples, we study the larger-scale features of the movement
(e.g., the mean-squared displacement) and perform a quantitative analysis of the pseudopod size,
angle, and velocity. The behavior of the F-actin network and the myosin distribution; all together
with the previous analysis, show that our model is able to simulate real Dictyostelium motion. We
also simulate three-dimensional cells moving within fibrous networks. Here, the fibers are modeled
as rigid cylindrical obstacles that interact with the cell. Despite the simplified cell-fiber interaction,
the results show a nice realistic behavior that may open new opportunities to model three-dimensional
cell motion.

On the second kind of simulations we place a chemoattractant in the domain. We see how the move-
ment of the cells is biased depending on the gradient and the average concentration of chemoattrac-
tant. As the gradient increases, the cell loses its random walk and moves in the direction of the
gradient. A great average concentration of chemoattractant on the membrane leads to the saturation
of the surface receptors [11], which prevents the cell from establishing the gradient’s direction.

In conclusion, we present a phase-field model for amoeboid motion. The model couples intracellular
and membrane dynamics and includes the main compounds involved in cell motility. We take ad-
vantage of the phase-field framework and the higher-order continuity of the IGA basis functions to
perform simulations on a single fixed mesh. Two-dimensional and three-dimensional simulations in
chemotactic and non-chemotactic environments show the capabilities of our model, which displays
qualitative and quantitative agreement with experiments.
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SUMMARY
Experimentally-driven mathematics can help unravel cell behaviours and cellular functionalities.

Within this work, we present a combination of approaches involving image analysis, mathematical
modelling and advanced numerical techniques. We directly process experimental data, feed real mea-
surements into mathematical models and eventually make predictions that go beyond experimental
manipulations.

Key words: Cell motility, 3D cell migration, geometric partial differential equations, optimal control

1 INTRODUCTION

Mathematical analysis and modelling are becoming increasingly important in cell biology as they
provide a theoretical and computational framework for analysing experimental data, quantitatively
and qualitatively, and hence furthering our understanding of dynamic cellular phenomena [1, 2, 3, 4].
However, in order to draw conclusions from the experiment, as well as provide actual measurements
to modelling, real world data has to be processed. The advent of high-throughput, high-resolution
microscopy and imaging techniques means that a wealth of large data is routinely generated in many
laboratories. Due to the sheer magnitude of the data involved manual processing is not suitable, hence
fully-automated computer algorithms have to be developed and applied. In this work, we describe
novel approaches for automated cell tracking, which involves segmentation and particle tracking. We
also illustrate our modelling approach from which we may reconstruct changes in cell morphology
and allows us to predict physical quantities that would be otherwise unavailable from experiments.

Our model consists of partial differential equations and involves the optimal control of a phase-field
formulation of a geometric evolution law for the cell-membrane motion. We present a series of
numerical techniques that allows us to obtain computational results in real time, with substantial
reductions in computer memory requirements.

2 SEGMENTATION AND PARTICLE TRACKING

Cell tracking techniques described here are used to process experimental images obtained through
microscopy. The overall aim is to identify cells (and their outliers if required) and be able to follow
such cells within the time lapse. This process is done through two-step process: segmentation for
cell identification and particle tracking for creating migratory pathways. A more detailed description
of our techniques can be found in [9]. For clarity, we illustrate a typical image from the phase-
contrast microscopy. In phase-contrast microscopy, phase shifts of the specimen are transformed into
amplitude (intensity) shifts, thus permitting objects that are usually almost invisible (e.g. cells), to
be optimally visible. The trade-off is that possible background inhomogeneities and various noise
effects may become more prominent. Depending on the objective lens, the phase-contrast technique
works in a certain range of phase shifts only. If the shift is too big, artefacts are created. The halo
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effect is a common phase shift artefact, e.g. when a cell rounds up (e.g. during cell division), a bright
halo is often visible around the cell. If cells or cellular structures like filopodia are less thick and flat
on the substrate they are optically dark.

Figure 1: A typical phase-contrast image from the
biological dataset. Arrows and three letters are
used to identify cells with distinct features.

In Figure 1, we identify by arrows three main sets of
distinct features representing the cells: (a) cells can
be clearly observed, they have little or no halo arte-
facts and the centre generally is the brightest with the
highest intensity value; (b) the cells are (partially and
relatively) flat, thus they appear darker (especially in
the centre) but have a bright halo artefact, and (c) var-
ious intensities appear brighter in the (thicker) centre
of the cell and darker in (flatter) structures like filopo-
dia.

2.1 Segmentation via background reconstruc-
tion

Inspired by ideas from background reconstruction
and subtraction techniques [6, 8], we propose a
methodology that deals with datasets such as those
considered in this work. To reconstruct the background, we take the mode of the intensity value oc-
curring in all frames at each pixel. Due to the fact that cells are generally moving around (hence the
need for tracking), and the density is low, the mode value at each pixel is most likely to be the inten-
sity of the background or a stationary noise that we would categorise as background. After having
the background reconstructed, all frames can be subtracted from it, and whatever the differences are,
these are either moving cells or simply noise. We can then separate the cells by their areas and/or tra-
jectories following a common identification procedure. This segmentation technique can be adapted
to higher-cell-density situation, where the differences are taken consecutively to identify the moving
objectives.

2.2 Particle tracking via nearest neighbour approach

Figure 2: A typical image with cell trajectories tracked
throughout the time lapse.

Having obtained a number of objectives on
a frame with potential candidates of cells,
a user-defined threshold parameter is in-
cluded for the size of particles, and we rule
out those very small ones that are most
likely to be noise. The ones that are iden-
tified as cells, will be linked via a near-
est neighbour approach, meaning particles
between frames are linked to their nearest
neighbours (on the next frame in time). In
Figure 3, we show the results of two exper-
iments: (a) cells migrate randomly and (b)
a directional chemotaxis toward the south
side of the field-of-the-view.

3 WHOLE CELL TRACKING

In this section we broaden the focus from tracking cell centroids to tracking whole cell morphologies
with the goal of recovering morphological dynamics. Our current research on whole cell tracking is
an extension of the work described in [7, 9]. The aim is to determine trajectories of points on the cell
boundary from position A at time 0 to position B observed at time T .
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3.1 Mathematical model

Figure 3: In (a), a non-directional migration pattern; in (b) a directional
chemotaxis toward the south side of the image.

Mathematically, we formulate this
problem as an optimal control
problem, where we propose that
the evolution of the cell shape fol-
lows a volume constrained forced
mean curvature flow (VCMCF).
We consider the phase-field or dif-
fuse interface approximation of
the VCMCF given by the mass
constrained Allen-Cahn equation
with forcing η (see for example
[5]),

ε ∂∂tφ(~x, t) = ε4φ(~x, t)− ε−1G′(φ(~x, t)) + η(~x, t) + λ(t) in Ω× (0, T ], (1)

φ(~x, 0) = φ0(~x) in Ω, (2)

∇φ(~x, t) · ~νΩ(~x) = 0 on ∂Ω, (3)

where φ(~x, t) is a phase-field variable that takes the value approximately +1 inside Γε(t) and approx-
imately −1 outside Γε(t) where Γε is a diffuse interface approximation of the d− 1 dimensional cell
boundary Γ(t). The time independent domain Ω ⊂ Rd is a bounded domain that contains Γε(t) for
all t ∈ [0, T ], ε > 0 governs the interfacial width of the diffuse interface Γε(t), G(φ) = 1

4(1 − φ2)2

is a double well potential which has minima at ±1 and λ is a time-dependent constraint on the mass
that models a volume constraint (see [5] for more details) and ~νΩ is the normal to ∂Ω. In order to
formulate our optimal control problem we introduce the objective functional J , which we seek to
minimise

J(φ, η) =
1

2

∫
Ω

(φ(~x, T )− φobs(~x))2 d~x+
θ

2

∫ T

0

∫
Ω
η2(~x, t)d~xdt, (4)

where θ > 0 is a regularisation parameter. The first term of the right-hand side of (4) is the fidelity
term which measures the distance between the solution and the target dataset φobs and the second a
regularisation term that ensures a well-posed problem. The optimal control problem reduces now to
a minimisation problem: given initial data φ0 and target dataset φobs, find a space-time distributed
forcing η∗ : Ω× [0, T )→ R such that with φ a solution of (1) with initial condition φ(·, 0) = φ0(·),
and the forcing η∗ solves the minimisation problem minη J(φ, η), with J given by (4).

3.2 Numerical solution methods

When solving such optimal control problems we note that apart from the computational complexity,
in terms of CPU time, it must be noted that there is also a very large memory requirement. More
specifically, η exists on all internal grid points for all time steps. Thus, when we solve the Allen-Cahn
equation, the solutions of φ and η are stored on every grid point for all time steps. The requirements
on memory storage can become significant as the number of grid points increases. To give the reader
a brief idea, say one uses a 2-D grid consisting of 5122 grid points with 50 forward and backward
time steps for the Allen-Cahn and the adjoint equation respectively. The solutions of 2 variables
(φ and η) are stored using a double-precision format, i.e., each float-point number occupies 8 bytes
in the memory. This setting requires around 210 megabytes of memory space. However, if this
simulation is done in 3-D on a uniform grid with the resolution of 5123, the memory requirement
becomes approximately 107 gigabytes. Such a simulation may not be feasible if no parallelism nor
any other advanced techniques are employed. To this end, we developed an efficient numerical solver
based on the nonlinear multigrid method. This solver is then further expanded through parallelisation
based on the domain decomposition approach, as well as using dynamic adaptive mesh refinement.
To reduce memory, we developed a two-grid solution strategy where the phase-field φ is solved on
a fine grid according to mesh-size requirements but solutions are stored on a coarser grid where the
adjoint problem is solved (see [5] for more details).
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Figure 4: Images show our computational results to the experimental
data.

We illustrate our results in Figure
4, the first row presents exper-
imental images at five different
times. The second row has our
segmentation method based on
the active contour method. The
third row shows our computed fi-
nal shape at t2 - t5 and the fourth
row illustrates the forcing η.

4 CONCLUSION

In this work, we have developed
two approaches; (i) cell track-
ing via image processing and (ii)
cell morphology reconstruction
via an optimal control approach.
We directly process experimental
data and then extrapolate valu-
able information automatically.
This information is then fed into
a mathematical model of opti-
mal control of geometric evolu-
tion laws. Such a model is able to reconstruct cell migratory pathways with the potential to make
predictions that could be tested experimentally.
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SUMMARY
The aim of this work is the mathematical modeling and numerical simulation of the migration process
when cells are confined in microfluidic devices. Different mechanical and chemical mechanisms
responsible of the cell response, which define the polarization direction and consequently the cell
migration, will be studied. In this work, we will present a one-dimensional multi-physics model
which simulates the mechanical response of the cell together with the actin polymerization process
and the myosin contractile effect.

Key words: cell migration, mechanical deformation, reaction-diffusion equations, numerical simu-
lation

1 INTRODUCTION

Cell migration is crucial in the development of biological processes such as cancer metastasis or
tissue regeneration. Understanding what mechanical factors are responsible of this cell movement
offers the possibility of developing new techniques to, for example, control the advance of invasive
tumor cells. In-vitro works allow considering cell migration as a process regulated mainly by the
actin filaments polymerization inside the cell (see [1]). Cell migration is considered as a mechanical
cycle of three phases: protrusion -due to actin polymerization-, adhesion and contraction -due to
the actin myosin interaction. Increasing the knowledge of the actin polymerization process, of the
actin-myosin interactions and their effects on the mechanics of cell is crucial to understand the cell
migration process (see [2, 3]).

Most of mathematical models proposed to simulate cell migration has focused on two-dimensional
environments, studying the cell behavior on planar surfaces. Nevertheless, with regard to understand
the migration process in confined environments, the use of microfluidics devices to determine the
mechanical properties of cells has been widely extended in the last years (see [4]). In this type of
devices, cells are confined by walls in such a way that the mechanisms regulating their migration are
different. Experimental works (see [5]) have proved that cells confined in devices with bifurcations
determine their migration direction not only due to chemical stimuli (as in the two-dimensional case)
but also due to biophysical stimuli. This behavior is mainly regulated by the role of the hydraulic
pressure: using channels with different bifurcations and lengths, cells are able to identify the shorter
path in absence of chemical stimuli. This phenomenon is called barotaxis (see [5]), that is, the cell
movement due to pressure variations.

The aim of this work is the mathematical modeling and numerical simulation of the whole migration
process when the cell is confined in microfluidic devices, simulating the main mechanisms used by
the cell to decide its migration.
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2 METHODOLOGY

We will propose a multi-physics model to simulate the behavior of a cell confined in a microfluidics
device. The effect of the mechanical mechanisms responsible of the cell polarization process in
bifurcations will be studied, modeling the decision rules based on barotaxis.

To do that, on the one hand, we will simulate the cell distinguishing the nucleus and the cytoplasm.
Cell cytoplasm will be modeled as a poroelastic material following the experimental evidence shown
in [6], considering that the cytoplasm is a biphasic material which consists of an elastic phase (cy-
toskeleton) and a interstitial fluid phase (cytosol). Furthermore, the cell nucleus will be considered
as an elastic material with higher rigidity than the cytoskeleton. Moreover, we will propose a sys-
tem of coupled reaction-diffusion equations to simulate the actin and myosin concentrations in order
to model the actin polymerization and the myosin contractile effect, responsible of the polarization
process of the cell. Besides, actin and myosin concentrations are a key factor in the cell migration
process since they affect directly to the mechanical deformability of the cell.

In order to carry out the numerical simulation of the proposed model, we will use a suitable spatial-
temporal integration scheme that let us compute the suffered deformation coupled with the protein
concentration variation and study the effect of the actin and myosin concentrations on the cytoskeleton
deformation.

3 RESULTS AND CONCLUSIONS

The mathematical model proposed here allows to implement a computational tool to better understand
the processes controlling the migration direction when the cell is confined in this type of devices.
Using this tool, our ultimate objective is to design a simplified microfluidic device in order to simulate
the physical barriers that a cell could find in its migration process and to predict its behavior when
migrating.
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SUMMARY
We apply the finite difference method to solve the mechanical bidomain model equations numerically
for a complex fiber geometry. In the heart, cardiac muscle fibers curve creating zones of membrane
forces resulting in regions of mechanotransduction. The magnitude of the active tension and the
fiber angle vary with position. The difference in the intracellular and extracellular displacements
result from the bidomain behavior of the tissue that gives rise to forces on the integrin proteins in
the membrane. Our anylysis of mechanical forces at multiscale levels will help us to understand
mechanotransduction and remodeling in the heart.

Key words: mechanical bidomain model, mechanotransduction, remodeling, finite difference

1 INTRODUCTION

Figure 1: The nanoscale (integrin proteins) to the cellu-
lar scale (extracellular matrix and the intracellular cy-
toskeleton), to an intermediate scale (tissues), to the
macroscale (organs).

The mechanical bidomain model is a mathemat-
ical model that treats cardiac tissue as a contin-
uum yet accounts for forces acting across the
myocardial membrane (Sharma et al. 2015). It
describes the biomechanics of cardiac tissue, in-
cluding mechanotransduction and tissue remod-
eling in the heart. As shown in Fig. 1, mechan-
ical forces act at different length scales from the
molecular level to the whole heart (De et al. 2015). The model is innovative because unlike tradi-
tional models it predicts microscopic differences between the intra- and extracellular displacements
that cause a macroscopic distribution of membrane forces. The central hypothesis of the mechanical
bidomain model is that these differences produce forces on membrane proteins such as integrins that
are responsible for mechanotransduction (Dabiri et al. 2012; Kresh and Chopra 2011). The trans-
duction of mechanical signals is crucial in many biological contexts from stem cell biology to tissue
engineering, and from cancer to developement (Jacobs et al. 2013).

The heart has a complex geometry, with fibers twisting and rotating throughout the ventricles (Streeter
and Hanna 1973). We extend the numerical algorithm developed by Gandhi and Roth (2016) to study
underlying mechanisms responsible for mechanotransduction and remodeling of curving fibers in the
heart.

2 METHODS

We represent cardiac tissue as two-phases, intracellular and extracellular, coupled by integrins in the
membrane (Sharma et al. 2015). The intracellular and extracellular displacements are u and w. The
difference in the displacement, u - w, gives rise to mechanical forces on the integrins. We use stress-
strain relationships to derive model equations. The active tension contribution to the stress tensor is
Tninj where i and j denote direction indices and n is a unit vector pointing in the fiber direction,
(cos θ, sin θ) (Chadwick 1982). The magnitude of the active tension T varies with position (x, y) and
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its direction makes an angle with the x-axis of θ(x, y). Intracellular stress τi and strain εi are related
by

τixx = −p + 2νεixx + T cos2 θ τiyy = −p + 2νεiyy + T sin2 θ τixy = 2νεixy + T sin θ cos θ, (1)

and the extracellular stress τe and strain εe are related by

τexx = −q + 2µεexx τeyy = −q + 2µεeyy τexy = 2µεexy. (2)

The parameters ν and µ are the shear moduli of the isotropic intra- and extracellular spaces, and p
and q are intra- and extracellular hydrostatic pressures.

In Cartesian coordinates, we express the strain components in terms of u and w by

εixx =
∂ux
∂x

εiyy =
∂uy
∂y

εixy =
1

2

(
∂ux
∂y

+
∂uy
∂x

)
(3)

εexx =
∂wx
∂x

εeyy =
∂wy
∂y

εexy =
1

2

(
∂wx
∂y

+
∂wy
∂x

)
. (4)

We assume plane strain, so uz and all z-derivatives are zero, implying εzz = εxz = εyz = 0.

Biological tissue is mainly composed of water; therefore, each space is incompressible, u and w have
zero divergence, and the displacements can be obtained by differentiating intra- and extracellular
stream functions φ and η

ux =
∂φ

∂y
uy = −

∂φ

∂x
wx =

∂η

∂y
wy = −

∂η

∂x
. (5)

In the mechanical bidomain model, the equations of mechanical equilibrium are

∂τixx
∂x

+
∂τixy
∂y

= K (ux − wx) (6)

∂τexx
∂x

+
∂τexy
∂y

= −K (ux − wx) (7)

∂τixy
∂x

+
∂τiyy
∂y

= K (uy − wy) (8)

∂τexy
∂x

+
∂τeyy
∂y

= −K (uy − wy) . (9)

The parameter K is the spring constant coupling the intra- and extracellular spaces, and accounts for
the integrins in the cell membrane.

Substituting Eqs. (1-5) into Eqs. (6-9), we get the mechanical bidomain equations

ν∇4φ+ s(x, y) = K
(
∇2φ−∇2η

)
(10)

µ∇4η = −K
(
∇2φ−∇2η

)
, (11)

where

s(x, y) =
∂2T

∂x∂y
cos 2θ +

1

2

(
∂2T

∂y2
− ∂2T

∂x2

)
sin 2θ − 2

(
∂T

∂x

∂θ

∂y
+
∂T

∂y

∂θ

∂x

)
sin 2θ+

2

(
∂T

∂y

∂θ

∂y
− ∂T

∂x

∂θ

∂x

)
cos 2θ − 4T cos 2θ

∂θ

∂x

∂θ

∂y
+ 2T

((
∂θ

∂x

)2

−
(
∂θ

∂y

)2
)
sin 2θ+

T

(
∂2θ

∂y2
− ∂2θ

∂x2

)
cos 2θ − 2T

∂2θ

∂x∂y
sin 2θ. (12)

In order to simplify Eqs. (10) and (11), we define two stream functions λ and ψ

λ = φ− η, ψ = φ+
µ

ν
η, (13)
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where λ determines the difference between the intra- and extracellular spaces (bidomain behavior)
and ψ specifies an average of the two spaces (monodomain behavior). By inverting Eq. (13) we
obtain

φ =
ν

ν + µ

(
ψ +

µ

ν
λ
)
, η =

ν

ν + µ
(ψ − λ) . (14)

Furthermore, we define the dimensionless parameters

X =
x

D
, Y =

y

D
, ε =

µν

K (ν + µ)D2
, S(X,Y ) =

D2

ν
s(x, y), (15)

where D is a characteristic length of the tissue. Writing Eqs. (10) and (11) in terms of the dimension-
less parameters and adding yields

∇4ψ + S(X,Y ) = 0, (16)

where now derivatives are with respect to X and Y. Similarly dividing Eq. (10) by ν and Eq. (11) by
µ and subtracting yields

∇4λ+ S(X,Y ) =
1

ε
∇2λ. (17)

The two partial differential equations are now uncoupled. Equation (16) governs the monodomain be-
havior and Eq. (17) governs the bidomain behavior. Both equations contain the same source term. At
the tissue edges, x = ±D and y = ±D, we assume the intracellular and extracellular displacements
are zero, implying that ψ = λ = ∂ψ

∂n = ∂λ
∂n = 0 where ∂

∂n is the normal derivative. We approxi-
mate Eqs. 16 and 17 using the finite difference method, and then solve the difference equations using
overrelaxation (Gandhi and Roth 2016).

3 RESULTS

We consider the fiber orientation

θ(X,Y ) =
1

2

{
tan−1

(
D
2 −
√
X2 + Y 2

e

)
+
π

2

}
(18)

Figure 2: a) The fiber direction for θ(X,Y )
given by Eq. (18). The origin of the X, Y co-
ordinate system is at the center of the sheet;
X is horizontal. b) The source term S(X,Y )
given by Eqs. 11 and 15, for e = 0.1 and,
and D = 1.

shown in Fig. 2 (a). The active tension T(X,Y)
within the tissue region is zero for X2 + Y 2 <
1, and uniform outside this region.
In the central region the fiber angle is nearly π

2 , and in
the surrounding region it is nearly zero. When the radius
is approximately equal to D

2 , it changes continuously be-
tween these two values. The parameter e determines how
abruptly the fiber direction changes. Fig. 2 (b) contains
a plot of the source function S(X,Y ). With e = 0.1 the
source function is small except where the fiber direction is
changing rapidly.

Figure 3: The stream functions a) ψ(X,Y )
and b) λ(X,Y ) for e = 0.1 and ε = 0.0001.

Figure 3 shows the spatial distribution of the stream func-
tions ψ(X,Y ) and λ(X,Y ).We define two displacements,
m and b, such that mx = ∂ψ

∂y ,my = −∂ψ
∂x , bx = ∂λ

∂y , by =

−∂λ
∂x , so m = u + µ

νw and b = u − w. The magni-
tude of ψ is much greater than the magnitude of λ. Fig-
ure 4 plots the displacements m and b; (a) represents the
monodomain behavior and (b) represents the bidomain be-
havior. The length of the arrows in these figures are not
scaled the same; the monodomain displacement is much
larger than the bidomain. The monodomain displacement
does not depend on ε, but the bidomain displacement does.
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Figure 4: The displacements a) m and b) b
for e = 0.1 and ε = 0.0001.

The fundamental hypothesis of the mechanical bidomain
model is that mechanotransduction depends on b =
u − w. The magnitude of the difference between intra-
and extracellular displacements is shown in Fig. 5; it
is zero at the center of the tissue. The distribution
of the bidomain displacement depends upon ε. For
small ε it is localized primarily where S(X,Y ) is large.

Figure 5: The magnitude of b for e = 0.1
and a) ε = 0.01, b) ε = 0.0001 and c) ε =
0.000001.

The intra- and extracellular strains are calculated using
Eqs. 3 and 4. Figure 6 (a) shows strain εiXX and Fig.
6 (b) shows shear strain εiXY . The distribution of strain
is significantly different than the distribution of |b|. For
example εiXY is large at the center of the tissue. The
strains are also distributed more widely throughout the tis-
sue, whereas |b| is large mainly at the edge of the central
region where T(X,Y) and θ(X,Y ) are changing rapidly.

Figure 6: The intracellular strain a) εiXX

and b) εiXY , for e = 0.1 and ε = 0.0001.

In conclusion, the mechanical bidomain model predicts re-
gions of mechanotransduction in cardiac tissue where both
the fiber angle and the tension vary with position. We are
now able to make predictions that span length scales from a
few nanometers, the size of the integrin molecule, to a few
centimeters, the size of the whole heart. This model will
help us to understand mechanotransduction and remodel-
ing in the healthy and diseased heart.
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SUMMARY

In this work, we propose a hybrid computational framework that is able to simulate the dynamics
of epithelial monolayers. We combine a discrete approach (agent-based model) and a continuum
approach (material model). Cells are modeled using an off-lattice agent-based method that keeps
the information for each cell. Moreover, we consider the cell cycle and the forces generated by the
interaction between cells. Otherwise, we model the passive mechanical behavior of the tissue using
a continuum material model, which approximates mechanical properties of the cell monolayer. To
validate  our  framework,  we  compare  our  numerical  predictions  with  experimental  data  from
previous studies. 

Keywords: hybrid model, epithelial cells, cell monolayer, cell-cell interaction

1  INTRODUCTION

Tissue  mechanical  properties  and  structural  integrity  depends  on  cell  organization  and  its
mechanical  properties.  In  the  tissue,  the  cells  are  connected  by  adherent  junctions  forming  a
network, which transmits the forces between cells. Moreover, the cytoskeleton and the cytosol of
each cell determine the cell rigidity and its passive mechanical behavior. In the epithelial tissue
layers, cells usually present a geometry that can be simplified to polygons. The distribution of the
cell shapes is not regular, however, it is not completely random either. This topology is affected by
cell  proliferation,  cell  rearrangements  and other  phenomena that  mechanically  alters  the  tissue
layer.
We find in the literature computational studies that simulate different aspects of the epithelial tissue
mechanics. There are two typical approaches to solve this problem: modeling the discrete cells of
the tissue or, in contrast,  modeling the tissue as a continuum medium. In order to simulate the
discrete cells, the vertex-based approach is the most common type of discrete approach found in the
literature [1,2]. Nevertheless, we can find other discrete models such as center-based approaches
[3,4] and those that simulate the cells with sub-cellular components [5]. In addition, continuum
models of epithelial layers are less frequent, but there are some examples of this approach in the
literature [6].
The main aim of this work is to simulate the mechanics of epithelial monolayers considering cell
dynamics and tissue topology. Furthermore, we include in our model biological phenomena that
determine the tissue morphology and its mechanical properties, such as the cell cycle (cell growth
and  cell  division)  and  the  cell-cell  mechanical  interaction.  We use  a  hybrid  approach  in  our
framework, which considers both cell level (discrete individual cells) and tissue level (continuum
medium). 
To validate our framework, we compare our numerical results with the experimental data from
Gibson et al. [7], Farhadifar et al. [1] and Aegerter-Wilmsen et al. [2]. These studies analyze the
epithelial tissue topology in Drosophila during the development stage.
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2  METHODOLOGY

To simulate the epithelial tissue, we consider the individual cells using an agent-based approach
and the tissue level mechanics using a continuum approach. We assume that both approaches are
connected since the cells form a junctional network formed in the epithelial layer. In other words,
the junctions between the individual cells generate the mechanical continuity.

2.1 Modeling the cells: an agent-based approach

On the  agent-based  approach,  each  cell  in  the  tissue  is  simulated  as  a  discrete  entity. In  our
framework, cells are represented as the cell centroid and an associated polygon, which is generated
by  the  Voronoi  diagram  representation  of  these  centroids.  Therefore,  we  use  a  tessellated
representation of the tissue that has mechanical continuity, although the model still simulate the
individual cells.
In  the  epithelial  tissue,  cells  interact  with the  adjacent  neighbors  generating forces,  which are
transmitted by the cell cytoskeleton and the adhesive junctions. We model the cell-cell interaction
forces adapting the Lennard-Jones potential as it is shown in equation 1:

[1]

Where (r) is the distance between two cells, (rm) is the distance of equilibrium between two cells
(where the interaction force is zero) and the parameter (ε) is the potential well intensity. To obtain
the total force applied on each cell, we sum the forces generated by each neighbor.
Additionally, we simulate cell life cycle and cell proliferation in the agent-based model. The cell
cycle of each cell in the tissue is evaluated separately. We simplify the cell cycle in two phases:
mitotic phase and interphase. In the mitotic phase, the cell grows and finally divides. During the
interphase, the cell prepares itself for the next division with no apparent changes in its morphology.
Hence,  the  cell  growth  and  the  cell  division  alters  the  global  tissue  topology  due  to  cell
rearrangements.

2.2 Modeling the tissue: a FE-based approach

We simulate the passive mechanical behavior of the tissue assuming that the epithelial layer is a
continuum medium approximated  as  a  structural  material.  The  material  describes  the  apparent
mechanical properties of the cells in the tissue. We use the finite element method (FEM) to solve
the mechanical problem. Actually, we obtain the mesh used in the FEM from the cell geometries
triangulation. Thus, the continuum model uses a mesh that is generated dynamically and it is able
to adapt to the changes in the tissue structure that the cell rearrangements produce.
Actually, forces generated in the agent-based model by the cell-cell interactions cause deformations
in the tissue material.  The total  force exerted on each cell  is  applied to the node in the mesh
corresponding to the cell centroid. After the FEM resolution, cell displacements in the agent-based
model are obtained from the deformed mesh. 

2.3 Simulation workflow

First,  the variables are initialized and the simulation enters the main loop.  On the agent-based
model, we generate the geometry of the tissue, calculate the interaction forces and simulate the cell
cycle of each cell. From the geometry, we generate the FE mesh and, then, we apply the calculated
forces on the nodes of the mesh corresponding to the cell centroids. After solving the mechanical
problem using FEM, we obtain the new cell positions from the analysis of the deformed mesh.
Finally, we start the loop again with the updated agent-based model information.

3  RESULTS AND CONCLUSIONS

We show some preliminary results and we discuss the effect of the mechanical properties of the
tissue. These results are compared with the experimental results in epithelial tissues of Gibson et al.
[7]  and Aegerter-Wilsem et al. [1]. 
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3.1 Effect of the mechanical properties on the topology

To determine the effect of the cell mechanical properties on the tissue topology, we analyze the
apparent stiffness of the cells and the intensity of the cell-cell interaction, as it is shown in the
Figure 2. 

Figure 2. Effect of the mechanical properties. From left to right: polygon distribution of the entire
cell population and polygon distribution of the mitotic cell population.  (A, B) Effect of the cell
apparent stiffness. (C,D) Effect of the magnitude of the cell-cell interaction forces.

The apparent  stiffness  of  the  cells  has  a  negligible  effect  on the geometries  of  the  entire  cell
population. Interestingly, this mechanical property is predicted to affect the polygon distribution of
the mitotic cell population and the average area of the cells. In our framework, we observe that the
stiffness has an intense effect on the dynamic of the cells. A high material stiffness reduces the
mobility of the cell and its ability to rearrange in the tissue. In contrast, a low material stiffness
creates a fluid-like behavior at the mechanical level and cells can move easily in the tissue.  The
stiffness value that fits the experimental data of the tissue topology is E=0.01MPa, this value is
coherent with the stiffness of the epithelial tissues found in the literature.
 In our model, the magnitude of the cell-cell interaction forces depends on the epsilon parameter
(ε), as it is shown in equation 1. To study the effect of the interaction forces, we analyze a range of
values of the epsilon parameters. We observe that higher interaction forces increase the dynamic of
the cells in the tissue. In fact, this parameter has the opposite effect compared to the stiffness:
higher interaction forces increase the motility of the cells and, in contrast, lower forces reduce the
rearrangements in the tissue.

3.2 Conclusions

We present a hybrid framework to simulate the mechanics of epithelial monolayers. The cells are
modeled using a agent-based approach, which keeps the individual information of each cell. The
agent-based model includes the cell geometry, the cell cycle and the cell-cell interaction forces.
Additionally,  we  use  a  continuum  approach  to  solve  the  mechanics  at  the  tissue  level.  The
continuum  model  uses  a  material  that  approximates  the  properties  of  cells  in  the  tissue.  We
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implement this approach using FEM, which uses a mesh generated from the agent-based model. It
must be noted that we use a linear elastic material in our continuum model, however the framework
response  differs  completely  from  a  linear  elastic  behavior.  Due  to  the  mesh  is  dynamically
generated in each step of the simulation, the rearrangements and the proliferation in the agent-
based model alters the mechanical properties of the tissue. In conclusion, the originality of this
work relies on the combination of simple models to predict the emergent mechanical behavior of
cells in epithelial monolayers. 
Additionally, we validated our framework with experimental data taken from the literature. We
predicted the topology of the entire cell population and the mitotic population on a proliferating
epithelial tissue. We concluded that cell mechanical properties define the dynamic behavior of the
tissue.
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SUMMARY
We recently developed a novel methodology to generate a database of thousands of virtual (com-
puted) subjects, each with distinctive blood pressure and flow waveforms available at multiple arte-
rial locations. Here we use the database to test several clinical indices of aortic stiffness and develop
algorithms for assessing cardiac and vascular determinants of the aortic blood pressure waveform.
Clinical data is used to support our numerical results.

Key words: pulse wave analysis, 1-D modelling, blood pressure, aortic stiffness

1 INTRODUCTION

Several indices and algorithms have been proposed to infer the physiological state of the cardio-
vascular system by analysing arterial pulse waveforms. Developing and testing them using in vivo
waveforms is a complex and time-consuming task: clinical measurements are expensive to acquire,
are subject to experimental errors, and are seldom available at multiple locations for the same subject.
Moreover, estimated indexes and quantities can rarely be compared to the ‘true’ value since this is
often unknown. We recently developed a novel methodology to initially perform this task in silico
in order to identify those indices and algorithms that are more likely to be found clinically relevant
when carrying out more expensive and time-consuming assessment using clinical data.

Our approach consists of generating a database of thousands of virtual (computed) subjects, each
with distinctive pulse waveforms [5]. For each subject, blood pressure, blood flow and luminal area
waveforms are available at multiple arterial locations, together with anatomical and structural prop-
erties (e.g. vessel geometries, vessel wall stiffness), which can be calculated from the parameters of
the simulation. The current set of virtual waveforms encloses a wide range of cases that could be
encountered in a clinical study under normal physiological conditions.

Here we present several clinically relevant applications of the database, including the assessment of
clinical indices of aortic stiffness and the development of algorithms for analysing the aortic blood
pressure waveform and quantifying the relative contribution of cardiac and vascular properties to
its shape. We focus on aortic stiffness and blood pressure since they are important determinants
of cardiovascular health [1, 2]. We start by briefly describing our methodology for producing the
database.

2 METHODOLOGY

We created a database of 3,325 virtual subjects using a validated, nonlinear, one-dimensional (1-D)
model of arterial blood flow in the systemic circulation. The following model parameters were varied
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in the virtual population to cover a broad range of physiological values that are representative of the
healthy adult population: heart rate, stroke volume, elastic artery stiffness, muscular artery stiffness,
elastic artery diameter, muscular artery diameter, and peripheral vascular resistance. Constrains were
enforced to ensure that clinical haemodynamic quantities (e.g. systolic and diastolic pressures) were
representative of a population under normal physiological conditions. These constrains reduced the
initial set of over 7,000 virtual subjects to the final 3,325.

For each virtual subject, several indices of aortic stiffness will be investigated by comparing their
estimates with the theoretical aortic stiffness calculated from the material properties of the subject’s
aortic wall. These indices include single-point pulse wave velocities (PWVs) and foot-to-foot PWVs
obtained from pressure and flow waves measured at arterial sites where clinical measurements are
commonly taken (e.g. the aorta, carotid, brachial, radial and femoral arteries). Algorithms for sep-
arating the aortic blood pressure waveform into forward and backward contributions [4] will also be
applied to the entire virtual population. These will be used to assess the relative contribution of car-
diac and vascular properties to aortic blood pressure. The study will include clinical measurements
during administration of pharmacological drugs that mainly alter either cardiac or vascular properties.

3 RESULTS AND CONCLUSIONS

Figure 1 presents an example of simultaneous pressure and flow waves at several locations in the
arterial network for one virtual subject. The virtual database is able to reproduce the main waveform
features observed in vivo, including amplification of the pulse pressure distal to the heart, positive
carotid flow, and presence of backflow in early diastole in the leg arteries. For all subjects, the aortic
pressure wave presents an inflection point located before the systolic peak. Waveforms are therefore
of type-A according to Murgo’s classification, which are representative of an older age category [3].

Figure 1: Simultaneous pressure (P) and flow (Q) waveforms at several arterial locations of a randomly
selected virtual subject.

Computed haemodynamic quantities of the virtual population are within physiological ranges for
healthy adult subjects. These include systolic, mean and diastolic blood pressures, as well as PWVs
computed by the foot-to-foot method using pressure waves measured at arterial sites where clinical
measurements are commonly taken: carotid, brachial, radial, femoral and ankle arteries.

The stiffness indices and blood pressure algorithms tested here will illustrate the potential of the
database of virtual subjects. Using this tool we will identify the aortic stiffness indices that are able
to produce more accurate estimates of aortic stiffness. Moreover, we will provide results for the
assessment of the aortic blood pressure waveform. These will be compared with clinical data and
used to describe haemodynamic mechanisms underlying clinical observations, such as the role of
pulse wave reflections in changing the aortic blood pressure waveform.

We will show that a virtual database approach enables to test and develop haemodynamic indices
and algorithms calculated from pulse waves. It is a useful initial step to identify those indices and
algorithms that are more likely to succeed when carrying out more expensive and time-consuming test
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and development using clinical data. Indeed, if an index or algorithm fails to be validated within the
theoretical framework of the virtual database, it will then be less likely to perform well in a clinical
setting. The complete database used in this study can be downloaded from http://haemod.uk/
virtual-database.
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SUMMARY
Stenosis in carotid arteries is usually treated with endovascular interventions (carotid endarterectomy
or stenting). It affects the blood flow and can cause perioperative strokes. Personalized evaluation of
cerebral hemodynamics is the most promising method for the prognosis of such complications. The
authors suggest an approach to presurgical analysis of hemodynamic changes in extracranial parts of
brachiocephalic arteries due to the carotid endarterectomy. The analysis is based on a mathematical
model which accounts the patient’s anatomy and reproduces hemodynamic indicants retrieved from
CT-angiography and duplex ultrasound of cervical vessels.

Key words: 1D blood flow, carotid stenosis, patient-specific, carotid endarterectomy

1 INTRODUCTION

Carotid stenosis leads to ishemic attacks and other complications. Its treatment involves medications,
diet or endovascular interventions (carotid endarterectomy, carotid stenting). Endovascular interven-
tions affect the blood flow and can cause perioperative strokes [1]. Minimization of the risk can be
achieved with presurgical analysis of hemodynamic changes in extracranial parts of brachiocephalic
arteries due to surgical treatment. The first step in this area is analysing hemodynamic parameters
such as blood flow velocity which can be achieved with one-dimensional modelling of pulsatile blood
flow.

One-dimensional modelling of pulsatile blood flow in cerebral vessels is a well-developed approach
[2, 3]. It allows to simulate large number of arteries and veins and take into account regulatory
mechanisms. Computational costs of such approach allow to run numerous numerical experiments in
a short time on a laptop. 1D models can be used to study the impact of stenosis on blood flow patterns
in cerebral region for different groups of patients.

The structure of circle of Willis can be very individual. Simulations based on pre-made averaged
vessel structures could produce huge errors.

In this work the emphasis is made on patient-specific modelling. 1D blood flow model is used to
investigate the impact of a stenosis in carotid artery on blood flow velocities. The model utilises
patient-specific vessel structure based on CT images and ultrasound measurements before surgical in-
tervention. Constructed model is used to predict blood flow velocities in key points after the treatment
for five patients.

2 METHODOLOGY

1D hemodynamics model used in this work is the model of viscous incompressible fluid in a network
of elastic tubes described in [4, 5]. Brief description of the model is presented here. Blood flow in
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each vessel is described by hyperbolic set of mass and momentum balances

∂Ak/∂t+ ∂(Akuk) /∂x = 0, (1)

∂uk/∂t+ ∂
(
u2k/2 + pk/ρ

)
/∂x = ffr(Ak, uk) , (2)

where k is the index of the vessel; t is the time; x is the distance along the vessel counted from the
vessel junction point; ρ is the blood density (constant); Ak(t, x) is the vessel cross-section area; pk is
the blood pressure; uk(t, x) is the linear velocity averaged over the cross-section; ftr is the friction
force. Relationship between pressure and cross-section is given by wall-state equation:

pk(Ak)− p∗k = ρwc
2
kf(Ak) , (3)

where ρw is vessel wall density (constant); f(A) is a function

f(Ak) =

{
exp (Ak/A0k − 1)− 1, Ak/A0k > 1

lnAk/A0k, Ak/A0k 6 1,
(4)

p∗k is pressure in the tissues surrounding the vessel; A0k is the unstressed cross-sectional area. ck
defines elastic properties of the wall and can be considered as velocity of small disturbances propa-
gation.

Vessel network reconstruction algorithm consists of vessel segmentation, thinning-based extraction
of centerlines, and graph reconstruction [6]. Input data is 3D DICOM datasets, obtained with contrast
enhanced Computed Tomography Angiography. Figure 1 shows initial 3D structure and resulting 1D
network of vessels. Five cases were studied. Each patient had stenosis in either left or right internal
carotid artery. Ultrasound measurements of blood flow velocity were perfomed in subclavian arter-
ies, vertebral arteries, internal carotid arteries, external carotid arteries and common carotid arteries.
These measurements were used to adjust model’s parameters: peripheral resistances, rigidity ck and
boundary conditions.

3 RESULTS AND CONCLUSIONS

Figure 2 shows comparasion between simulated blood flow velocities and measured velocities after
treatment for all five patients. Mean absolute error is 3 cm/s, maximum absolute error is 9 cm/s. Mean
relative error is 6%, maximum relative error is 20%.

Results show that proposed vessel network reconstruction algorithm provides good basis for patient
specific simulations. It can be used to predict results of stenosis treatment and calculute blood flow
patterns. It is still unclear how exactly changes in hemodynamic parameters (blood flow velocity,
pressure) can lead to postoperative complications. Deriving optimal criterion of such complications
as well as improving described model with regulatory mechanisms and identification algorithms are
next important steps.

Acknowledgement. The authors acknowledge the staff of I.M.Sechenov First Moscow State Med-
ical University and especially P.Kopylov, N.Gagarina, E.Fominykh, A.Dzyundzya, D. Gognieva for
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Figure 1: Measured nd calculated velocties after treatment for five patients. 3D and 1D structures of arteries
for first patient. R — right; L — left; SCA — subclavian artery; CA — carotid artery; ICA — internal carotid
artery; ECA — external carotid artery; VA — vertebral artery

Figure 2: Measured and calculated velocties after treatment for five patients.
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SUMMARY 
 

Instantaneous wave-free ratio (iFR), an invasive index of coronary artery, can evaluate the functional 

performance of vascular stenosis without pharmacological vasodilators. The purpose of this study is 

to develop a 0D/3D coupling method that predicts iFR from CTA to non-invasive assess the 

myocardial ischemia. The pressure, flow rate and iFR of coronary artery of five models were 

calculated and illustrated. The iFR of the numerical simulation results (iFRct) has very significant 

positive correlation with the mean flow rate of the left anterior descending (LAD), which means that 

iFRct was a functional index of coronary stenosis and was consistent with the clinical significance. 

 

Key words: computational fluid dynamics (CFD), coronary artery, instantaneous wave-free ratio 

(iFR) 

 

 

1. INTRODUCTION  
In clinic, for treatment of coronary artery disease, it is important to know whether the physiological 

or hemodynamic significance of a coronary stenosis cause the coronary ischemia or not. Coronary 

stenosis severity has no absolute correlation with myocardial ischemia.  

In recent years, instantaneous wave-free ratio (iFR), an important index of coronary stenosis, isolates 

a specific period in diastole which called the wave-free period (WFP), and used the ratio of distal 

coronary pressure (Pd) to the pressure observed in the aortic (Pa) over this period[1]. However, iFR 

can only be measured using invasive coronary artery catheterization, which limit its widespread use 

in clinical practice. The purpose of this study is to develop a 0D/3D coupling numerical simulation 

method that predict iFR to non-invasive assess the myocardial ischemia. 

On the other hand, computational fluid dynamics (CFD) has been applied to simulate the blood flow 

and pressure in coronary arteries for patient-specific model with lumped parameter heart and 

coronary model[2]. The multicenter and prospective clinical trials of DISCOVER-FLOW[3, 4] , 

DeFACTO[5] and NXT[6] predicted the FFRct value through combining patient-specific CTTA 

images and CFD simulations, have improved diagnostic accuracy than CTTA alone to evaluate the 

ischemic and non-ischemic stenosis. Therefore, iFRct derived from non-invasively through 

combining CTTA images and CFD can improved diagnostic accuracy as same as FFRct.  

The aim of this study was to develop a numerical simulation method which compute iFRct from 

CTTA images using 0D/3D coupled method and non-invasively assess the level of myocardial 

ischemia. The 0D/3D coupling method was used in this study to perform a numerical simulation by 

coupling the lumped parameter model (LPM; 0D sub-model) and 3D vascular sub-models. This 

method has been used in our previous hemodynamic research and proven useful in studying 

cardiovascular system[7, 8]. 

 

2. METHODOLOGY 

In this study, the three-dimensional (3D) geometry of coronary arteries was reconstructed from 

coronary computed tomography (CT) images. The cardiac output of the patient measured was 5.4 

L/min. The CT images using 260 slices, each of which 512×512 pixels, was used for 3D 
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reconstruction. In order to simulation iFR value, virtual surgery was implemented on the 3D model 

with a moderate stenosis (stenosis degree ≈ 50%) to the LAD. In the 3D simulation, it was assumed 

that the vessel walls were rigid. 

The lumped parameter model of this study was described by Taylor et al [6]. On the basis of the 3D 

vascular models and the LPMs, 0D/3D coupled model was constructed, as illustrated in Fig.1. The 

boundary conditions of the 3D part were supplied by the 0D calculation and the forcing terms of the 

0D part were calculated by the 3D simulation. As shown in Fig. 1, the inlet of the 3D model was 

coupled with a LPM of the heart, while all the systemic outlets were coupled with a LPM of the 

systemic block. Moreover, the coronary outlets were coupled with a LPM of the coronary micro-

circulation block. In each block, the resistance (R), capacitance (C) and inductance (L) were used to 

simulate the flow resistance, the compliance of the vessel and the inertia of the blood flow, 

respectively. In left coronary microcirculation block, the pressure of left ventricle (Ulv) was added 

to simulate the effect of myocardial contraction [6].  

The algorithm of 0D/3D coupling method used in this study was also applied in our previous study. 

The ANSYS-CFX was used for the 3D simulation, while the 0D part was calculated by FORTRAN 

routines based on a CFX Junction Box. The data transmission between the 0D and 3D parts was 

implemented with CFX User CEL Function. 

In order to verify the feasibility and correctness of this method, four other models with different 

stenosis in the LAD by reducing the local diameter (40%, 60%, 75% and 90%) were built. Four 3D 

models shared the same 0D part since the peripheral vascular structure of the patient were not 

changed with different stenosis. Therefore, the difference in the simulation results can be considered 

to be caused only by the difference in 3D models. 

 

3. RESULTS AND CONCLUSIONS  

The iFR values has been proposed as a new index of stenosis severity that is independent of 

hyperemia. It used the ratio of distal coronary pressure (Pd) to the pressure observed in the aortic 

pressure (Pa) over this period.  

                   Pd
iFR

Pa
                 (1) 

During the WFP, the coronary flow rate is higher and the pressure is lower, which leads to coronary 

microcirculation resistance most stable and lowest. At the same time, the pressure and flow of 

coronary artery are linearly related as compared to the rest of the cardiac cycle. The WFP begins 25% 

into diastole and ends 5ms before the end of diastole [9]. Moreover, the mean pressure, the mean 

flow rate and the resistant of b outlet boundary were illustrated in Fig.2. The dashed line represented 

the resistance of the whole cardiac cycle and the WFP. It can be found that the resistance of the WFP 

decreased 51.25%.  

Moreover, the mean resistance of cardiac cycle and wave-free period were illustrated in Fig.3. The 

orange line and green line represent the resistance of the whole cardiac cycle and the WFP 

respectively. Compared to the resistance of cardiac cycle, the resistance of the WFP decreased 

51.25%. 

 

  
Fig.1. The 0D/3D coupling model 
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Fig.2. Definition of the wave-free period   Fig.3 The mean resistance of two period 

 

The aortic pressure was used as Pa in this equation, while the coronary pressure distal to the stenosis 

in the 3D model was used as Pd. For every different stenosis model, the Pd and Pa in cardiac cycle 

were plotted in Fig.4. 

 
Fig.4 The Pd and Pa of five different stenosis model 

 

The iFR values of Model 1 is 0.965. And the iFR values of other four models are listed in Table 1. 

The iFR contour of different stenosis models were illustrated in Fig.5. With the increase of the degree 

of the stenosis (DS), the iFR value gradually reduced.   

  
Pearson test results show that the correlation between iFR and the mean flow rate, r=0.999, 

p=0.001; And the correlation between iFR and DS was not significant, r= -0.928, p= 0.072 > 0.050. 

DS and the mean flow rate of LAD, r= -0.913, p= 0.087 > 0.050.  

When the degree of stenosis was more than 75%, iFR was less than 0.86 (the critical value of 

myocardial ischemia). The DS was negatively correlated with iFR and the mean flow rate of LAD in 

Table 1. The iFR values of different stenosis 

models 

Models DS (%)  iFR 

1 40% 0.965 

2 50% 0.948 

3 

4 

5 

60% 

75% 

90% 

0.907 

0.680 

0.060 

     
Fig. 5 The iFR contour of different stenosis models 
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low level of significance. The iFR had very significant positive correlation with the mean flow rate 

of LAD. So using iFR is more accurate to assess the myocardial blood supply. The iFR was a 

functional index of coronary stenosis in clinical application, which is consistent with the numerical 

simulation results.  

This promising simulation method provides a combined anatomic-physiology-functional evaluation 

of coronary artery disease with the aim of improving clinical diagnostic accuracy while avoid the 

vasodilators, invasive pressure wire techniques and the unnecessary costs. 
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SUMMARY
Spiral grafts represent an important innovation in vascular devices to repair the regular blood supply
through occluded vessels by developing the physiological and spiral blood flow observed in the whole
arterial system. In the present work, particle transport modeling has been used to investigate and
compare the performance of two new designs of spiral graft building on the improvements that an
enhanced shape and orientation of the helical ridge introduce. The results confirm the efficiency of the
enhanced spiral graft and support the criteria of optimization by correlating Eulerian hemodynamic
metrics and Lagrangian deposition of particles.

Key words: hemodynamics, eulerian, lagrangian, optimization

1 INTRODUCTION

The identification of the natural blood motion as a swirling flow in the whole arterial system [1] has
resulted in new promising lines of research of cardiovascular devices. The present work is focused on
the design and optimization of a novel spiral-inducing prosthetic graft, the performance of which is
based on the induction of the swirling flow by means of a helical ridge in the internal wall of the graft
[2]. Recent investigations on the design of the ridge have highlighted the importance of the cross-
sectional shape and its position around the perimeter of the graft [3, 4]. The scope of these results
lie in the generally accepted assumptions that consider high levels of swirling flow and Wall Shear
Stress (WSS) as beneficial factors to avoid abnormal flow conditions and the potential development
of vascular diseases. However, it should be noted that there is no a complete unanimity in this regards
as others suggest that high WSS could lead to tissue damage.

Additionally, traditional hemodynamics tends to consider the blood as a continuous fluid, neglect-
ing the physiological rheology of the blood and the potential that particle tracking could provide to
directly study regions of depositions without the need of intermediary hypothesis.

This investigation introduces the comparison between traditional and enhanced spiral grafts using
Eulerian and Lagrangian hemodynamic metrics.

2 METHODOLOGY

The performance of spiral grafts was evaluated using the geometrical model of Figure 1 composed of
the graft with an internal spiral ridge that is joint to the host artery under an anastomotic angle of 60◦.
The internal diameters of the host artery and the graft are set to 6mm. Building on recent investiga-
tions by Ruiz-Soler et al. [3], the enhanced spiral graft was designed by considering the advantageous
features of the elliptical ridge and trailing edge orientation 270◦ in contrast to the configuration of spi-
ral graft with circular ridge and orientation 180◦. The mesh was generated using ANSYS Meshing
and analyzed to ensure the independence of results to further refinements. The final mesh size was
set to 5.03 million tetrahedral elements, including five inflation layers to capture near-wall effects.
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The rheology of the blood considers the fluid as discrete particles travelling in a continuous phase.
The particles were represented as spheres with a diameter and density of 8µm and 1096.5 kgm−3,
respectively. These specifications are characteristics of red blood cells that were considered as rep-
resentative particles. The continuous phase is characterized by a density of 1060 kgm−3 and the
Quemada viscosity model. This non-Newtonian rheological model enables to mimic the macroscale
shear-thinning behaviour of the blood when using Lagrangian particle tracking with a low volume of
hematocrit [4].

Figure 1: Schematics of a) the computational model with detail view of regions of interest and b) ridge designs
on cross-sectional view A.

The particle transport model is simultaneously governed by the continuity and Navier-Stokes equa-
tions 1 for the continuous phase and particle momentum equations 2 for the Lagragian phase.

∇ · u = 0 ∇ · (ρuu) = −∇p+∇ · (¯̄τ) (1)

mp
dup

dt
=

∑
Fi (2)

The forces acting on the particles comprise drag (implemented using Schiller-Naumann model), pres-
sure gradient and buoyancy. The effect of the virtual mass force was neglected due to a minimal
difference of 0.01% in deposition ratio on the entire model.

Three-dimensional and steady simulations were conducted using ANSYS CFX. The comparative
study used 50,000 particles that were uniformly injected at the inlet with the continuous fluid at a
mass flow rate of 8.3 kg s−1 (Re = 570) and zero-pressure were considered at the outlet. The walls
were assumed as rigid and zero-restitution coefficients were implemented to simulated fully inelas-
tic collisions. The convergence of solutions was ensured by the global balance of the conservation
equations and a RMS residual criterion of 5 · 10−6.

The computational model was validated against the experimental results of Bushi et al. [5] by an-
alyzing the exit fractions of particles through an asymmetrical bifurcation. Numerical-experimental
differences less than 5% were reported for different flow regimes.

3 RESULTS AND DISCUSSION

3.1 Secondary velocity and wall shear stress

The effect of the blood as a continuous fluid and the swirling flow was evaluated in terms of secondary
velocity, defined in equation 3, and Wall Shear Stress that represents a fundamental hemodynamic fac-
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tor in the enhancement of the long-term efficiency of bypass grafts. Figure 2 represents the contours
of secondary velocity and crossflow streamlines at monitoring plane 1, located at 50 mm distal from
the toe of the anastomosis, and contours of WSS on the unfolded model of the host artery. The effect
of the elliptical ridge with orientation 270◦ results in a noteworthy and simultaneous increase in sec-
ondary velocity and WSS due to the interaction of the flow rotation induced by the ridge and a lesser
degree of suppression by the surrounding boundaries upon the impingement on the arterial bed. In
the case of spiral graft, the area-weighted average secondary velocity and WSS are 0.0057ms−1 and
1.61Pa, while in the case of enhanced spiral graft, the reported increase correspond to 0.0187ms−1

and 1.76Pa, respectively.

vyz =
√
v2 + w2 (3)

Figure 2: Contours of secondary velocity magnitude and crossflow streamlines at monitoring plane 1 and
distributions of wall shear stress onto the developed surface of the host artery.

3.2 Particle deposition

The deposition of particles on the anastomosis, represented in Figure 3, was evaluated by means of the
different regions defined in Figure 1a. The colour of particles represents the region of impingement. In
the case of conventional graft, the main recirculation regions are located at the toe and on the surface
‘host artery 1’ (upper wall). The flow generated by the enhanced graft ejects particles farther away
from the toe of the anastomosis and rotates clockwise (according to the rotational direction of the
ridge) the terminal locations from their deposition on the surface ‘host artery 1’ with conventional
graft to ‘host artery 2’ (lateral wall) with enhanced graft. While in the conventional graft, high
deposition is reported at the toe, the powered flow of the enhanced graft produces recirculation at
the heel and on the occlusion region.

4 CONCLUSIONS

The results show that changing the orientation of the trailing edge as well as increasing the height
of the elliptical ridge have significant influence on producing enhanced swirling flow in the lumen.
These effects are observed in Eulerian hemodynamic metrics such as secondary velocity and WSS,
directly obtained by considering the continuous phase of blood, as well as through the Lagrangian
deposition of particles. The particle-tracking approach allows to correlate regions of low WSS, which
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Figure 3: Terminal locations of particles that collide on the anastomosis region in a) spiral and b) enhanced
spiral grafts.

are associated with potential regions of development of vascular diseases, and deposition of particle,
as shown in Figure 4. Colors of particles represent the region of deposition according to the criterion
represented in Figure 1. This supports those assumptions that were initially considered as optimiza-
tion criteria and that consider high levels of WSS as a beneficial measure to increase the efficiency of
prosthetic grafts.

Figure 4: Correlation between particle deposition and distribution of WSS in a) spiral and b) enhanced spiral
grafts.
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SUMMARY 

 

Thrombosis is a condition that is closely linked to cerebral aneurysms. The placement of a flow 

diverter in the parent vessel of the cerebral vasculature results in altered flow conditions in the 

aneurysm sac. This change is often accompanied by stagnation of blood and subsequent clot 

development. In this study, we examine two cerebral aneurysm cases, with and without flow 

diverters in place. We present the clotting results from these cases, noting that flow diverter 

position results in different clotting patterns in the aneurysm sac, highlighting the effect of local 

haemodynamics on clot growth.  

 

Key words:  cerebral aneurysms, flow diverter, embolisation 

 

 

1 INTRODUCTION 

 

One of the goals of endovascular treatment of cerebral aneurysms is the embolisation of the 

aneurysm sac. The placement of a flow diverter in the parent vessel results in alteration of flow 

conditions within the sac, leading to stagnation of blood, and subsequent thrombus development 

[1]. Given the patient specific nature of both aneurysms and thrombus development, clots that are 

observed in aneurysms tend to vary from one individual to the next [2]. It has been observed that 

clotting in the sac does not always take place in a beneficial manner, and that some clots lead to 

stability of the aneurysm sac while others accelerate the pathways that lead to eventual rupture.  

 

Various computational approaches have been developed in order to improve current understanding 

of the mechanics and mechanisms at play during aneurysm initiation, growth and rupture [3]–[6]. 

Much focus has been placed on examination of flow patterns within the parent vessel and aneurysm 

sac. These techniques have made it possible to examine the effects of different endovascular 

devices on the local haemodynamic environment. This information, in turn, has then made it 

possible to optimize design of such devices.  

 

Given the strong association between device placement and clot development in cerebral 

aneurysms, the ability to better understand the effect of endovascular devices on clotting would be 

of great benefit. Clotting outcome following device placement differs from patient to patient, and 

selection of an endovascular device suitable to that specific patient is crucial for ensuring a good 

result. To this end, a computational framework capable of predicting clotting outcome on a per 

patient basis prior to intervention is a desirable tool. 

 

In this study, we compare clotting outcome for two patient-derived geometries with flow diverters 

in place. A computational model of clot development in cerebral aneurysms is applied in the 

geometries [7]. For each geometry, the flow diverter is placed in two different positions, and the 
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effect of flow diverter positioning on clot growth is examined. In addition, the cases with flow 

diverters implanted are compared to the same geometries where no flow diverter is present.  

 

 

2 METHODOLOGY 

 

The aneurysm geometries were segmented in OsiriX (OsiriX v.4.1.1., Freeware) and trimmed in 

Blender (Stitching Blender Foundation, Amsterdam, The Netherlands). A generic flow diverter 

device was deployed in both geometries, and details of both image reconstruction and device 

deployment can be found in a previous paper [8]. 

 

The meshes for the geometries were created in CFD-VisCART (ESI Group, Paris, France), and a 

grid independence study of the haemodynamics was carried out [8]. The CFD-ACE+ Multiphysics 

Package (ESI Group, Paris, France) was used to develop a unified framework capable of predicting 

clot growth in a patient-derived aneurysm geometry, in the presence of a flow diverter [9], [7]. A 

combination of existing package features and user-defined functions was used to couple the 

different systems together.  The Navier-Stokes equations were used to account for the flowing 

blood, both in the parent vessel and in the aneurysm sac. These were solved using a finite volume 

method, with the central differencing scheme applied for spatial discretisation and the Crank-

Nicholson method applied for temporal discretisation. The transport equation was used to account 

for the motion of proteins (convection and diffusion) within the bloodstream, while Michaelis-

Menten kinetics and first order stoichiometric relations described the reactions taking place 

between those proteins. A stiff equation solver was used to solve the chemical reactions as the rate 

at which reactions occurred differed significantly [10]. Level set methods were used to track the 

surface of the growing clot, making it possible to assign different physical properties to normal 

plasma and clotted blood [11]. In the clotted region, computational cells assumed a porosity of ε = 

0.75 and a permeability of κ = 1.0×10-12, while in the fluid region, ε = 1.00 and κ = 1.0×1012 [12].   

 

Blood was modelled as an incompressible, Newtonian fluid with a density of 1000 kg/m2 and a 

dynamic viscosity of 0.004 Pa.s. A rigid wall assumption was made and a no-slip condition applied. 

Wall cells that experienced a strain rate value less than 100s-1 were able to express tissue factor, 

thus enabling initiation of clotting [13]. Once the clot had been initiated, its propagation was 

directly related to thrombin concentration in that particular computational cell. 

   

3 RESULTS AND CONCLUSIONS 

 

A qualitative analysis of clot development before and after flow diverter placement shows that the 

presence of the flow diverter in the parent vessel results in more rapid clot growth. Following 

device placement, clot initiation tends to occur more evenly over the surface of the aneurysm wall. 

It is also clearly evident that the positioning of the flow diverter in the parent vessel has an effect 

on the manner in which the clot is initiated, and subsequently, propagated within the aneurysm sac. 

The transport of coagulation proteins is dependent on the local haemodynamics. The alteration of 

the flow patterns by the presence of the flow diverter will therefore affect the transport of these 

proteins and the manner in which they interact to form a clot. The local haemodynamics are 

affected by the placement of the flow diverter in the parent artery, hence the effect is seen in the 

clotting process.  
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SUMMARY
The chemokines CCL19 and CCL21 along with their receptor (CCR7) are essential for lymph node
(LN) homing of lymphocytes. Activated dendritic cells use CCR7 to sense gradients formed in the LN
to enter the paracortex. Ulvmar et al. demonstrated that ACKR4 expressed by lymphatic endothelial
cells on the ceiling of the subcapsular sinus helps to form CCL21 gradients across the subcapsular
sinus. Herein, we expand on our previously published computational fluid dynamic model of lymph
node fluid flow to incorporate the transport of CCL19 and CCL21 to investigate the role of different
mechanisms in establishing gradients in the LN.

Key words: Chemokine gradient, Atypical chemokine receptor, Advection-diffusion-reaction model

1 INTRODUCTION

Lymph nodes (LNs) are essential secondary lymphoid organs for immune surveillance of periph-
eral tissue. Antigen presenting cells (APC) such as dendritic cells (DCs) and soluble antigen are
transported via lymph through initial lymphatics and contracting collecting lymphatic vessels from
tissues to the draining LNs. The interactions of APCs with lymphocytes in the LN depend on their
coordinated migration that controls the quality and quantity of the immune response. Chemokines
are recognised as the main regulator of immune cell migration. Inflammatory chemokines recruit
the leukocytes to the site of inflammation, whereas homeostatic chemokines are indispensible for
haematopoiesis and immune cell trafficking in lymphoid organs such as LNs. CCR7 and its exclusive
ligands, CCL19 and CCL21 have been established as the key homeostatic chemokine axis for T cell
and DC homing to the LN.

Although CCL19 and CCL21 have similarities in their CCR7 binding domain, CCL21 has an ex-
tended 34-residue C-terminus that binds glycosaminoglycans and other extracellular matrix (ECM).
Imaging the extracellular chemokine concentration fields that are responsible for APC migration is
challenging, both because of the low concentrations and also because wash out during the staining
process often removes the unbound chemokines. Weber et al. [1] were able to exclusively visualize
the extracellular CCL21 by staining the unfixed nonpermeabilized sections of mice ear. The relatively
low equilibrium dissociation constant of CCL21 binding to ECM (often reported to be less than 5 nM)
allows for higher CCL21 concentrations to bind to matrix and provides the opportunity to visualize
the chemokine gradient in tissues with high enough concentration of CCL21 binding sites. Ulvmar et
al. [2] used this technique to investigate the CCL21 gradients in mice popliteal LN (PLN). Their study
revealed a CCL21 gradient in the interfollicular region of the LN and demonstrated that this gradient
was abrogated in atypical chemokine receptor (ACKR)4-deficient mice [2]. Staining indicated that
ACKR4 is expressed exclusively by lymphatic endothelial cells (LECs) on the ceiling of the subcap-
sular sinus and not the ones on the floor [2]. Therefore, it was hypothesized that the ACKR4 on the
ceiling of the subcapsular sinus locally scavenges CCL19 and CCL21 to stabilize the gradient.
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This study aims to provide further insight into LN chemokine transport, and in particular the role of
ACKR4 in establishing the interfollicular chemokine gradient. A full understanding of this complex
system is difficult to attain via the experimental methods described above because of many inherent
confounding factors that exist in vivo. We have therefore built a three-dimensional computational
model of CCL19 and CCL21 transport in LN that allows control of the various factors in an in silico
setting. The model includes advection, diffusion, binding to the ECM, receptor binding to CCR7,
ACKR4 scavenging on the capsule ceiling and transport to the blood vessels with the aim of identify-
ing the physical and biochemical parameters that most strongly determine the shape of the gradient.

2 METHODOLOGY

2.1 Modelling LN Fluid Transport

The model of lymph flow through the PLN is based on our published work [3]. Briefly, we constructed
an idealized 3D geometry based on the general features of a mouse PLN, including an afferent vessel
(Af), SCS, BFs, TC, medulla (M) and an efferent vessel (Ef). Computer-aided engineering software
(ANSYS, Inc., Pennsylvania, US) was used to generate a computational mesh and solve the equa-
tions of fluid flow. Wall shear stress along the SCS was used as the criterion for mesh refinement
(normalized root mean squared error less than 2.6% for a grid with 420,000 elements compared to the
one with 680,000 elements). The coarser mesh was used for the rest of the study. The Navier-Stokes
equations were used to describe flow in the fluidic regions (i.e. Af, SCS and Ef), and Darcys law
was used in the porous regions (i.e. BF, TC and M). The fluid exchange between blood vessels and
lymphatic compartments was modelled using Starlings equation [3]. All fluid flow parameters were
the same as those in our previously published work [3].

2.2 Chemokine Transport

The general description of chemokine dynamics consists of two partial differential equations (PDEs)
and six ordinary differential equations (ODEs). Diffusion, advection and reactions (binding, uptake,
scavenging) of unbound CCL21 (CCL21u) and CCL19 are governed by the following equations:

∂U21

∂t
= ∇. (D21∇U21)−(u.∇)U21−JBV,21+Π21−λonU21R7+λoffU21−R7−k1 (E −B21)U21+k2B21

(1)

∂U19

∂t
= ∇. (D19∇U19)− (u.∇)U19 − JBV,19 + Π19 − λonU19R7 + λoffU19−R7 (2)

where U21 and B21 denote CCL21u and CCL21b concentrations, respectively, U19 is CCL19 concen-
tration, (all assumed to be space and time dependent); t is time; D21 and D19 are effective diffusion
coefficients of respective chemokines in each region (assumed to be 10% of the diffusivity in wa-
ter in BF and TC, and 50% of diffusivity in water in M); u is fluid velocity vector; JBV,21 and
JBV,19 are fluxes representing exchange of chemokine with blood vessels in the LN; Π21 and Π19

are chemokine production rates; and E is a spatially-averaged matrix binding site density. The last
four terms in Equation 1 incorporates CCR7 and ECM binding dynamics: R7, U21−R7 and U19−R7

represent unbound CCR7, CCL21u bound to CCR7 and CCL19 bound to CCR7, respectively; k1
and k2 are matrix binding constants; and λon (λoff ) are rates of binding (unbinding) to CCR7. The
dynamics of ECM-bound CCL21 (CCL21b) in BF, TC, SCS and M are described by the equation

∂B21

∂t
= −λonB21R7 + λoffB21−R7 + k1 (E −B21)U21 − k2B21 (3)

where B21−R7 is CCL21b bound to CCR7.
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Figure 1: Reaction equations for CCR7 and ACKR4 dynamics. A. After CCR7 binding to CCL19, it is assumed
that CCR7 is desensitized and internalized before resurfacing. CCL19 is assumed to degrade during this process
(A, left side reaction). CCL21 interactions with CCR7 are modelled using receptor-ligand models without
downstream signalling (A, right side reactions). B. When CCL19 and CCL21u reach the ceiling of the capsule
where the ACKR4+ LECs are located, they bind the receptor and internalize it. When the receptor resurfaces,
the ligand degrades.

2.3 Initial and Boundary Conditions

Equations 1-3 along with standard ODE reaction equations of CCR7 dynamics 1 were solved in
the steady state form. To initiate the numerical solution, initial values of zero were assumed for
all variables. The solution was then run until steady state was achieved. Chemokine concentration
was assumed to be constant and equal to zero at the Af inlet and the Ef outlet, unless otherwise
indicated. A quarter of the LN is modelled with symmetry boundary conditions on the two sidewalls.
ACKR4 equations were solved at the capsule boundary to calculate the scavenging flux for CCL19
and CCL21u 1.

3 RESULTS AND CONCLUSIONS

In baseline computational simulations of steady state chemokine transport, the highest concentrations
of CCL19, CCL21u and CCL21b occurred near the centre of the TC (Figure 4.4B-D). The maximum
CCL19 concentration was 0.87 nM. CCL21u exhibited a maximum concentration of 5.2 nM, and
CCL21b a maximum of 306 nM. Lower concentrations of CCL21b (0.42 nM) and CCL19 (0.014
nM) were observed in the B cell follicles compared to the T cell cortex. This was in contrast to
the CCL21u contours that were much less affected by B cell follicles (Figure 4.4B-D). Gradients in
all species were observed in the interfollicular region, with near zero concentrations at the border
with the SCS, and higher concentrations deeper in the T cell cortex (Figure 4.4E-F). The gradient of
CCL19 and CCL21u concentration profiles were fairly constant (0.003 and 0.018 nM/m respectively)
in the interfollicular region and both profiles flattened deeper in the cortex (Figure 4.4F). Furthermore,
the CCL21b gradient was greatest at the border with the SCS (3.7 nM/m) and dropped an order-of-
magnitude to 0.44 nM/m at a depth of 200 m into the cortex (Figure 4.4G). Overall, CCL21b had a
steeper interfollicular gradient compared to CCL19 and CCL21u.

The aim of this study was to identify the key parameters involved in the formation of LN chemokine
gradients that are crucial for immune cell trafficking and subsequent development of adaptive im-
munity . A mathematical model was constructed that incorporated the physical mechanisms of mass
transport (diffusion and advection), as well as the chemical reactions of CCR7, ACKR4 and ECM
binding dynamics. Analysing the behaviour of this complex system of equations provided insight
into the relative importance of each of the physical and biological phenomena in establishment of the
gradients. The general shape of the gradient of bound CCL21 under baseline conditions (monotonic
increase in the interfollicular region) was similar to the experimental observations of immunostained

500



Figure 2: CCL19 and CCL21 gradients in the interfollicular regions of the LN. A. The LN is modelled with
an idealized geometry with one afferent vessel and one efferent vessel. Red arrow shows the line in the inter-
follicular region along which gradients have been calculated. It starts from the ceiling of the SCS and after
passing the sinus ( 10 m height) goes 240 m deep into the T cell cortex. Contours of CCL19 (B), CCL21u (C)
and CCL21b (D) are shown (all in unites of nM), but note the different scale values. The gradients (E-G) are
additionally quantified along the red arrow (A) for each of the corresponding contours.

extracellular CCL21 from unfixed nonpermeabilized sections of popliteal LNs by Ulvmar et al. [2]
for the WT mouse . The model additionally provided the concentration distributions of CCL19 and
CCL21u that are currently difficult to visualize experimentally due to low concentrations and the
washout effect [2][1]. The main strength of the model is therefore the ability to use the available
experimental data in building confidence in the computational model, to then further utilize it for
investigation of impossible or experimentally expensive scenarios. Additionally, our results refined
the previous hypothesis by suggesting that the lack of ACKR4 in the collecting lymphatic vessels
(and correspondingly higher afferent CCL21 concentrations) is actually responsible for the observed
gradient disruption, rather than the lack of ACKR4 on the ceiling of the LN capsule. Moreover, we
showed that either ACKR4 or afferent flow is necessary for sustained gradients, which emphasizes
the important role of flow in modulating concentration distributions. There are many inherent con-
founding factors in the experiments that are often difficult to isolate, hence limiting the conditions by
which hypotheses can be tested. This platform can be utilized to examine hard-to-test hypotheses and
can be adapted to study any chemokine or cytokine ligand-receptor axis.
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SUMMARY 

 
The features of a numerical model of one or several contracting lymphangions are reviewed.  Its 
application to the interpretation of experiments on isolated lymphatic vascular segments under 
conditions of increasing adverse pressure difference is described. 

 
Key words:  lymphatic vessel, lymphatic valve, fluid-structure interaction 
 
 
1   INTRODUCTION 
 
The lymphatic vascular system comprises two main types of vessel: initial lymphatics, which are 
devoid of muscle and have sparse internal valves, and collecting lymphatics, which have muscular 
walls and frequent one-way valves.  The segment bounded by two valves is called a lymphangion.  
Since 2011, we have successively developed more sophisticated versions of a lumped-parameter 
model of one or several lymphangions [1–3]. 
 
All versions integrate equations of mass and momentum conservation with respect to time, along 
with a nonlinear constitutive relation for the vessel wall compliance and active contraction.  The 
original version modeled valves using a logistic function to relate flow resistance to transvalvular 
pressure, and we continue to use this valve model in network modeling.  Later versions have 
introduced the following features: definition of mid-lymphangion pressure (crucial for modeling 
valve prolapse), a relaxation period between contractions, a constitutive relation incorporating 
measured passive pressure/diameter dependence, valves with measured properties of hysteresis and 
transmural-pressure-dependent bias to the open state, a nonlinear length/active-tension relation, 
parametric variation of the rate of contraction activation onset and decay, and resistors to represent 
the hydraulic resistance of the vessel-cannulating micropipettes used in the experiments from 
which we take data. 
 
Most recently the models have acquired a means of implementing muscle contraction which 
incorporates fitted data of measured contractions under isobaric conditions.  This allows active 
contractions to emulate the observed property whereby lymphatic vessel diameter when contracted 
can be less than the relaxed diameter at zero transmural pressure.  The same experiments yield data 
on the dependence of contraction frequency on transmural pressure, and these data are now used in 
the single-lymphangion model to modulate the duration of the relaxation period between 
contractions.  A similarly transmural-pressure-dependent contraction frequency for multiple 
lymphangions demands detailed consideration of refractory periods and inter-lymphangion 
propagation of activation, and this is in progress. 
 
 
2  METHODOLOGY 
 
The model equations and solution are implemented in Matlab.  Formally, the model amounts to a 
system of simultaneous differential-algebraic equations (DAE), and versions which use the original 
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valve model without hysteresis are solved as such.  Valves with hysteresis introduce unpredictable 
solution discontinuities when valves switch from their opening to their closing characteristic and 
vice versa.  DAE-system solvers embed the concept of reducing the time-step as needed to 
maintain a given accuracy, and cannot be used if the solution jumps to a new state.  We therefore 
implement our own fourth-order-accurate Runge-Kutta solver for the ordinary differential 
equations which conserve mass for each lymphangion, combined with under-relaxed fixed-point 
iteration to solve the algebraic constraint equations.  The Reynolds number of lymph flow in the 
microscopic rat mesenteric collecting vessels we seek to emulate is of order one or less, allowing 
neglect of the inertial terms in the Navier-Stokes equations; momentum conservation in each half-
lymphangion therefore reduces to a purely algebraic Poiseuille relation. 
 
Active contraction is represented as a prescribed waveform of activation vs. time multiplying the 
transmural-pressure-dependent difference between lymphangion pressure/diameter relationships at 
the beginning of a contraction and at the moment of maximal shortening.  These data are stored as a 
lookup table which is further interpolated at each time-step to yield the instantaneous diameter 
pertaining to the current transmural pressure, thus avoiding iterative root-finding. 
 
 
3  RESULTS AND CONCLUSIONS 
 
The model has recently been used to compare predicted and experimentally observed outcomes of 
applying a linear ramp of outlet reservoir pressure to an isolated segment of rat mesenteric 
collecting lymphatic vessel.  Using well-established techniques [4], the segment is supported ex 
vivo and exhibits spontaneous contractions. 
 
Figure 1 shows a common result of such a manoeuvre.  Eventually the pressure beyond the outlet 
valve exceeds the maximum systolic intralymphangion pressure, and the outlet valve stays closed.  
The inlet valve continues to open during diastole, but because of the valve bias to the open state, 
there is backflow through the inlet valve before it closes at the start of the next contraction, and the 
net result is no change in the degree of lymphangion filling. 
 

 
Figure 1 Initially, inlet pressure (pin, blue) equals outlet pressure (pout, red).  When the pout ramp 

begins, there is normal pumping until t = 203.9 min, then the outlet valve (red) ceases to 
open because intralymphangion pressure (black) does not reach pout. 

 
The corresponding prediction of the model is shown in Figure 2.  Note the reduction in the duration 
of diastole as intralymphangion pressure increases from beat to beat.  However, the extreme 
transient lengthening of diastole that occurs experimentally when pout is returned to its initial value 
is caused by a regulatory mechanism that is not included in the model. 
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Figure 2 A similar response to outlet pressure ramping from the model. 
 
The model predicts a total of seven qualitatively distinct possible results of pout ramping (and 
indicates routes of pressure manipulation whereby some can be reached from others).  
Experimentally, not all of these have been observed (and one outcome has been observed which is 
not predicted by the model), but this relates largely to inability to control variables in experiments.  
The model has clarified the interpretation of certain observed events, and provided insights 
allowing the organization of a large and confusing dataset of observations of a biological system. 
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SUMMARY
We propose a one-dimensional model for collecting lymphatics coupled with a novel Electro-Fluid-
Mechanical Contraction (EFMC) model for dynamical contractions based on an enhanced FitzHugh-
Nagumo model for action potentials. The EFMC model combines the electrical activity of lymphan-
gions with fluid-mechanical feedback and the mechanical variation of the lymphatic wall properties.
The EFMC model is governed by four Ordinary Differential Equations (ODEs) and phenomeno-
logically relies on: (1) environmental calcium influx, (2) stretch-activated calcium influx, and (3)
contraction inhibitions induced by wall shear stresses. Overall, the EFMC model allows imitating
the influence of pressure and wall shear stress on the frequency of contractions seen in experimental
measurements.

Key words: Collecting lymphatics, Stenotic lymphatic valve, Incompetent lymphatic valve, FitzHugh-
Nagumo, one-dimensional model

1 INTRODUCTION

The lymphatic network is a one-way transport system connected to other fluids, such as cerebrospinal
fluid, interstitial fluid and blood flow. The lymphatic system is responsible for the clearance of excess
fluid, proteins and waste products, as well as for transport of immune cells. It would be of interest
to understand the complex interaction of these fluid systems from a bio-physical point of view. Our
longer term aim is to design a mathematical model for the complete extra-cranial lymphatic system,
with a view to extend the model in the future to include the newly discovered meningeal (dural)
lymphatic system [1, 2]. For recent works on the lymphatic system, see for instance [3, 4, 5, 6].
The longer term aim comprises the inclusion of the lymphatic system in the recent mathematical
model of Mueller and Toro [7, 8] for the circulatory system, which includes the arterial and venous
systems, the microvasculature as well as the cerebrospinal fluid. This ambitious aim of constructing
a global mathematical model of all these relevant fluid compartments will be a keystone in studying
the interaction of all the fluid compartments in the central nervous system.

2 METHODS

Here, we propose a one-dimensional model for collecting lymphatics coupled with an Electro-Fluid-
Mechanical Contraction (EFMC) model for dynamical lymphatic contractions based on an enhanced
FitzHugh-Nagumo model [9]. The EFMC model is a set of four ODEs. We carried out a complete
mathematical analysis of the EFMC model on the stability of its equilibrium state. Contractions
turn out to be triggered by the instability of the stationary state and phenomenologically depend on:
(1) environmental calcium influx, (2) stretch-activated calcium influx, and (3) contraction inhibitions
induced by wall shear stresses. Lymphatic valves are modelled using a well-established, versatile
lumped-parameter model proposed by Mynard et al. [12]. This valve model also allows simulating
stenotic and regurgitant valves and quantify the lymphodynamical effects.
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Figure 1: From the top to the bottom frames we show the following: illustration of lymphangions and lymphatic
valves, time-varying valve states (open ξ = 1 and closed ξ = 0 ), flow rates across the valves, and pressures,
velocities, diameters, WSS, Young modulus at the centre of the lymphangions, excitable variables and stimulus.
The colors shown from the second to the last panels refer the colour configuration shown in the first panel. The
red line is the output pressure Pout, while the blue line is the input pressure Pin

Modern numerical methods for the one-dimensional model and for the systems of ODEs have been
used. For the one-dimensional model we used the SLIC method, which is a second order extension of
the centred FORCE flux [13], while for the systems of ODEs we used a second-order implicit Runge
Kutta method. Details on the mathematical model will be shown at this conference.
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3 RESULTS AND CONCLUSIONS

Here we first show numerical results of a collector of three lymphangions using the geometrical in-
formation of rat mesentery. This numerical test is inspired by experiments performed by Davis et al.
[10] and Scallan et al. [11] where time-varying pressure were imposed at the boundaries of the col-
lector. The proposed test simulates a collector of three lymphangions with two valves and highlights
the effects of the WSS on the frequency of contractions. Fig. 1 shows the numerical results. From the
top to the bottom frames we show the following: illustration of lymphangions and lymphatic valves,
time-varying valve states (open ξ = 1 and closed ξ = 0 ), flow rates across the valves, and pressures,
velocities, diameters, WSS at the centre of the lymphangions, Young modulus, excitable variables and
stimulus. The mathematical model is able to reproduce the rhythmic, spontaneous lymphatic contrac-
tion that generates the pressure needed to open the downstream valve. The downstream lymphangion
initially contracts at the same frequency of the other lymphangions, then as the output pressure Pout

increases, it contracts faster. The end-systolic pressure of the centre lymphangion follows the be-
haviour of the downstream pressure Pout. When a favourable pressure gradient occurs (Pin > Pout),
then the absolute value of the WSS of each lymphangion increases, and thus the frequencies drasti-
cally decrease. Interestingly, when one of the lymphangions contract, then the downstream valve flow
decreases from ≈ 50 µL/min to ≈ 18 µL/min. This means that the contractions of the lymphan-
gions decrease the outflow, and therefore the negative chronotropic effect given by the increment of
the WSS gives an overall positive effect on the averaged outflow. Overall, the frequency of contrac-
tions is strongly influenced by the local fluid dynamic: it increases when the intraluminal pressure
increases and it decreases when the absolute value of the wall-shear stress increases.
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SUMMARY

A simple lumped model of the lymphatic system, based on the circuit analogy and implemeted using

standard analog netlist languages and Verilog-A, has been presented in [1]. In this paper extention of

this model that make it fully aoutonomous and some results concerning the simulation of systems of

interconnected lymphangions are presented.

Key words: lymphatic system modeling, lumped models, large network simulation

1 INTRODUCTION: BASIC PARAMETERS

The Lymphatic System (LS) has several vital functions; it is a vital part of the circulatory and immune

system; among these, one of the most important is, possibly, the regulation of interstitial fluid volume.

One of the main components of the lymphatic system, playing a main role in lymph transport, is

the Lymphangion that constitutes a basic element of lymph vessels. Lymphangions actively pump

lymph against a pressure gradient and are terminated by secondary valves that prevent reverse flow,

even if there is evidence of relevant retrograde flow components in some of the initial lymphatic

vessels. To achieve this pumping effects, lymphangions have, in general, an external muscle layer that

allows contraction and variation of its internal radius. Most basic lumped models of blood and lymph

transport are based on hydraulic resistance, fluid inertia and vessel compliance [2]. Considering a

cylindrical vessel of radius r and length l, hydraulic resistance, assuming Reynold number is low, can

be modelled using Puisseuille law:

R ≡
p

q
=

8µl

πr4
≡ R0r

−4 (1)

where p is pressure, q is flux and µ is lymph viscosity, and are summarized in constant R0 .

Vessel compliance depends on wall stiffness and, in our case, can be defined as the ratio of infinitesi-

mal volume dV (or mass dm) with respect to pressure dp, we have:

C ≡
dV

dp
=

2πr3l

sE
≡ C0r

3 (2)

where s is vessel wall thickness and E its Young’s Modulus, summarized in C0. Fluid inertia has

very small values in our case and can be safely neglected.

2 THE MODEL AND ITS IMPLEMENTATION

A natural and effective way to implement any lumped model is based on circuit theory. One of the

advantages of this approach is that very fast and efficient simulation programs are readily available. In

the circuit analogy, pressure p, flux q and mass m, are, respectively, equivalent to voltage, current and

charge; hydraulic resistance and compliance can be modelled using resistors and capacitors (inertia,

when needed, is modelled using inductors). Given these analogies a simple equivalent circuit for a

lymphangion is shown in Fig. 1. The internal pressure pc in the lymphangion is represented in this

model by the voltage on the capacitor, that represents compliance, the total vessel resistance has been
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Figure 1: Circuit model of a lymphangion. The rctrl block controls radius values based on pressure, it is

implemented in Verilog-A and described in the text.

then been split in two equal parts R. The secondary valves at each end of the lymphangion are here

symbolically represented by two diodes kin and kout, in the simplest implementation ideal diodes can

be used, but, if retrograde fluid flow is to be taken into account, more complex non-linear devices

with asymmetric hysteresis must be used. Note that the reference pressure for pc, pin and pout is the

same; modeling effects due to external pressure Pext phenomena (due to respiration, movement etc.)

is modelled by simply adding a pressure (i.e. voltage) generator in series to the capacitor. In nominal

conditions this generator is set at zero.

The circuit in Fig. 1 includes a block labeled rctrl whose input is the internal pressure (and thus

stress) and generates systole/diastole events (inhibition effects and shear strain are not yet taken into

account). To the authors knowledge, most current lumped models impose radius variations that are

“hardwired” and generated by external generators, this can lead to very simple and efficient models,

but does not give much insight to the dynamic behaviour of complex networks composed by several

lymphangions. The model here presented is fully autonomous.

Consider now the state equations of the circuit in Fig. 1, recalling that the radius is time varying.

All elements, except the valves, are linear; this assumption is obviously a simplification (see e.g. [3]).

Conservation of mass implies that the capacitor constitutive relation must consider also variations due

to compliance value, in other words

m = Cp → q = Cṗ+ Ċp (3)

The behaviour of the “circuit” part of the model is described by a set of ODEs:

Cṗ+ Ċp = kin

[

pin − p

R

]

− kout

[

p− pout

R

]

(4)

where kin and kout describe the status function of valves at input and output (in order to allow ret-

rograde flow, an asymmetric tanh() based function has been used). Elements C = C(r(t)), R =
R(r(t)) are functions of lymphangion radius that changes during contractions and relaxations.

We now assume that the lymphangion can be in two different states:

• active: conditions on pressure and or flow have triggered a contraction (systolic) event. Radius

reduces with a relatively fast time constant and reaches a minimum radius. Internal pressure

will also quickly become quite large so that, eventually, the input valve will close and the output

one will open so that lymph will flow.

• passive: the lymphangion passively expands or contracts depending on internal pressure, this

also corresponds to diastolic behaviour, when the lymphangion will recover after a systolic

contraction

Modelling the onset of a systolic event and its end is one of the critical aspects of all lymphatic

models. Let’s now assume that we have a nonlinear ODE that describes radius behaviour in time as a
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function of radius and pressure, i.e. ṙ = f(r, p). Substituting Eqs. (1) and (2) in (4) and using chain

rule for derivatives we have:

3C0r
2ṙ + C0r

3ṗ =
r4

R0

[kin(pin − p)− kout(p− pout)] (5)

ṙ = f(p, r) (6)

simplifying and solving for ṗ and ṙ we finally have:

ṗ =
r

C0R0

[kin(pin − p)− kout(p− pout)]−
3

r
f(p, r) (7)

ṙ = f(r, p) (8)

radius behaviour must be modeled so that, when in passive conditions, it is stable at a given value that

depends, up to a limit value, on pressure. When in active mode, contraction occurs; speed and extents

of the contractions depend on pressure and flow in the lymphangion. Time constants of active mode

are faster than those of passive mode.

2.1 Pulse triggering mechanism and radius dynamics

When in passive mode the radius will tend to expand as a function of pressure up to a limit value.

Assuming pressure is in this case equivalent to an external input, a simple ODE implementing this

behaviour is

ṙ = α(rt(p)− r) (9)

with rt(p) the “target” radius defined as a function of p and limited by an inferior “nominal” radius r0,

when internal pressure p is in equilibrium with intramural pressure Pext, that, disregarding external

effects due to movement, respiration etc. is assumed to be 0, and a maximum radius that is reached

only for arbitrarily large pressure values (of course maximum possible pressures will be limited by

the model). A simple function implementing this behaviour is:

rt(p) = (r0 − rmax)e
β(Pext−p) + rmax (10)

substitution of (10) in (9) finally yields

ṙ = α(rmax + (r0 − rmax)e
β(Pext−p)

− r) (11)

Where constant α represents the natural frequency of the passive part of radius behaviour, and con-

stant β is proportional to the “elasticity” of the lymphatic vessel.

The model described by (7) and (11) represents only the passive part of the model behaviour. In this

model we assume that the contraction impulse has a fixed time width, so that, when triggered by

condition

pc > pth, with pth < pin < pout (12)

i.e. when internal pressure rises above a pressure threshold value pth, a fixed width impulse is gener-

ated and used to control vessel radius. This is modelled by adding to (11) a linear term

ractive = γ(rmin − r) (13)

with γ >> α, i.e. with a much larger time constant, only for the duration of the systolic phase of the

pulse, that is controlled by a “digital” state equation. In (12) we have assumed that pin < pout, this

corresponds to lymph flow against a pressure gradient, i.e. active pumping. In case pin > pout the

model, as expected, behaves as a simple conduit, with all valves open.
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Figure 2: Autonomous radius and pressure response of a single lymphangion to a pressure ramp. As input

pressure increases minimum radius decreases and contraction frequency increases.
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Figure 3: A relatively complex lymphangion network and the radius response along the network. Contraction

frequency is not the same in different parts of the network.

3 RESULTS

The model has been implemented in the PAN circuit simulator [4] using its native netlist language

and Verilog-A for the behavioural code. A matlab version has also been implemented essentially to

fit model parameters validate the code. Basic testing of the model was essentially finalized to check

coherence with some basic behaviour patterns found in literature. A first test was made to check

results and behaviour with respect to data available in recent litterature such as [5].

Systolic period acceleration and radius modulation as response to a pressure ramp has been observed

in the model and is shown in Fig. 2. A complex network of lymphangions has then been generated

and simulated using the full model. Results are shown in Fig. 3.
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SUMMARY 

 
Lymphedema is characterized by swelling of peripheral tissues due to insufficient lymphatic transport 
of interstitial fluid to the venous circulation. Although this disease affects 130 million people 
worldwide, the exact mechanisms underlying its progression remain unknown. Clinical and 
laboratory studies show fibrosis of lymphatic vessels in lymphedematous tissue as well as a 
dependence of lymphatic pumping function on the mechanical environment, but a link between 
mechanically-mediated pumping function and adverse tissue remodeling has yet to be demonstrated. 
To that end, we developed a model of mechanically-mediated adaptation of contractility and 
geometry in lymphatics to better understand potential mechanisms driving lymphedema. 

 
Key words:  Growth and remodeling, contractility, lymphedema 
 
 
1   INTRODUCTION 
 
 The lymphatic system serves many functions including transport of lipids from the gut to the 
bloodstream, immune cell trafficking, and maintenance of tissue fluid balance by transporting 
interstitial fluid from peripheral tissues to the venous circulation [1]. These functions are dependent 
in part on the contractile capability of lymphatic vessels which facilitates fluid transport against an 
adverse pressure gradient. Loss of contractility in the lymphatic system has been implicated in the 
progression of lymphedema, which is characterized by a lack of ability to transport interstitial fluid 
from peripheral tissues, resulting in tissue swelling and eventual fibrosis of the affected limb. Despite 
its prevalence, the mechanisms driving the progression of lymphedema remain poorly understood. 
 Recent studies have demonstrated a relationship between lymphatic function and the 
mechanical environment of the vessel, i.e., fluid shear stress and pressure [2,3]. Additionally, clinical 
studies have reported progressive remodeling and fibrosis of lymphatic vessels in lymphedematous 
tissue [4]. Mechanically-mediated growth and remodeling is detailed in the arterial and venous 
circulation, but the relationship between the mechanical environment and lymphatic growth and 
remodeling is under-characterized. Thus, we previously developed a mathematical model of 
lymphatic function and adaptation that incorporates a microstructurally-motivated model of passive 
and active mechanics combined with Poiseuille flow, an acute model of contractile adaptation based 
on perturbations of the mechanical environment, and a long-term model of mechanically-mediated 
volumetric growth [5]. Comparisons of various alterations in loading conditions using this model 
may provide novel insights into the mechanisms driving lymphedema-associated lymphatic fibrosis 
and loss of function.  
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2  METHODOLOGY 
 
 For a detailed description of the implementation of the model, the reader is referred to [5]. 
Briefly, we consider a single, isolated lymphangion with an inlet and outlet valve and constant inlet 
pressure (preload) and constant outlet pressure (afterload). Passive and active mechanics are 
determined using a finite elasticity framework coupled with a microstructurally-motivated model of 
passive mechanical behavior and an adapted model of active stress based on activation of smooth 
muscle [6–8]. Adaptation of the contractile apparatus in response to a sustained change in the 
mechanical environment (i.e. preload and/or afterload) occurs in constant fashion in order to maintain 
a hypothesized homeostatic value of shear stress. Long-term growth in response to a sustained change 
in loading occurs in constant fashion in order to maintain a hypothesized homeostatic value of 
circumferential stress. 
 We previously showed that adaptation of the contractile apparatus in response to a sustained 
elevation in afterload is sufficient for restoration of shear stress but not circumferential stress and 
that growth is necessary for complete restoration of mechanical homeostasis. By extending this 
model to simulate an array of alterations in loading conditions, we can begin to parse out the differing 
mechanical stimuli that may promote maladaptive lymphatic remodeling that leads to loss of 
function. Such arrays include varying elevation in afterload with a fixed preload, varying the preload 
with a fixed afterload, and varying radial and circumferential growth rates in the context of fixed 
preload and afterload conditions. 
 
3  RESULTS AND CONCLUSIONS 
 
 Material parameters pertaining to the “immediate” passive and active properties were 
determined previously [8]. All other parameters used can be seen in the published version of this 
model [5]. We considered a single lymphangion with inlet pressure 3 cmH2O for the “immediate” 
response. Our model predicted well the “immediate” mechanical response for a range of outlet 
pressures. Homeostatic conditions were taken to be the results from an outlet pressure of 4 cmH2O, 
and the adaptive response was modeled by prescribing a sustained increase in outlet pressure from 4 
to 10 cmH2O. Contractile frequency and systolic contractility increased in order to restore shear stress 
to homeostasis, but the adaptive response is unable to normalize the circumferential stress. In order 
to restore circumferential stress, the vessel must grow radially (thicken). Together, these results 
illustrate that the long-term growth needed to restore the mechanical environment produces a 
decrease in overall flow rate, which reduces the function of the vessel. Furthermore, conditions may 
exist in which the contractile apparatus becomes “fatigued” and returns to its original state, a 
condition in this model that only slightly exacerbates growth but severely inhibits the flow capacity 
of the vessel.  
 Previous studies investigating lymphatic contractile adaptation have examined changes in 
vitro [9] and in vivo [10]. Additionally, studies have been performed in animals that examine 
morphological changes in lymphatic vessels from lymphedematous tissue [11], but quantifying 
changes in the local mechanical environment remains difficult. The previously implemented 
simulations demonstrate the need for a tightly regulated mechanical environment in the lymphatic 
system; thus, simulating mechanically-mediated remodeling in lymphatic vessels points to the need 
for experimental studies to examine detailed changes in geometry and loading conditions in order to 
better understand the underlying causes that lead to lymphedema. 
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SUMMARY

An understanding of lymphatic valves is required in the development of lumped models of the lym-

phatic system. Idealised and confocal geometries are subjected to computational analysis in order to

assess several important aspects of valve behaviour and reveal relationships that may inform the devel-

opment of such models. From an FEA the fluid volume displaced during closure of a subject-specific

valve has been captured and it relevance debated. Furthermore, some FSI simulations on idealised

valve geometries demonstrate the effect of certain geometric features on the valvular resistance to

flow.

Key words: lymphatic, valve, FSI, FEA

1 INTRODUCTION

The lymphatic system is a directed system which gathers fluid from the interstitia, transports this

fluid through contractile valved structures called lymphangions to the lymph nodes and drains it back

to the circulatory system. Insufficiency in this system causes a condition known as lymphœdema

where fluid accumulates in the interstitial spaces. An understanding of lymphatic valve behaviour is

essential in the development of representative lumped models.
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Figure 1: Diagram explaining valve nomenclature. A and B show an idealised valve while C shows a subject-

specific valve.
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2 METHODOLOGY AND RESULTS

A subject-specific valve was manually segmented from confocal images and subjected to non-linear

static finite element analysis (FEA) to study the valve during closure. The opening and closing be-

haviour of an idealised valve was studied by subjecting such geometries to fluid-structure interaction

(FSI).

2.1 FEA of Valve Closure

The leaflets were fixed at the annulus and subjected to a trans-valvular pressure of 6 cmH2O. the

leaflet was represented as a series of linear triangular shells each with an associated thickness of

5 microns and an incompressible neo-Hookean constitutive model. The original mesh was refined

until a 1% mean error in the euclidean norm of the displacement field was achieved. The geometry

was subjected to static FEA analysis up to 6 cmH2O. Shown below in Figure 2 is the peak axial

displacement of the valve with trans-valvular loading. As can be seen three distinct period of motion

occur. Firstly, unimpeded motion of the valve surfaces toward one another; secondly, a transitionary

period after initial contact but before orifice area is minimal and finally coaptation of the leaflet

surfaces and seal development.

The pressure required to close the valve - defined as the minimum of orifice area as projected onto an

axial plane - was 1.50 ± 0.06 cmH2O. After closure the trans-valvular pressure was increased to 6

cmH2O and the resulting leaflet geometries integrated between one another to find the volume at 6

cmH2O. This was compared to the same volume at closure to find the retrograde volume displaced,

5.446 × 10−2nL.
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Figure 2: Diagram showing a graph of the peak axial displacement of the trailing edge with transvalvular

loading overlaid with displacement coloured renderings of the leaflet geometries at different stages of closure.

A) initial contact between the two leaflets. B) The point where area of orifice is minimal. C) A transvalvular

pressure of 6cmH2O

2.2 FSI Study of Valve Opening behaviour

Due to the (reasonably) uniformly distributed pressure load on both sides of the leaflet, it is more

widely accepted to study the closing behaviour using FEA. Although this can be debated, the opening

behaviour of the valve is more likely to be influenced by the hydrostatic pressure changes in the flow

field and therefore an FSI approach is more appropriate. In this section an FSI model of an idealised

lymphatic valve is proposed using the fictitious domain method similar to the methodology taken for

an aortic valve in [4]. In this method the kinematic continuity between solid and fluid is enforced

through distributed Lagrange multipliers. The fluid is described by an unsteady Stokes solver and the
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solid by a static Neo-Hookean solver. Both fluid and solid are solved monolithically using a direct

solver. An idealised geometry for the valve was defined in [1] and has the benefit of a limited (in this

case 5) number of parameters describing the geometry. These parameters can then be varied to study

their impact on the functionality of the valve. It should be noted that, using symmetry conditions,

only half a leaflet was modelled and that the compliant vessel walls were not included (rigid fluid

domain). A first study was performed where constant pressure drops were imposed across the fluid

domain forcing the valve to open until a steady state solution is reached as displayed in Figure 3.

Figure 3: Graph showing the implications of lymph valve geometry on the flow resistance of the valve. The

axial pressure drop on the y-axis is defined between the base of the valve and the location of the commissures.

The dark blue line shows the results as experimentally found by Bertram et al. (see Fig 5 in [5])

Also a preliminary case of valve opening and closing was performed with the FSI solver using the

idealised lymph geometry. In that case trans-valvular pressures of -50 to 50 pascals, -2 to 2 cmH2O
were applied. The position of the midline of the leaflets recorded is shown below in Figure 4. It

should be noted that the valve is biased towards the open position. Hence, it will require some

negative pressure gradient to close the valve. Also, no dedicated contact algorithm was used as the

lagrange multipliers will inherently serve that role in the scheme.

3 DISCUSSION

In the FEA, the shear modulus used for the leaflet was 45kPa based on previous studies on arterial

elastin [2][3]. These values have been used before in a flow resistance study of idealised lymphatic

valves which gave good correlation with experiments [1]. However, the properties describing the

elastin network in lymphatic leaflets are still unknown and might affect valve behaviour. Finding

these properties experimentally is very challenging given the small size of the leaflets. Inverse finite

element analysis of lymphatic valves may allow material properties to be found. The lymphangion

wall has been found to contain a mixture of collagen and elastin and also undergo large deformation

during transvalvular loading[6]. However, the functional role of these materials is still not understood

and complicates their inclusion in models.

FSI of leaflets of an idealised valve shows some agreement both with closing of a subject-specific

valve and experimental data. Whilst a transvalvular pressure of 50 Pa is sufficient to open the valve.

Removing the applied pressure is insufficent to close the valve or return it to original position. Agree-

ing to observations that the valves are biased to the open position[7]. A similar load is required to

bring the valves into initial contact in both the subject-specific and idealised valves. When interpreted

in the context of observed average in-situ rat mesenteric lymph flow rates of 3.88nL/s [8]. The
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Figure 4: Diagram showing the position of the midline of an idealised leaflet subjected to trans-valvular pres-

sures in both closing and opening modes

retrograde displacement of lymph during closure of 5.446 × 10−2nL would appear to warrant fur-

ther investigation. As lymphatic insufficency develops and lymph flow rates slow retrograde motion

during closure may become a significant contribution to lymphœdema.
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SUMMARY
We present a computational framework for model inversion using the enabling concepts of multi-
fidelity modeling and Bayesian optimization. In particular, we train families of correlated surrogates
on available data using Gaussian processes and auto-regressive stochastic schemes. The resulting
predictive posterior distribution is used to design an effective adaptive sampling procedure that utilizes
the posterior variance estimates to balance the exploration/exploitation tradeoff in parameter space.
This is a key enabler for practical computations under limited budgets, as demonstrated on a multi-
physics problem involving the calibration of boundary conditions in blood flow simulations using
three- and one-dimensional flow solvers.

Key words: Blood flow simulations, Machine learning, Inverse problems

1 INTRODUCTION

Computational modeling of blood flow in human arteries has witnessed great progress the last decades,
resulting in the development of methods that help us elucidate key biophysical aspects, but also aim
to provide customized, patient-specific tools for prediction, intervention, and treatment. However, the
applicability of such models is limited to truncated arterial domains, as the complexity introduced
from considering circulation in the entire arterial network remains intractable [1]. Addressing this
complexity inevitably leads to the introduction of a series of assumptions, parameters, and simpli-
fied models. Consequently, the physiological relevance of our computations relies on the calibration
of such parameters and models, which, due to the inherent difficulty of them being determined in
the clinical setting, remains very empirical. A common theme in recent approaches to solving such
parameter estimation problems is the utilization of reduced order models that can be sampled exten-
sively and with low computational cost. Among possible reduced order model candidates, the most
widely used are nonlinear 1D fluid-structure interactions (FSI) models, linearized 1D-FSI models,
and 0-D lumped parameter models [1].

In this work we put forth a novel approach based on elements of statistical learning that results in a
surrogate-based framework for solving inverse problems in hemodynamics, and beyond. In particular,
we leverage the enabling concepts of multi-fidelity modeling and Bayesian optimization to explore
cross-correlations between variable fidelity blood flow models (e.g., measurements versus 3D-FSI,
versus 1D-FSI, versus 0-D models, etc.), allowing for the efficient construction of high-dimensional
response surfaces that guide the pursuit for a solution to the model calibration problem, while keeping
the number of expensive solver evaluations at a minimum.

2 METHODOLOGY

2.1 Multi-fidelity modeling

The basic building block of the proposed framework is Gaussian process (GP) regression [2] and
auto-regressive stochastic schemes [3]. This toolset enables the construction of a flexible platform for
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multi-fidelity information fusion that can explore cross-correlations between a collection of surrogate
models, and perform predictive inference for quantities of interest that is robust with respect to model
misspecification. In the following, we outline our approach to building such probabilistic multi-
fidelity surrogates using an efficient recursive implementation of nonparametric regression schemes
with structured auto-regressive Gaussian process priors. For a more detailed exposition to Gaussian
process regression and the concept of multi-fidelity modeling, we refer the reader to [2, 3, 4, 5].

Ssuppose that we have s levels of variable fidelity information sources producing outputs yt(xt), at
locations xt ∈ Dt ⊆ Rd, sorted by increasing order of fidelity and modeled by GPs ft(x), t =
1, . . . , s. Then, the auto-regressive scheme of Kennedy and O’Hagan [3] reads as

ft(x) = ρt−1(x)ft−1(x) + δt(x), t = 2, ..., s, (1)

where δt(x) is a Gaussian process independent of {ft−1, . . . , f1} and distributed as δt ∼ N (µδt , σ
2
tRt+

σ2εtI). Also, ρ(x) is a scaling factor that quantifies the correlation between {ft(x), ft−1(x)}. Without
loss of generality, here we assume that ρ is a deterministic scalar, independent of x, and learned from
the data through maximum likelihood estimation.

We can formulate an efficient recursive inference scheme by leveraging the idea put forth by Le
Gratiet [4] and replacing the Gaussian process ft−1(x) in Eq. 1 with the conditional prosterior Gaus-
sian process f̃t−1(x) arising from conditioning on all previous fidelity levels {ft−1, ft−2, . . . , f1},
while assuming that the corresponding experimental design sets Di, i = 1, . . . , t − 1 have a nested
structure, i.e. D1 ⊆ D2 ⊆ · · · ⊆ Dt−1. This essentially allows to decouple the s-level auto-regressive
inference problem arising from Eq. 1 to s independent GP regression problems that can be efficiently
computed and are guaranteed to return a predictive mean and variance that is identical to the coupled
Kennedy and O’Hagan scheme [3]. To underline the advantages of this approach, note that the scheme
of Kennedy and O’Hagan requires inversion of covariance matrices of size

∑s
t=1Nt ×

∑s
t=1Nt,

where Nt is the number of observed training points at level t. In contrast, the recursive approach
involves the inversion of s covariance matrices of size Nt ×Nt, t = 1, . . . , s.

Once ft(x) has been trained on the observed data {yt, yt−1, . . . , y1} via maximum likelihood estima-
tion, the optimal set of hyper-parameters {µ̂t, σ̂2t , σ̂2εt , ρ̂t−1, θ̂t} is known and can be used to evaluate
the predictions ŷt, as well as to quantify the prediction variance s2t at all points in x∗t (see [4] for a
derivation),

ŷt(x
∗
t ) = µ̂t + ρ̂t−1ŷt−1(x

∗
t ) + rTt (Rt + σ̂2εtI)−1[yt(xt)− 1µ̂t − ρ̂t−1ŷt−1(xt)], (2)

s2t (x
∗
t ) = ρ̂2t−1s

2
t−1(x

∗
t ) + σ̂2t

[
1− rTt (Rt + σ̂2εtI)−1rt +

[1− rTt (Rt + σ̂2εtI)−1rt]
2

1Tt (Rt + σ̂2εtI)−11t

]
, (3)

where Rt = σ̂2tKt(xt,x
′
t; θ̂t) is the Nt × Nt correlation matrix of ft(x), rt = σ̂2t kt(xt,x

∗
t ; θ̂t) is

a 1 × Nt vector containing the correlation between the prediction and the Nt training points, and
1t is a 1 × Nt vector of ones. Note that for t = 1 the above scheme reduces to a standard GP
regression problem [2]. Also, Kt(xt,x

′
t; θt) + σ2εtI is the auto-correlation kernel that quantifies

spatial correlations at level t.

2.2 Bayesian optimization

The probabilistic structure of the multi-fidelity surrogate predictors enables the identification of global
extreme in the surrogate response surface through guiding an effective sampling strategy that balances
the trade-off between exploration and exploitation, i.e., the global search to reduce uncertainty versus
the local search in regions where the global optimum is likely to reside. One of the most widely
used sampling strategies in Bayesian optimization that adopts this mindset is the Efficient Global
Optimization (EGO) algorithm proposed by Jones et. al. [6]. Given a predictive GP posterior,
the EGO algorithm selects points in the input space that maximize the expected improvement of the
predictor. To this end, let f (t)min = min{y(1)t , y

(2)
t , . . . , y

(Nt)
t } be the global minimum of the observed
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response at the tth inference level. Consequently, the improvement of the Gaussian predictor ft(x)

upon fmin is defined as It(x) = max{f (t)min−ft(x), 0}. Then, the infill criterion suggested by the EGO
algorithm implies sampling at locations in the input space that maximize the expected improvement

E[It(x)] = [f
(t)
min − ŷt(x)]Φ

(
f
(t)
min − ŷt(x)

st(x)

)
+ sφ

(
f
(t)
min − ŷt(x)

st(x)

)
, (4)

where Φ(·) and φ(·) are the standard normal cumulative distribution and density function, respec-
tively, and st is the square root of the predictor variance at level t (see Eq. 3). Consequently, the
value of E[It(x)] is large if either the value predicted by ŷt(x) is smaller than f (t)min or there is a large
amount of uncertainty in the predictor ŷt(x), hence s2t (x) is large.

Once a recursive cycle has been completed and the final predictor ŷs and variance s2s(x) at level s are
known, the expected improvement can be readily computed by Eq. 4. Then, the EGO algorithm sug-
gests to re-train the surrogates by augmenting the design sets Dt with a set of points that correspond
to locations where the expected improvement is maximized. This procedure iterates until a stopping
criterion is met [5, 6].

3 RESULTS AND CONCLUSIONS

This benchmark is designed to highlight an important aspect of the proposed framework, namely the
significant efficiency gains one can obtain by employing low-fidelity models that exhibit correlation
to the target high-fidelity model. Specifically, here we pursue the calibration of outflow resistance pa-
rameters of a high-fidelity 3D Navier-Stokes blood flow solver in an asymmetric Y-shaped bifurcation
targeting systolic inlet pressure of ps∗ = 47.5mmHg (for a detailed setup, see [5]). This is done by
employing a 3D spectral/hp element solver (high-fidelity) [7], a non-linear 1D-FSI solver (intermedi-
ate fidelity) [8], and a linearized 1D-FSI solver (low-fidelity) [9]. The rigid 3D computational domain
is discretized by 45,441 tetrahedral spectral elements of polynomial order 4, and the simulation of 1
cardiac cycle takes approximately 6 hours on 16 cores . The nonlinear and linearized 1D-FSI solvers
represent each arterial segment using one Discontinuous Galerkin element of polynomial order 4, and
the resolution of one cardiac cycle takes 1 minute, and 15 seconds, respectively, on a single core.
It is therefore evident that significant computational gains can be achieved if we can calibrate the
high-fidelity solver mainly relying on sampling the low- and intermediate-fidelity models.

First, to demonstrate the full merits of adopting a multi-fidelity approach we can enhance the cor-
relation between the rigid 3D model and the nonlinear 1D-FSI model by artificially stiffening the
arterial wall response of the 1D model. This is done by appropriately scaling the spring constant
in the 1D pressure-area constitutive law as described in [5]. Then, in order to estimate the optimal
parametrization of the outflow boundary conditions, we enter the EGO loop using an initial nested
Latin hypercube sampling plan containing 70 low-fidelity, 15 intermediate-fidelity, and 2 high-fidelity
observations. This initialization confirms a relatively weak correlation of 0.3 between the elastic low-
fidelity and the stiffened intermediate-fidelity 1D-FSI solvers, but confirms a strong correlation of
0.95 between the stiffened 1D-FSI solver and the high-fidelity 3D Navier-Stokes model. As a con-
sequence, the EGO algorithm converges to the desired accuracy level after only 1 iteration, as the
20 samples of the intermediate-fidelity solver have been very informative in the construction of the
high-fidelity predictive distribution. In Figure 1 we demonstrate the resulting response surface for the
relative error in systolic inlet pressure after 1 iteration of the EGO loop, along with the resulting map
of the expected improvement criterion. Leveraging the accurate predictions of the stiffened nonlin-
ear 1D-FSI solver we were able to achieve a 4x speedup in calibrating the outflow parametrization
compared to the case where the calibration was carried out by only evaluating the high-fidelity 3D
solver.
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Figure 1: Blood flow in an asymmetric Y-shaped bifurcation: Left: Detailed response surface after 1 iteration of
the EGO algorithm, and identification of the minimum relative error in the inlet systolic pressure as a function
of the total resistance parameters imposed at the outlets. The response surface is constructed by blending multi-
fidelity samples of a high-fidelity 3D solver (3 samples), an intermediate-fidelity nonlinear 1D-FSI model (20
samples), and a low-fidelity linearized 1D-FSI solver (80 samples). Right: Map of the corresponding expected
improvement.
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SUMMARY
We present results on parameter identification problems using a Bayesian approach. We study two
problems: a model for keratin dynamics in a cell, and a traction force microscopy problem. In the
past, both problems were studied using optimization approaches. Using the Bayesian framework,
we obtain posterior distributions for the parameters in each model and we study the stability and
uncertainty of the problems.

Key words: parameter estimation, keratin, traction force microscopy.

1 INTRODUCTION

Parameter identification problems are commonplace in the life sciences: we are given a mathematical
model and an experimental dataset, and we seek to adjust the parameters in the model to fit the data.
Furthermore, we are interested in other information such as correlation between different parameters
or uncertainty estimates.

The Bayesian framework for inverse problems [1] provides a robust set of techniques to study pa-
rameter identification problems. The information about the parameters is encoded in the posterior
distribution.

We study two problems using the Bayesian paradigm. First, we study a parameter identification
problem for keratin dynamics. The data consist on the averaged distribution of keratin in a cell, and
the mathematical model is a reaction-diffusion system for the assembly and disassembly of the keratin
network.

The second problem is the analysis of traction force microscopy data. Here, a cell is attached to an
elastic substrate, and the data are measurements of the deformation of the substrate when the cell
moves. The mathematical model is linear elasticity, and we aim to compute the force that the cell
applies to the substrate.

1.1 Keratin dynamics

Keratin is a protein that contributes to the cell mechanical properties, for instance, stiffness [2]. Al-
terations in the normal dynamics of keratin are linked to several skin diseases [3]. In a cell, keratin
is present both in an assembled form—the keratin network—and in a soluble form. There are several
candidate mechanisms for assembly, disassembly and transport.

The problem was studied in [4]: from a hierarchy of models with several combinations of assembly-
disassembly and transport mechanisms, an information theoretical approach allowed the selection of
the best model to explain the data.
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We apply a Bayesian approach to study the parameters in the models from [4]. With the posterior
distribution at hand, the study of the credible regions for different models reveals that the model with
the highest information theoretical score is actually less stable with respect to the parameter values,
whilst other models are more robust. This suggests that further analysis is required to conclude what
model is more suitable to explain the data.

1.2 Traction force microscopy

Traction force microscopy is a technique to measure the deformation of an elastic substrate when a
cell moves. From the deformation of the substrate, the force applied by the cell can be computed. The
force of the cell is known to be correlated with cancer cell invasiveness [5].

The most widespread approaches to this problem are the use of analytic solutions to linear elasticity,
or the use of optimization techniques [5, 6]. In both cases, a value for the force field is obtained.

By means of Bayesian techniques, we compute a posterior distribution for the force field. Under suit-
able assumptions on the experimental data, we obtain uncertainty estimates for the force. Moreover,
there are well-known results on the linear elasticity model that provide some analytical insight into
the problem.

2 METHODOLOGY

We study both the keratin dynamics problem and the traction force microscopy problem using the
Bayesian framework. We define reasonable noise and prior distributions from the information avail-
able about the studied phenomena, the experiment and the parameters.

We compute the posterior distributions using in-house software. Since the mathematical models are
relatively expensive to solve in terms of processor time, we use a parallel implementation of a Markov
Chain Monte Carlo method [7].

3 RESULTS AND CONCLUSIONS

The Bayesian framework provides a rigorous approach to parameter identification problems. With ro-
bust modelling and simulation, we obtain posterior distributions that allow the study of the parameters
in detail.

New estimates for the reaction rates in the keratin dynamics models suggest that the robustness of
the model with respect to the parameters should be taken into account when we evaluate the best
candidate model to explain the dataset.

For the traction force microscopy problem, we show that the Bayesian methods provide uncertainty
estimates on the force applied by the cell.
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SUMMARY
Despite improvements in subject-specific cardiovascular simulation tools, quantitative reliability and
sensitivity estimates of numerical predictions with respect to model parametric uncertainties are al-
most never reported. Measurements (e.g. imaging data) may be used in a Bayesian framework to
better estimate biomechanical parameters needed by the model. This approach involves an inverse
problem that relies on the resolution of numerous forward problems. A surrogate forward model,
accurate for parametric ranges that maximize the likelihood of observing the data at hand, speeds up
the inference. This technique is used to efficiently solve an hemodynamic pulse wave propagation
problem in a systemic network.

Key words: hemodynamics, model uncertainty, bayesian inference

1 INTRODUCTION

The accuracy of patient-specific cardiovascular simulation tools together with medical images and
segmentation algorithms, has significantly increased in recent years. One example of such achieve-
ments is the simulation of the fluid-structure interaction between the blood flow and the arterial walls
of the systemic circulation network, thanks to a model coupling Navier-Stokes equations and elastic
parietal model [1]. Nevertheless, reliability and sensitivity of these numerical predictions with re-
spect to model parametric uncertainties or errors are seldom reported. Indeed, available data are often
scarce and indirect observations of the quantity of interest and are altered by measurements noise
and/or averaging acquisition procedures. Moreover, full-scale direct numerical simulations remain
mostly out of reach and are not of effective use in support to the clinicians diagnostics and interven-
tions. It is then common usage to rely to reduced-order approximations (ROM), more efficient but
also more prone to model errors.
Several works [2, 3, 4, 5, 6] have demonstrated the interest of incorporating uncertainty modeling in
the cardiovascular system since many aleatory and epistemic uncertainties remain due to its complex-
ity, diversity and multiscale nature. When one holds clinical data/measurements for a given patient,
the level of uncertainty of his physiological parameters may be reduced. This is because these data
are intrinsically influenced by the parameters which can then be estimated by solving an inverse prob-
lem. These identification problems are often ill-posed but the difficulty may be overcome thanks to
the resolution of an appropriately designed optimization problem, e.g. [7]. Alternatively, important
insight, especially regarding the model adequacy, may be gained by casting the inverse problem in
a statistical inference framework. Provided a prior distribution of the parameters to be calibrated is
available, the Bayesian inference (BI) is a rigorous approach to this estimation problem and delivers,
after inference, a complete probabilistic characterization of the parameters.
With this approach, the parameters are described in a probabilistic sense by sampling the parame-
ter space according to the posterior density with an appropriate sampler, e.g. with a Markov-Chain
Monte-Carlo (MCMC) sampler. This technique is straightforward to implement, but its convergence
is quite slow and it becomes computationally intractable when the forward model (FM) is expensive.
A simple way of alleviating this problem is to substitute the FM with a cheaper surrogate model (SM),
e.g. [8, 9, 10].
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2 METHODOLOGY

One of the main limitations of the surrogate acceleration for BI is that the approximation model is
“blind to data” and has to be accurate in the sense of the prior measure. Due to the nonlinearity of the
FM and the dimensionality and span of the prior parameter space, the derivation of an accurate SM
then quickly becomes expensive. If the observations are informative enough, the posterior only spans
a small fraction of the prior parameter space. Ultimately, the SM needs to be most accurate mainly
over the support of the posterior and should then account for observations. Some local adaptive sur-
rogates [11] are good candidates for this purpose but these approximations are “memoryless” and the
resulting sampling strategy may lack performance.
The present work addresses some of these issues and proposes a novel formulation designed to ac-
curately approximate the FM over the support of the posterior distribution of the parameters with
appreciable measure. A unique, global, data-driven polynomial surrogate is derived and used during
the MCMC sampling of the posterior. Once the approximation of the FM converges, in the sense of
the measure of the (approximated) posterior, no subsequent call to the full FM is required.

3 APPLICATION

Numerous prospective and retrospective studies have shown that arterial stiffening is a relevant pre-
dictor of cardiovascular diseases. Unfortunately, arterial stiffness distribution across the human body
is difficult to measure in vivo. The proposed methodology is applied to the patient-specific cali-
bration of the arterial stiffness distribution of an arterial network based on stochastic simulations
of a reduced-order pulse wave propagation model. The coupled fluid-structure interaction (FSI) of
the blood flow with the network of compliant arteries is simplified to a one-dimensional distributed
ROM, thanks to some long wave assumptions [12]. Its numerical resolution is handled by a discontin-
uous Galerkin (DG) method with a spectral /hp spatial discretization [13]. The iterative polynomial
surrogate model of the system response is adaptively constructed from the combined use of – the
deterministic parallelized reduced-order hemodynamic solver, – an automated data samples selector
and preconditioner, – a set of orthonormal polynomial libraries of arbitrary degree and, – a weighted
least-square solver; the posterior sampling of the parameters – here the pulse wave velocity at rest of
each artery – being handled thanks to parallel MCMC chains (Metropolis-Hastings algorithm). The
non-invasive measurements used for this application are clinical data collected on a subject thanks to
ultrasound echo-tracking technique. The data are relative arterial changes of different nature (lumen
and mean blood flow velocity) measured at different locations of some of the network arteries over
several cardiac cycles.

4 RESULTS AND CONCLUSIONS

At a computational level, the results show significant reductions in number of model evaluations used
for posterior sampling. Physical interpretation of the calibrated arterial stiffness parameters indicates
that physiological principles and trends are not violated but that a right balance between the type of
collected observations and the choice of acquisition sites along the arterial tree is probably key to an
even more efficient calibration. The results are also compared with parametric calibration relying on a
different approach – namely an auto-adaptive optimization procedure built from the available clinical
data of the arterial network – for the same test case [7]. In conclusion, the proposed adaptive approach
is expected to significantly improve computational efficiency of global stochastic approximation of
cardiovascular models. Moreover, it seamlessly accounts for multi-modality and correlations of the
patient-specific parameters posterior distributions without further refinement. These results will pro-
vide some guidance in clinical data acquisition and future coupling of arterial pulse wave propagation
reduced-order model with more complex beating heart models.
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SUMMARY
A methodology for the estimation of hemodynamics parameters of a complex arterial network using
an Ensemble Kalman filter is presented. The usefulness of the parameter estimation algorithm is
assessed using both experimental data (time series pressure values) from an in vitro test rig and actual
real clinical data (blood flow rates acquired from magnetic resonance imaging) from a volunteer.

Key words: Ensemble Kalman filter, parameter estimation, 0D compartment model

1 INTRODUCTION

An estimation of arterial stiffness and pressure in the cerebral arteries are relevant quantities to sev-
eral cardiovascular diseases. An increase in arterial stiffness is associated to risk factors including
hypertension [1], while pressure fluctuations in cerebral arteries is one of the factors related to the
formation and risk of rupture of cerebral aneurysms [2]. It is possible to solve numerically for the
pressure wave system in a network of arteries using one dimensional (1D) [3, 4, 5, 6] or reduced
order zero-dimensional (0D) [7, 8] blood flow models. However, while the geometric properties (e.g
length and diameter) of each blood vessels can be acquired from magnetic resonance imaging (MRI),
mechanical properties such as Young’s modulus are often unknown. The other unknown model pa-
rameters, including the distal boundary conditions, can be estimated using a parameter estimation
algorithm based on a data assimilation technique such an Ensemble Kalman Filter (EnKF) [9].

2 METHODOLOGY

2.1 Blood flow models

1D blood flow models of arterial networks are commonly used due to being computationally cheap
compared to 3D models [3, 4]. They provide good and accurate results if the 3D effects in the flow
can be neglected. The mathematical formulation and the derivations of 1D modelling can be found
in [3, 4, 5, 6]. The two most common types of terminal boundary conditions used are the constant or
single resistance model [6] and the three-element Windkessel model (WK3) [10] that can be obtained
using an analogy based on electric circuit components. In the constant resistance model, the reflected
pressure wave at the outlet boundary is such that the pressure and flow variations are proportional:
p − p0 = Rq. In the three-element Windkessel model (WK3) the instantaneous blood pressure (p),
and the flow rate (q), at the outlet are related using [10]: dp(t)dt + p

RDC
= RP

dq(t)
dt + q(RP+RD)

RDC
, where

RP and RD are the proximal and distal resistance respectively of the vascular beds, and C is the
compliance.

The human cardiovascular system can also be modelled using a set of ordinary differential equations
(ODE) where different mechanical properties of arteries are represented with an electrical analogy us-
ing resistor R (resistance of blood due to blood viscosity), inductor L (blood inertance) and capacitor
C (compliance of the artery) [7, 8]. The network of arteries is divided into several compartments (0D
compartment model) comprising ofR,L andC, where for each compartment the governing equations
relating the variables R,L and C are defined using a set of ODE’s [7, 8].
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2.2 Parameter estimation method using an Ensemble Kalman filter

The EnKF is a suboptimal estimator for problems that involves nonlinear models of higher order,
where an ensemble of states is used to predict the error statistics [20]. The unknown hemodynamics
parameters, x, are treated as special state variables whose evolutions at time t = k + 1 are defined
as: xk+1 = xk + τk where τk ∼ N (0,Tk) is a Gaussian random perturbation with a variance T.
The EnKF uses a set of observations (e.g. blood pressure and blood flow rates) and measurements
from the blood flow model to determine the Kalman gain that is then use to update (or improve) the
poorly known model parameters. The reader is referred to [9] for further details on the mathematical
analysis of EnKF and the parameter estimation algorithm for inverse hemodynamics problems.

3 RESULTS AND CONCLUSIONS

Several in-silico scenarii (using synthetic data) were considered to investigate the efficiency of the
parameter estimation algorithm using EnKF. The arterial network used in the study is a simple human
arterial network adapted from [6] (Figure 1a) and a complex arterial network adapted from [10]
(Figure 1b). The results show that the Young’s modulus and the boundary condition parameters can
be estimated using observation such as time series of pressure and blood flow rates. The usefulness
of EnKF for inverse hemodynamics problems is also assessed using an experimental data from an in
vitro test rig [6] where a simple reflection coefficient is used as the outlet boundary conditions. Figure
2 shows the results of the EnKF for the estimation of Young’s modulus, reflection coefficient, and the
viscoelastic coefficient as well as the comparison between the observation (time series pressure value)
and the 1D blood flow model simulations based on estimated parameters. The assimilated parameters
are independent on the initial guess and they lead to a good agreement with the measured pressure
over the cardiac cycle.
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Figure 1: The two configurations considered in the present study. (1a): a simple human arterial
network adapted from [6] and (1b): a complex arterial network adapted from [10].

Finally, the EnKF-based parameter estimation algorithm is tested using an actual clinical data ac-
quired from MRI on a complex arterial network [10] with 33 arteries and including the circle of
Willis. In this case, a 0D compartment model is used to represent the blood flow dynamics and 21
uncertain parameters (Young’s modulus and WK3 boundary parameters) are assimilated. Figure 3
shows the typical evolutions of the estimated parameters and Figure 4 shows the comparison between
the observation (blood flow rates) and blood flow model simulations based on 21 estimated parame-
ters. From the results, the comparision between the assimilated 0D model and in vivo data is fair.
Parameter estimation using Ensemble Kalman filter is thus useful in estimating hemodynamics pa-
rameters using possible clinical measurements such as blood flow rates or time series pressure values
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Figure 2: Time evolution of estimated parameters with three different sets of initial guess for (2a)
Young’s modulus, (2b) reflection coefficient, and (2c) viscoelastic coefficient. The shaded areas rep-
resent the standard deviation around the ensemble mean values (solid lines). (2d) shows the compari-
son between the pressure profile obtained with the assimilated parameters and the measured pressure
waves from the experiment [6].
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Figure 3: Time evolution of estimated parameters for a complex arterial network for a case using an
actual clinical data acquired from MRI. Young’s modulus of arteries are defined by the three constants
(k1, k2 and k3). The WK3 boundary parameters of the ith terminal artery are resistancesRPi andRDi
and the compliance Ci. The shaded areas represent the standard deviation around the ensemble mean
values (solid lines).

in the arteries.
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Figure 4: (4a) Comparison between the blood flow rate measurement in the right internal carotid
artery (ICA-Right) from MRI data, the blood flow model simulations (patient specific-fitting), and the
pressure signal obtained with initially guessed parameters. (4b) shows the corresponding a posteriori
analysis of the blood flow in the ICA-Left.
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SUMMARY
In this work we present a systematic comparison of coronary blood flow models derived from two

imaging modalitites: coronary computed tomography angiography (CCTA) and intravascular ultra-
sound (IVUS). The comparison is performed by setting the same inflow into both models, which
allows us to quantify the impact of imaging modality in relevant quantities such as wall shear stress
(WSS) and fractional flow reserve (FFR). Overall, CCTA models predict larger pressure drops and
higher average blood velocity, thus underestimating the value of the FFR. Also, it was found that
CCTA models are more sensitive to modeling-induced coronary steal phenomena.

Key words: fractional flow reserve, wall shear stress, medical image modalities

1 INTRODUCTION

Coronary flow simulations have helped to connect hemodynamic interactions with the progression of
atherosclerotic disease, characterization of plaque location, plaque erosion and rupture [2, 3, 5, 6].
These days, the modeling practitioners are being pushed by the increasing interest from the medical
community for the use of such computational tools to aid decision making process. An example is
that of the estimation of Fractional Flow Reserve (FFR) using computational simulations [13].

Two major issues continue to challenge researchers in the field: (i) medical image processing to define
computational domains and (ii) the setting of boundary conditions. While the latter will continue to
be a matter of extensive research in the years to come, the present work focuses in the former topic.

There have been numerous approaches to model coronary blood flow, from coronary computed to-
mography angiography (CCTA) [5, 13], to angiograms (AX),[2], combination of AX with intra-
vascular (IVUS) [4, 12] and also optical coherence tomography (OCT) [8].

Although previous works studied the complementary characteristics of IVUS data and CCTA models
[9], a systematic comparison between the predictions of CCTA and IVUS blood flow models has
been lacking. Hence, this work aims at studying the sensitivity analysis of hemodynamic quantities
(Reynolds number, WSS, FFR, among others) to imaging modality.

Since the present work can be placed within the context of non-invasive FFR estimation, a strategy
to define patient-specific boundary conditions mimicking coronary hyperemia is proposed and the
comparisons are performed in such context.

2 METHODOLOGY

The study sample consisted 11 patients (16 arteries) for which CCTA and IVUS protocols were indi-
cated at Sı́rio-Libanês Hospital, São Paulo, Brazil. Geometries were segmented from CCTA using a
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level-set method [1], and IVUS and AX images were acquired in synchronization with the ECG sig-
nal and end-diastolic frames were gated to reconstruct the vessel geometry using deformable models
[11]. Figure 1 illustrates the segmentation of all the vessels considered in this study.

Figure 1: Geometric models of 11 patients (16 arteries). Simulations are performed in transparent domains.
Comparisons are performed in solid colored zones (blue: CCTA, red: IVUS).

The Navier-Stokes in rigid domains were used to simulate blood flow. At the inlet we consider a
constant pressure to simulate aortic pressure. At the outlets, resistance boundary conditions are pre-
scribed. Auxiliary resistances are first computed following the Murray’s law. Then, the definite
resistances are (all) adjusted by a constant (the same constant to all resistances) such that a given
coronary flow is enforeced at the inlet. This procedure allows to take into account the resistance of-
fered by the larger vessels in the coronary tree, which in many cases feature non-negligible opposition
to blood flow, and have an impact in the flow distribution.

Systemic values such as heart rate and aortic pressure are set to physiological values found during
maximum myocardial hyperemia. The cardiac output is estimated as in [7] as a function of patient
pulse pressure, age, weight and heart rate. Total resting coronary flow is taken 4.5% of the total
output. The coronary flow reserve was taken 2.6 according to [10]. For IVUS models, the flow into
the specific artery of interest is prescribed to be equal to that from the CCTA simulations. Thus, IVUS
simulations are performed just once CCTA simulations are performed.

The continuous problem was approximated using an implicit backward Euler finite-difference method
in time and a coupled velocity-pressure low order finite element method in space. Computer simula-
tions were performed with an in-house fully parallel solver. Simulations were run assuming steady
state and pulsatile regimes (∆t = 5 · 10−4 s).

For each geometric model, a centerline was constructed, and a subdomain of the CCTA model was
chosen matching the IVUS model. For the comparison, all centerline lengths were normalized.
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Side branches were removed for comparison purposes. Cross-sectional slices were extracted at each
point over the centerline and quantities were averaged over these sections, being denoted by (̄·).
Comparisons focused on velocity magnitude v̄, pressure p̄, lumen area A (D the diameter), Reynolds
number Re, time average wall shear stress AWSS, oscillatory shear index OSI, flow rate Q̄ and frac-
tional flow reserve (FFR). Also, comparison against invasive FFR measurements are presented.

3 RESULTS AND CONCLUSIONS

The error of the FFR field between pulsatile and steady simulations was 0.9% ± 1.2% (CCTA) and
0.3%± 0.4% (IVUS). The error in the AWSS was 3.7%± 1.6% (CCTA) and 4.0%± 1.3% (IVUS).
Finally, the difference across all outflows between pulsatile and steady simulations was 1.5%± 1.6%
(CCTA) and 0.5%± 0.7% (IVUS).

Figure 2 presents the sample quantities mean ± SD over the normalized centerline. FFR (-4%), p̄
(-5%), Q (-8%) and Re (+8%) featured the smallest biases, while AWSS (47%) and OSI (-15%)
featured a large bias (however OSI is always small). The SD indicates that p̄ and FFR are the less
sensitive to imaging modality in contrast to AWSS. The area A was always larger in IVUS, while the
main artery flow rate Q is larger in IVUS, implying that the flow deviation more pronounced in the
CCTA model.

For the FFR measurements, the in-vivo measure was 0.86±0.08. The computational estimation using
CCTA was 0.85±0.16 (correlation ρ = 0.70, (p < 0.01) and mean difference 0.01±0.18) and using
IVUS it was 0.95±0.03 (with correlation ρ = 0.61, (p = 0.014) and mean difference−0.08±0.07).

Figure 2: Mean (solid lines) and standard deviation (light areas) for the quantities of interest. Blue: CCTA.
Red: IVUS.

First, the comparison between steady and pulsatile simulations indicates that the former can be used
towards non-invasive estimation of FFR, reducing computational cost.

Second, it is seen that the major factor affecting hemodynamics (mainly wall shear stress and blood
velocity) was lumen area. Contrarily, pressure and FFR were not greatly sensitive. But, pressure drop
has been systematically larger in CCTA models.

Our results also indicate that there is need to be careful in drawing conclusions from computational
simulations of coronary flow using CCTA models under hyperemic conditions. In certain cases the
agreement between CCTA and IVUS models was excellent, however, there are situations for which
such agreement is lost, such as vessels with calcified lesions.
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SUMMARY 
 

Many patients suffer from thrombosis and restenosis after undergoing percutaneous coronary 

intervention (PCI). The prognostic value of wall shear stress (WSS) performed by computational 

fluid dynamics (CFD) has drawn attention in interventional cardiology. Patient-specific geometry 

3D stent reconstruction stent is essential in evaluating WSS using CFD as WSS value can change 

significantly based on the geometry. With the high resolution of Optical Coherence Tomography 

(OCT) system, automatic strut detection and accurate stent geometry reconstruction can be 

performed.  

 

Key words: stent reconstruction, OCT, restenosis 

 

 

1  INTRODUCTION 
 

Atherosclerosis is an inflammatory disease caused by plaque formation inside the arteries [1]. 

Stenting, one of the standard methods in the treatment of atherosclerosis, is a rising topic for 

studies for causing thrombosis and restenosis after PCI [2]. The biomechanical environment of the 

coronary artery undergoes changes after stent implantation, and the resulting systematic changes 

cause a significant impact on the endothelial structure and the recovery time [4, 5]. It is widely 

known that WSS is a good indicator of plaque progression [6]. WSS is, however, difficult to 

measure in vivo, and therefore CFD, an in-silico approach is important. In CFD simulations 

geometry is a critical parameter of CFD that could cause changes in flow patterns. In order to 

create accurate geometry, intravascular imaging modalities with a high resolution are required. 

Previous studies have used OCT due to its high resolution (axial resolution ~10 µm) compared to 

IVUS [7, 8]. Because of its high-resolution OCT can detect struts unlike IVUS [7] and thereby 

allowing patient specific stent reconstruction. Even though stent reconstruction has been performed 

in previous studies [8,9], no method has been developed that combines 3D reconstruction of the 

whole stent with accurate automatic stent strut detection. 

 

2  METHODOLOGY 
 

An OCT pullback shows the entire lumen segment with an implanted stent. In this study, we are 

investigating the entire pullback in order to reconstruct a three-dimensional stent segment. Each 

OCT cross-section image was evaluated for strut detection, and the cross-section images with strut 

points were made into a point cloud. The point cloud then generated a wireframe, and the volume 

along with patient-specific curvature was added to the wireframe.  

 

2.1  Strut detection  
 

Resolute Integrity Zotarolimus drug-eluting stent (R-ZES) (Medtronic, MN, USA) was examined 

using an OCT system (C7-XR
TM

 OCT Intravascular Imaging System, St. Jude Medical) currently 
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available in the market with the automated pullback at 20 mm/s distal to the region of interest. All 

acquired images were processed using MATLAB (MathWorks, MA, USA).  

 

 
 

Figure 1. a) OCT cross-section image.  b) OCT image converted to black and white Cartesian 

image c) Green dots plotted along the lumen d) Green dots that are followed by black tails e) Struts 

represented in a Cartesian image  f) OCT cross-section image with strut location 

 

In order to define the regions where struts reside the polar coordinates were converted to Cartesian 

coordinates. The converted image contained components other than the lumen and stent struts such 

as a catheter and its artifact. In order to eliminate them, the image was first converted from the 

RGB image to black and white binary image. The artifacts and other noises were filtered based on 

the binary image’s gradient magnitude and direction (Figure 1b).  A metallic strut reflects the light 

source coming from OCT and presents itself as one of the white points in the binary image. To 

locate all the possible struts green dots were plotted along all the first white points of the curve that 

represents the lumen (Figure 1c). Since the struts accompany black tails, we defined the struts as 

the plotted green dots that are followed by consecutive columns of black points. All the other green 

dots that do not follow the pattern of consecutive black columns were deleted (Figure 1d).  As 

shown in Figure 1d, multiple green dots are represented in one strut. In order to mark one point for 

each strut, RGB image was used again to find the brightest point from each strut by finding the 

highest intensity. Other green points with lower intensity were eliminated as shown in Figure 1e. 

The image was then converted back to the polar coordinates along with the green points (Figure 1f).  

 

2.2  Point cloud to wireframe of stent  
 

Figure 2a shows the strut points from one slice of the OCT pull-back from the whole OCT pullback. 

When the entire pullback images are processed through the developed code explained above, these 

cross sections with points are stacked in accordance with the inter-slice distance and pixel spacing 

information given by the DICOM file of the OCT (Figure 2b). Then, the wireframe is built onto the 

point cloud. Since the R-ZES stent is a continuous wire with a sinusoidal wave merged together at 

specific peaks, the points were connected in this manner: the points are linked into sinusoidal rings 

and then the rings are stacked to form a spiral structure (Figure 2c).   
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Figure 2. a) Strut points detected from one OCT cross-section. b) Point cloud formed by strut 

points of OCT pull-back. c) Reconstructed stent wireframe. d) Stent wireframe mapped to the 

vessel centerline. 

 

2.3  Application of wireframe with patient-specific curvature and volume reconstruction 
 

The reconstructed wireframe (Fig 2c) was mapped onto the patient-specific vessel centerline 

acquired from the angiogram to adopt vessel curvature as shown in Figure 2d. The rotation of each 

ring was determined based on the centerline and the position of each OCT frame that the ring was 

based on. Resolute Integrity has a circular strut cross section, and the stent volume reconstruction 

was based on this strut profile [10]. About 5,000 to 10,000 evenly spaced circular cross sections 

were added normal to the wireframe as shown in Figure 3a. The circles were then connected by 

filling in the gap between each two consecutive cross-sections with triangular elements to form the 

volume of the stent (Figure 3b).    

 

 
 

Figure 3. a) Circular cross-sections placed normal to the wireframe. b) Volumetric stent 

reconstruction. 

 

3  RESULTS AND CONCLUSIONS 
 

An entire Resolute Integrity is reconstructed with this method and presented in Figure 4. With the 

method described above, patient-specific reconstruction for metallic stents can be achieved. 

However, challenges still lie in automatization of the entire process without sacrificing the 

accuracy of the geometry. In the prognosis of plaques after PCI, CFD simulations play an important 

role in evaluating WSS. Since the method described in this paper uses patient-specific data such as 

angiograms and OCT images, the accuracy in geometry improves the CFD results. The 

automatization executed in the strut detection process also reduces the time spent in reconstruction, 
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and this method could be implemented to be used with CFD in monitoring plaque progression after 

PCI in clinical settings in the future.  

 
 

Figure 4. OCT-derived Reconstructed Medtronic Resolute Integrity Stent 
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SUMMARY
The steady Navier-Stokes problem is receiving increased attention in the biomedical field for prob-
lems with low-to-moderate Reynolds numbers, common in the clinical setting and of particular in-
terest for computing blood flows in the coronary system. While steady problems offer many com-
putational advantages over unsteady ones, the lack of a time derivative prevents the immediate use
of efficient velocity/pressure segregation techniques widely used in the unsteady case. In this work
we extend pressure/velocity segregation strategies for the unsteady problem into the steady setting.
Numerical experiments confirm the efficiency of our procedure. This approach can be used on many
relevant problems, including coronary flow.

Key words: navier-stokes, coronary flow, computational fluid dynamics, cardiovascular problems

1 INTRODUCTION

The steady Navier-Stokes problem is receiving increased attention and is now gaining acceptance
in areas where traditionally unsteady models have been used. In many instances, steady problems
can even be used to recover time-averaged information. For this reason, solving a steady problem
is a potentially cheap and attractive alternative to solving a full unsteady problem and then time-
averaging, as fewer iterations are required and the storage cost is much lower. Unfortunately, steady
problems tend to be more difficult to analyze and solve as terms originating from time derivatives
are often numerically beneficial and offer efficient ways for managing the nonlinearities inherent to
the Navier-Stokes problem. The lack of such terms in the steady problem leads to highly indefinite
linear systems which may be challenging to precondition and often require the use of long-recurrence
Krylov methods.

On the other hand, the unsteady Navier-Stokes problem is often solved via segregation techniques
which solve for the velocity and pressure separately, greatly reducing the dimensionality of the prob-
lem and allowing one to more easily manage nonlinearities. These methods can be based on functional
analysis arguments such as the approach found in [1] or algebraic arguments such as those found in
[2]. These methods provide acceptable accuracy while greatly reducing the computational burden
of the problem. However, they rely on the presence of the time derivative and for this reason the
extension of such methods to the steady problem is not immediate.

In this work we propose an algebraic factorization approach for the steady problem analogous to
those found in [2], though it is quite distinct in several respects. The core of this method is an
inexact factorization of the pressure Schur complement. We will introduce the method and give some
theoretical justification, then demonstrate the effectiveness of the method on 3D test cases, including
a case in a reconstructed right coronary artery.

This work is part of a larger group effort in mathematical cardiology, with the collaboration of Habib
Samady, Alessandro Veneziani, Adrien Lefieux and Don Giddens being crucial to its development.
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2 THE PROBLEM

Let Ω ∈ Rd be a suitable domain, where d = 2, 3. The steady incompressible Navier-Stokes boundary
problem (for a Newtonian fluid) reads

−ν∇ · (∇u +∇uT ) + (u · ∇)u +∇p = f in Ω

∇ · u = 0 in Ω

Bu = g on ∂Ω,

(1)

where ν is the kinematic viscosity, u is a d-vector representing the unknown velocity and the scalar
function p is the pressure, both generally function of space. Here, B is an appropriate trace operator
defining the boundary conditions.

The nonlinear system can be linearized with standard techniques. In this work we restrict our attention
to the Picard scheme (see e.g. [3] for more details). After discretization with an appropriate numerical
scheme (e.g. the Finite Element method or Finite differences), the discretized version of (1) yields
the following saddle-point system: [

A BT

B 0

] [
uk+1

pk+1

]
=

[
f
0

]
(2)

where A = K + C(uk) is a Nu × Nu matrix. K is commonly called the stiffness matrix and
corresponds to the diffusive term in (1), while C(uk) corresponds to the convective term and is
dependent on the current iteration. The saddle-point system (2) admits the following block LU -
factorization (see e.g. [4]):[

A BT

B 0

] [
u(k+1)

p(k+1)

]
=

[
A 0
B −BA−1BT

] [
I A−1BT

0 I

] [
u(k+1)

p(k+1)

]
=

[
f
0

]
(3)

Though this factorization yields a proper solution, the presence of the matrix BA−1BT makes its
use highly impractical. For the unsteady problem, a popular approach is to instead approximate the
system (3) with an inexact factorization in which one or both occurrences of A−1 is replaced with
a suitable approximation. While the presence of the time derivative makes this easy in the unsteady
case (see e.g. [2] for more details), such approximations are not as immediate for the steady case.
The novelty of our method is in the successful adaptation of this approach into the steady setting.

3 STEADY INEXACT FACTORIZATION

We consider again (2) and recall that A = K+C(uk). Let α ∈ [0, 1]. We then consider the modified
matrix Aα = K + αC(uk). Denoting C(uk) as simply C for the sake of notation, if α is chosen
such that ρ(αK−1C) < 1, by the well-known Neumann series expansion we have that:

A−1α =
(
I + αK−1C

)−1
K−1 =

( ∞∑
i=0

(−αK−1C)i

)
K−1 (4)

By truncating the sum at the first term, it is then justified to let A−1α ≈ K−1. We then consider
the following system as an alternative to (2). We use an incremental formulation where δpk+1 =
pk+1 − pk as is common in the unsteady case, see e.g. [5] for more details:[

K + αC BT

B 0

] [
uk+1

δpk+1

]
=

[
f + (α− 1)Cuk −BTpk

0

]
(5)

Recalling that (K + αC)−1 ≈ K−1 we then obtain the following approximate LU factorization of
(5): [

Aα 0
B −BK−1BT

] [
I K−1BT

0 I

] [
u(k+1)

δp(k+1)

]
=

[
f + (α− 1)Cuk −BTpk

0

]
(6)

We note that the explicit term on the right hand side of (6) can cause stability issues, we circum-
vent this problem through introduction a standard relaxation parameter γ ∈ [0, 1]. This yields our
scheme:
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1: while Convergence criterion not met: do
2: solve Aα ˆ̃uk+1 = f + (α− 1)Cuk −BTpk

3: solve −BK−1BT δpk+1 = B ˆ̃uk+1

4: solve Kûk+1 = K ˆ̃uk+1 −BT δpk+1

5: update the pressure: pk+1 = δpk+1 + pk

6: relax the velocity: uk+1 = γûk+1 + (1− γ)uk

7: check tolerance
8: end while

This scheme offers several key advantages over solving the full problem. Our approximate Schur
complement BK−1BT is guaranteed to be s.p.d., allowing us to use efficient iterative methods based
on short recurrences (such as the preconditioned conjugate gradient method) for its solution. Addi-
tionally, our approximate Schur complement is also spectrally equivalent to the pressure mass matrix
[3], making it easy to precondition, and as it remains the same at each iteration, the preconditioner
does not require updating at each step. This results in significant savings in both time and storage.

By employing this approximation, one retains the best features of the steady problem (its compar-
atively smaller number of iterations and less demanding storage requirements) while obtaining the
best features of the unsteady problem (efficient and numerically friendly handling of the nonlinear
system). We stress that this formulation is in fact a truly steady formulation and as such does not
rely on any sort of pseudo time-advancing scheme. A full convergence theory for the method, which
includes rigorous criteria for the selection of α and γ, will be presented during the talk.

4 RESULTS

This scheme is well-suited for any setting in which the use of a steady model is appropriate. This gen-
erally includes flows with low-to-moderate Reynolds numbers (below 1000). Many flows of biomed-
ical interest fall in this range, and in particular blood flow in the coronary artery system.

Here we present a problem taken from actual clinical data of computing the fractional flow reserve
across a stenosis on a coronary artery, given by the formula:

FFR =
Pd
Pa

(7)

Where Pd and Pa denote the hyperemic blood pressure distal and anterior to the stenosis, respectively.
Our test case comes from the RCA of a patient with a measured FFR of .94. Our approach computed
an FFR of .945. The Reynolds number for this case was approximately 600. We used FreeFem++
on a 2013 MacBook Pro and were able to obtain results in approximately 14 minutes, demonstrating
excellent computational efficiency and suggesting possible run times of only a few minutes with
an optimized code implemented in parallel. We have included several figures of the test case for
reference.

We also benchmarked the method using the classic 3D flow past a cylinder problem given in [6]. We
ran the simulation on a mesh with 7973 elements and computed the lift coefficient cl, drag coefficient
cd and pressure drop ∆p for several different values of α and γ and compared them to the following
reference values found in [7]:

cd = 6.1853267, cl = .0094009839, ∆p = 0.1708 (8)

We report the results in Table 1 and observe that our method resulted in over 50% savings in compu-
tational time as compared to solving the full unsplit system, with no significant loss of accuracy. This
test case confirms our method’s ability to capture numerically sensitive quantities (such as drag and
lift).
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3D Mesh, 7973 Elements
Parameters cd/cd Error cl/cl Error ∆p/∆p Error Iterations Avg time/Iter Total time

Unsplit 6.1481/.00602 .00998/.0618 .169313/.00871 7 831.91s 5823.4s
α = .175, γ = .3 6.1398/.00735 .00930/.01041 .1688/.01171 19 153.03s 2907.6s
α = .2, γ = .35 6.1391/.00773 .00982/.0442 .16883/.01149 17 157.2s 2672.4s
α = .25, γ = .4 6.1273/.00938 .01058/.12564 .16876/.01214 15 166.58s 2498.7s

Table 1: Numerical Results on the 3D Schaefer/Turek Flow Past a Cylinder Test Case.

Figure 1: From top left, clockwise. FFR in RCA, RCA geometry, streamlines past cylinder, RCA streamlines.

5 CONCLUSIONS AND FUTURE DEVELOPMENTS

Our early results are encouraging as the method results in significant savings in computational time
(even at the prototyping level) while maintaining good accuracy. We intend to follow up this work by
implementing the algorithm on our finite element library LifeV and to continue using it on clinical
problems in computational hemodynamics, especially for problems in the coronary arteries.
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SUMMARY
The Hierarchical Model reduction (HiMod ) is an efficient numerical technique to solve Partial Dif-
ferental Equations on domains with a geometrically dominant direction coupled with a bundle of
transverse fibers. The tensorial nature of the domain translates into a separation of variables that
strongly characterizes the numerical representation of the approximate solution. In particular, the
main dynamics are treated with a standard 1D Finite Element discretization, whereas the local trans-
verse contribution is captured by a low-dimensional modal expansion that can be enriched to enhance
the accuracy of the approximation. Aiming at hemodynamics applications, we apply HiMod to the
incompressible Navier-Stokes equations in non-axisymmetric models of stenotic blood-vessels and
in real geometries from clinical data. We treat patient-specific geometries by introducing a reference
map tailored to the cylindrical setting typical of such applications. The numerical results show that
HiMod is capable of accurately detecting the transverse dynamics that are typically dropped by stan-
dard 1D models, at the cost of a system of 1D small coupled problems. This feature makes HiMod a
competitive method for the solution of networks of pipes.

Key words: Internal Incompressible Fluid Dynamics, Model Reduction, Hybrid FE-Spectral Method,
Non-Axisymmetric Cylindrical Domains

1 INTRODUCTION

The Hierarchical Model reduction (HiMod ) is an innovative technique proposed in [1] to solve Partial
Differential Equations in domains characterized by a geometrically dominant direction. In the same
fashion as a separation of variables, the solution is described as the combination of main dynamics -
associated with the dominant dimension, and transverse contributions that can play a major role at a
local scale. The former are discretized via a standard Finite Element (FE) method, whereas the latter
are described via a (generalized) Fourier expansion. In this way, a full 3D problem can be recast as a
system of coupled 1D problems, with considerable expected computational savings. The innovative
power of this technique lies in the hierarchical nature of the discretization adopted. Indeed, the
reduced one-dimensional solution can be expanded in the original three-dimensional domain thanks
to the modal expansion. This allows an accurate description not only of the main dynamics, but also
of the transverse contributions that are typically dropped by purely 1D models [2]. Moreover, an
optimal trade-off between efficiency and accuracy can be achieved by a proper selection of the size
of the modal basis [3].

The HiMod reduction is applied to Advection-Diffusion-Reaction (ADR) problems in 2D and 3D
domains, e.g., in [4, 5, 6]. Vector problems with hemodynamics applications are addressed in [7, 6].
In this work we extend the approach adopted in [6] to the incompressible Navier-Stokes equations in
non-axisymmetric domains and in patient-specific geometries. The choice of the modal basis and the
construction of a suitable geometrical map between the physical and the reference domain is crucial
to guarantee the accuracy of the HiMod approximation. The numerical results show that the HiMod
solution is capable of detecting the transverse components of the velocity with a level of accuracy
comparable to the one of the FE method, yet with a consistently lower computational cost.
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2 METHODOLOGY

We apply the HiMod procedure to the generalized incompressible Navier-Stokes equations{
−div (2νD(u)) + (u · ∇)u + αu +∇p = 0 on Ω

divu = 0 on Ω,
(1)

completed by suitable boundary and initial conditions. Here α ≥ 0 and the kinematic viscosity
ν > 0 in Ω are given constants, u : Ω → R3 and p : Ω → R are the velocity field and the kinetic
pressure, respectively, while D(u) is the strain velocity tensor. The reactive term with coefficient
α = O(∆t−1) stems from a finite difference discretization of the unsteady equations. For α = 0 we
recover the classical steady Navier-Stokes problem. We consider homogeneous Dirichlet conditions
on the lateral boundary Γlat, and Dirichlet and Neumann conditions on Γin and Γout, respectively.
We will denote by Γdir the whole portion of the boundary where Dirichlet conditions are enforced.

2.1 HiMod reduction for the incompressible Navier-Stokes equations

We consider a cylindrical domain Ω with rectilinear axis and variable radiusR = R(x, ϑ), represented
as a three-dimensional fiber bundle Ω =

⋃
x∈Ω1D

{x}× γx, where Ω1D is a one-dimensional domain,
and γx ⊂ R2 represents the transverse section centered at x ∈ Ω1D. We set ẑ = (x̂, ŷ) = ψ̂(x,y) =
(x, ψx(y)) as the image of the physical point z = (x,y) ∈ Ω through the differentiable global map
ψ̂ : Ω→ Ω̂ between the physical and the reference domain Ω̂, represented by a cylinder with constant
unit radius. We express the weak formulation of problem (1) in the discrete HiMod reduced spaces

V hmu
=

{
vhmu

(x,y) =

mu∑
k=1

ṽhk (x)ϕ̂u,k(ψx(y)), with ṽk ∈ V h1D,u, ϕ̂u,k ∈ Vγ̂,u, x ∈ Ω1D, y ∈ γx

}
,

Qhmp
=

{
qhmp

(x,y) =

mp∑
s=1

q̃hs (x)ϕ̂p,s(ψx(y)), with q̃s ∈ V h1D,p, ϕ̂p,s ∈ Vγ̂,p, x ∈ Ω1D, y ∈ γx

}
,

where V h
1D,u = span{ζu,l = [ζx,l, ζr,l, ζϑ,l]

T }Nh,u

l=1 ⊂ [H1
Γdir

(Ω1D)]3 and V h
1D,p = span{ζp,l}

Nh,p

l=1 ⊂
L2(Ω1D) are inf-sup stable Finite Element spaces associated with a uniform discretization of Ω1D

for the velocity and the pressure, respectively, while Vγ̂,u = span{ϕ̂u,k}mu
k=1 ⊂ [H1

0 (γ̂)]3 and Vγ̂,p =
span{ϕ̂p,s}

mp

s=1 ⊂ L2(γ̂) are the modal spaces associated with the transverse reference section γ̂ for
the velocity and the pressure, respectively. Then, the discrete HiMod reduced formulation reads
For all k = 1, . . . ,mu, w = 1, . . . ,mp, find ũx,k , ũr,k, ũϑ,k ∈ V h

1D,u, p̃w ∈ V h
1D,p such that,

∀l = 1, . . . , {Nh,u, Nh,p}, ∀j = 1, . . . , {mu,mp},∑
a∈{x,r,ϑ}

mu∑
k=1

mp∑
w=1

∫
Ω̂1D

{
aab,kj ũa,kζb,l + bab,kj ũa,kζ

′
b,l + cab,kj ũ

′
a,kζb,l + dab,kj ũ

′
a,kζ

′
b,l+

bpb,wj p̃wζ
′
b,l + apb,wj p̃wζb,l

}
dx =

∫
Ω̂1D

fjζb,ldx,

(2)

where b ∈ {x, r, ϑ, p} and the coefficients aab,kj , apb,wj , bab,kj , bpb,wj , cab,kj , dab,kj , fj collect the
contribution of the dynamics transverse to Ω̂1D. In this way the original 3D problem (1) is recast as a
system of (3mu+mp) coupled 1D problems of dimension Nh,u×Nh,u, Nh,p×Nh,p or Nh,u×Nh,p.

2.2 Numerical results

Non-axisymmetric stenosis. We consider the model of a blood vessel affected by a non-axisymmetric
stenosis [8], and we solve problem (1) by enforcing an oscillating pressure gradient. Due to the asym-
metry of the domain, we expect a velocity profile with non-trivial transverse components. Figure 1
shows that the radial components of the velocity are correctly detected by the HiMod solution. The
transverse components are directed inward upstream to the stenosis, where the flow chokes (see Figure
1-center), whereas they turn outward downstream, where the regular lumen of the vessel is restored
(see Figure 1-right). Note that no rotational components are triggered, due to the mild shape of the
stenosis and to the laminar features of the flow.
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Figure 1: Navier-Stokes in a non-axisymmetric stenosis: 3D velocity profile of the HiMod solution
(left) and transverse components of the velocity at x = 5Lx/12 (center) and at x = 7Lx/12 (right)
at t = 0.3s.
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Figure 2: STL section (solid line) and HiMod map (dotted line) on the ϑ-quadrature nodes at
x = 4.05mm (left); Navier-Stokes in a patient-specific geometry: 3D velocity profile of the HiMod
solution at t = 0.3s (right).

Patient-specific geometries We consider the clinical case of a coronary geometry of a patient, re-
constructed from OCT via a stacking/interpolation procedure (images provided by Dr. Giulio Guagli-
umi, Ospedale Papa Giovanni XXIII, Bergamo IT). For such domain an analytical description of the
lumen of the vessel is not available. Therefore, the map ψ̂ has to be designed via interpolation of the
reconstructed STL surface [9]. In particular, sections orthogonal to the axis of the vessel are sliced
with uniform spacing along the centerline. The physical points lying on the boundary of each sec-
tion are interpolated via periodic cubic splines (see Figure 2, left). Then, by exploiting the tensorial
nature of the geometry, a piecewise cubic Hermite interpolation of the transverse slices is performed
in the longitudinal direction. A different approach is adopted in [7]. Here each elementary pipe is
mapped into a reference hexaedron. Although such approach benefits from the Cartesian structure
for the construction of a tensorial modal basis, we argue that the employment of polar coordinates
guarantees a higher regularity of the map, leading to better accuracy and efficiency. A screenshot of
the HiMod solution to the unsteady Navier-Stokes equations with an oscillating pressure gradient is
shown in Figure 2 (right). Further results will be discussed into the details during the session.

3 RESULTS AND CONCLUSIONS

In this work we extend the HiMod formulation to the incompressible Navier-Stokes equations in 3D
non-axisymmetric cylindrical geometries, with particular focus on hemodynamics applications. The
numerical results show that HiMod is able to detect the local transverse dynamics that are usually
dropped by standard 1D models [2]. We apply HiMod to patient-specific geometries, where an ana-
lytical description of the domain is not available. To this aim, we construct a map between the physical
and the reference domain tailored to the tensorial nature of the geometry. Such approach is expected
to enhance the accuracy of the HiMod approximation, thanks to the regularity of the reference map.
The numerical experiments point out the role of HiMod as a “psychologically” 1D model, capable of
enhancing the local accuracy at a reduced computational cost. We plan to use HiMod for modeling
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networks of pipes, as a competitive alternative to the accurate yet computationally expensive Finite
Element Method, and to the cheap yet not necessarily reliable (certainly not for transverse dyamics)
1D models.
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[7] P. Blanco, L.M. Alvarez, and R. Feijóo. Hybrid element-based approximation for the Navier-
Stokes equations in pipe-like domains. Computer Methods in Applied Mechanics and Engineer-
ing, 283:971-993, 2015.

[8] D.F. Young, and F.Y. Tsai. Flow characteristics in models of arterial stenosesI. Steady flow.
Journal of Biomechanics. 6(4):395IN3403-402410, 1973.

[9] D. Steinman, and L. Antiga. VMTK: The vascular modeling toolkit. www.vmtk.org, 2008.

553



5th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2017

10–12 April 2017, United States

P. Nithiarasu, A.M. Robertson (Eds.)

DECONVOLUTION-BASED NONLINEAR FILTER: APPLICATION
TO HEMODYNAMICS IN A PATIENT WITH TYPE B AORTIC

DISSECTION

Huijuan Xu1

1Georgia Institute of Technology, hxu72@gatech.edu

SUMMARY
Simulations of hemodynamics in diseased aortas are challenging due to the complex geometry and
high Reynolds number at peak systole. While Direct Numerical Simulation is accurate but intimidat-
ingly computational expensive, Large Eddy Simulation offers a possible trade-off between accuracy
and efficiency, which potentially facilitates incorporating computation-based decision-making tool
into time-sensitive clinical routine. Therefore, we tested the modified Leray-αmodel, which is equiv-
alently an eddy viscosity model, to simulate the hemodynamics in the dissected aorta to demontrate
its efficacy. This is a joint work with Marina Piccinelli, Luca Bertagna, Alessandro Veneziani and
Annalisa Quaini.

Key words: computational fluid dynamics, large eddy simulation, nonlinear filter, aortic dissection

1 INTRODUCTION

Aortic Dissection (AD) is one of highly lethal aortic syndromes, with a mortality of 1% to 2% per
hour after symptom onset. Type B AD (TBAD), which initiates from the descending aorta, is nor-
mally managed conservatively with optimal medical treatment unless the patients demonstrate com-
plications. However, long-term outcomes indicate significant late mortality in a subgroup of TBAD
patients originally with no complication, due to progressive degeneration of the false lumen. Clin-
ical outcomes have shown that this subgroup of patients are associated with less adverse events if
they receive early Thoracic Endovascular Aortic Repair (TEVAR). Unfortunately, progressive false
lumen aneurysmal degeneration is a complex process that is multi-factorial in etiology, therefore well-
defined clinical indication factors for predicting which uncomplicated TBAD patient will develop late
complications do not currently exist.

Since aortic remodeling is closely related to hemodynamics, patient-specific computational fluid dy-
namics (CFD) simulations might facilitate the understanding of the disease progression by providing
spatial and temporal hemodynamic quantities. Simulating blood flow in the dissected aorta is chal-
lenging. Due to the combination of complex geometries with high Reynolds number of thousands at
peak systole, the flow is at the transitional stage to turbulence. While Direct Numerical Simulation
(DNS) is accurate but intimidatingly computational expensive, Large Eddy Simulation (LES) offers a
possible trade-off between accuracy and efficiency, which potentially facilitates incorporating CFD-
based decision-making tool into time-sensitive clinical routine. Therefore, we tested the modified
Leray-α model [1, 2], which is equivalently an eddy viscosity model[3], to simulate the hemodynam-
ics in the dissected aorta to identify prognostic factors and the possible risk of late complications of a
TBAD patient.
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2 METHODOLOGY

The LES model reads

ρ
∂u

∂t
+ ρ (uf · ∇)u− 2µ4u +∇p = f (1)

∇ · u = 0 (2)

−2δ2∇ · (a(u)∇uf ) + uf +∇pf = u (3)

∇ · uf = 0 (4)

in R3 × (0, T ) (5)

(6)

with boundary conditions:

u = uf = uin on Γin × (0, T ) (7)

u = uf = 0 on Γwall × (0, T ) (8)

(ν∇u− pI) · n = gi on Γi
out × (0, t) (9)

(δ2a(u)∇uf − pfI) · n = 0 on Γout × (0, T ) (10)

where u, p represent the velocity and pressure field, respectively. The equations (3,4) represent the
nonlinear filter applied to u, where scalar function a(u) = |u−D(F (u))| is the deconcolution based
indicator function with F being the linear Helmholtz filter and D representing the Van Cittert decon-
volution operator. In (9), the i-th outlet condition gi depends on the three-element Windkessel model
with patient specific data at the i-th outlet.

The LES model was decoupled with the Evolve-Filter-Relaxation algorithm [2] and discretized with
a semi-implicit approach. For the simulation, 2nd-order Backward Difference Formula was used for
time integration and Finite Element Method for spatial approximation with inf-sup stable Taylor-Hood
elements, i.e. P2 for velocities and P1 for pressures. The high order Yosida scheme [4] was used to
segregate velocity and pressure. To compare, a DNS without filter was also performed. Both LES
and DNS solvers are implemented in LifeV, a parallel C++ Einite Element library [5]. In terms of the
computational domain, a patient specific dissected aorta were reconstructed from CT Angiography
using Vascular Modeling Tool Kit and discretized with open source mesh generator NETGEN.

3 RESULTS AND CONCLUSIONS

The reconstructed and discretized geometry of dissected aorta is shown in Figure 1. Details of dis-
cretization is shown in Table 1. The simulation results shown that besides the general flow distri-
butions were consistent between LES and DNS, maximum velocities at each major locations of the
aorta, as well as WSS quantities were within 10% difference between two simulations despite the
40% difference in number of meshes. Streamlines at peak systole from two simulations are shown
in Figure 2. In conclusion, this single patient-specific test case demonstrated the efficacy of this LES
model in clinical application.

Test
Discretization

Mesh type Mesh No. hmin, cm havg, cm hmax, cm
LES Tetrahedron 645k 1.13e-2 3.43e-2 5.32e-1
DNS Tetrahedron 1063k 7.50e-4 2.09e-2 3.01e-1

Table 1: Discretization details of LES and DNS tests. hmin, havg, hmax are the minimum, average
and maximum mesh size, respectively.
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(a) front view (b) lateral view (c) mesh of geometry at 2010

Figure 1: Geometry reconstruction of the dissected aorta from an anonymized patient from EUH.
This patient was presented at EUH with uTBAD in 2006 and later cTBAD in 2010. CTA imaging
was acquired at both time. (a) and (b) are front and lateral views, respectively, of the reconstructed
geometries using VMTK. (c) is the spatial discretization which is performed for geometry at 2010
using NETGEN.

Figure 2: Streamline plots of DNS and LES results.
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SUMMARY

The shape of red blood cells (RBCs) in sickle cell disease (SCD) is representative of the severity of
the disease and can serve as an effective biomarker. Here we present a new method for an effective
way of RBC shape quantification and automatic shape screening method consisting of 1) automatic
RBC detection and splitting, 2) RBC classification based on deep convolutional neural networks
(CNNs), and 3) shape factor quantification. Experiments indicate that the proposed method can
effectively recognize 8 different types of RBC patterns in normal and abnormal states with
accuracy of 87.5%. Moreover, the computed shape factors for the classified RBC image data can
give a more specific and multiscale shape analysis for the diverse RBC shape.
Key words:  Sickle cell disease, deep CNN, multiscale shape analysis, shape screening, high-
throughput

1   INTRODUCTION
Sickle cell disease (SCD) is a hematological disorder that may lead to blood vessel occlusion

accompanied by painful episodes and even death [1]. According to a recent study [2], as of 2013
about 3.2 million people have sickle-cell disease while an additional 43 million have sickle-cell
trait, resulting in 176,000 deaths in 2013, up from 113,000 deaths in 1990, mostly of African origin.
Heterogeneity is one of the main hallmarks of SCD, i.e., the red blood cells (RBCs) have diverse
shapes and not only sickle shape, and they are prone to clogging the vessel. Hence, SCD patients
are afflicted with risk of life-threatening complications, e.g. stroke and organ damage over time.
The current solutions [3-5] for SCD patients are mainly supportive and mostly aim at symptom
control, but lack the active monitoring of the health status as well as the prediction of disease
development in different clinical stages of SCD patients. Particularly, the individual RBC shapes
can help reveal important biomechanical and bio-rheological characteristics of RBCs [6], e.g. their
density, fragility, adhesive properties, etc. Developments on advanced medical imaging technology,
image processing technology and emerging deep learning technology [7] could provide an effective
tool in monitoring the status of SCD patients. Therefore, implementing an automated, high
throughput cell screening method could become an enabling technology to improve the future
clinical diagnosis, prediction of treatment outcome, and especially therapy planning. 

In this study, we present an automated, high-throughput ex-vivo sickle cell screening method
based on deep CNN in conjunction with with an automatic RBCs detection for the abundant raw
microscopy image data (acquired from MIT in-vitro) and multiscale shape factors analysis.

2  METHODOLOGY
The main workflow of our proposed method is illustrated in Fig.1. The diverse patient-specific

microscopy image data from multiple patients are firstly acquired by phase contrast microscopy for
four fractions (blood sample is fractionated into four populations based on various cell density) and
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one unfractionated. Second, we employ an automatic hierarchical RBC extraction method to detect
RBC region (ROI) from the background, and separate touching RBCs in the ROI images by
applying an improved random walk method based on automatic seeds generation. Third, we apply a
mask-based RBC patch-size normalization method to normalize the variant size of segmented
single RBC patches into uniform size. Fourth, we train the deep CNN model for 5 and 8 types of
RBC classification and evaluate the result through k-fold cross validation method. The specific
deep CNN architecture is given in Fig.2. Finally, we proceed to implement a multiscale shape
analysis for the classified RBC image data. 

Fig. 1 Flowchart of our proposed training methodology for the sickle RBC-dCNN classification model.

Fig. 2 Architecture of deep CNNs for RBC classification.(Output layer: “5” is equivalent to coarse labeling;
“8” is equivalent to refinement labeling)

3  RESULTS AND CONCLUSIONS
In our experiments, there are 7206 single RBC patch images extracted from the raw microscopy

image data of 7 SCD patients. The RBC patch images are labeled into 8 different categories (disco-
cytes, echinocytes, elongated, granular, oval, reticulocytes, sickle and stomatocytes) by the experts.
5 types of data augmentation are performed on the normalized single RBC patch (rotation of

90°，180°，270° and horizontal and vertical reflection). The classification results obtained by using
the 5-fold cross validation method for the two kinds of labeling datasets are illustrated as follows:
1) Evaluation of coarse RBC labeling dataset (5 types)

All the RBC patch images are coarsely labeled into 5 categories: ① Discocytes+Oval, ②
Echinocytes, ③Elongated+Sickle, ④Granular, ⑤Reticulocytes. Fig.3(a) gives the mean confusion
matrix for the RBC classification; Ech (Echinocytes) and Ret (Reticulocytes) are a pair of most
confusing classes. The diagonal represents the correct prediction probabilities of all the
observations. The intensity of the color is proportional to the prediction accuracy, i.e., our RBC-
dCNN model can automatically recognize the “Dic+Ovl” pattern and “El+Sk” pattern with a high
precision among the five RBC classes. In addition, Fig. 3(b) shows the corresponding ROC-AUC
results for the 5-fold cross validation experiments on 7 raw patients’ datasets. The average ROC
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curve is shown in blue color, and the corresponding averaged AUC for each fold is at least 0.97.
Granular and Echinocytes get a relative low AUC value, and the other two classes
(“Discocytes&Oval” and “Elognated&Sickle”) get a high AUC value.

 
(a) (b)

Fig. 3 Mean normalized confusion matrix and averaged ROC-AUC results for 5 types of RBC classification
2) Evaluation of refined RBC labeling dataset (8 types)

To evaluate the robustness of the deep CNN model in the application of more rich types of RBC
classification, a refined labeling dataset “Exp_II” is generated, which includes 8 types of RBC:
①discocytes,②echinocytes, ③elongated, ④granular, ⑤oval, ⑥reticulocytes, ⑦sickle
and⑧stomatocyte. Fig.4(a) gives the mean confusion matrix for the RBC classification, Dic
(Discocytes) and Ovl (Oval) are a pair of most confusing classes, however, the trained RBC-dCNN
model can recognize the “sk(sickle)” type RBC　with a high precision among the 8 RBC classes.
Additionally, the corresponding mean ROC-AUC result for refine labeling test is shown in
Fig.4(b). The average AUC value for 8 types of RBC is 0.94 versus the averaged coarse labeling
RBC classification AUC 0.97. The slight decline of accuracy is caused by two classes, namely
Elongated and Oval, with an AUC value of 0.92. 

 
(a) (b)

Fig. 4 Mean normalized confusion matrix and averaged ROC-AUC results for 8 types of RBC classification

3) Shape Factors Quantification for Classified RBCs

To develop a general multiscale shape analysis for various types of RBC in SCD, (circular) CSF
and (elliptical) ESF are two of the most important morphological factors corresponding to the
sickle cell shape quantification procedure. Hence, we compute the CSF and ESF shape factors for
multiple predicted elongated and discocyte RBCs. The CSF versus ESF plot is shown in Fig. 5.
Except of these two factors, we also obtain the other 12 shape factors to quantify the shape
difference of various type of RBC for SCD patient.
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Fig. 5. CSF and ESF shape factors estimation for Elongated, Oval and Discocytes types of RBC.

In summary, we have developed an automatic, high throughput, ex-vivo sickle cell screening method based
on pre-extraction of RBC region and deep convolutional neural networks. The automated batch extraction of
R B C region can provide an efficient identification means for human blood cells while improving the
efficiency of previous cell classification methods relying on ad hoc manual annotation or the exhaustive
sliding window method. Moreover, the deep convolutional neural network method can help to automatically
learn the complex deep features and generate specific representations for various types of RBC in SCD, and
is robust with image quality under various imaging conditions. Furthermore, the high throughput, ex-vivo
RBC classification results in conjunction with the multiscale shape quantification results could be a
promising clinical tool for the SCD disease diagnosis and active monitoring of the disease development in
SCD patients. 
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SUMMARY 
 

In interstitial photodynamic therapy (I-PDT), image-based preplanning is employed to compute 
optimal laser fiber configuration on complex tumor shape. Unfortunately, tumor deformation during 
the I-PDT procedure may have negative impact on the actual light dose delivery. This paper presents 
a case study of locally advanced head-and-neck cancer (LAHNC). Light propagation modeling on 
the non-deformed and deformed LAHNC is used to characterize the potential treatment degradation 
due to tumor deformation. A computational method of calculating deformed tumor shape by tracking 
implanted fiducial markers is described, which helps bridge the gap between geometric model in 
preplanning and actual deformed shape. 

 
Key words:  interstitial photodynamic therapy, head-and-neck cancer, tumor deformation, shape 
reconstruction 
 
 
1 INTRODUCTION 
 
Interstitial photodynamic therapy (I-PDT) has been shown promising results in the treatment of 
locally advanced head-and-neck cancer (LAHNC). In this therapy modality, a light sensitive drug is 
systemically administrated, after which multiple laser fibers are inserted to illuminate target regions. 
During the I-PDT preplanning phase, computed tomography (CT) is initially used to reconstruct 
digital LAHNC model. Based on the reconstructed model, optimal configuration of laser fibers is 
computed with light propagation modeling. However, treatment failure could occur at the margins of 
the tumor due to the mismatch between the original reconstruction and the actually deformed shape 
during operation. 
 
This study presents a computational case study for a CT reconstructed LAHNC model in I-PDT. 
First, light propagation modeling is utilized to characterize possible defect caused by tumor shape 
deformation during I-PDT procedure. Defect in this context is defined as the difference between the 
deformed and non-deformed tumor volumes that receive a prescribed light dose. Second, a novel 
computational method designed for calculating deformed tumor shape is described. The new method 
uses input of two sources: (i) the pre-deformed tumor shape and (ii) displaced position of implanted 
fiducial markers (FM) during therapy. The computation process takes only a few seconds, which 
allows for real time update of the treatment planning. 
 
Results of this study demonstrate a prediction error of less than 1mm, which is the typical uncertainty 
of distance measurement in high-quality ultrasound imaging and CT imaging. The computational 
efficiency of presented method further demonstrates its potential in clinical application. 
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2 METHODOLOGY 
 
2.1 Light propagation modeling 
 
The finite element model (FEM) for computing the light propagation was described previously in 
[1]. In this approach, light propagation is modeled as a transient and three-dimensional (3-D) 
diffusion problem [2,3]: 

1
𝑐𝑐𝑛𝑛
� 𝜕𝜕
𝜕𝜕𝜕𝜕
𝛷𝛷�𝑥𝑥,  𝑦𝑦,  𝑧𝑧,  𝑡𝑡� −  𝛻𝛻 �𝛼𝛼𝑛𝑛𝛻𝛻𝛷𝛷�𝑥𝑥,  𝑦𝑦,  𝑧𝑧,  𝑡𝑡��� = −𝜇𝜇𝑎𝑎𝑛𝑛𝛷𝛷�𝑥𝑥,  𝑦𝑦,  𝑧𝑧,  𝑡𝑡�           (1) 

 𝛼𝛼𝑛𝑛 =  𝑐𝑐𝑛𝑛 ∙ [3(𝜇𝜇𝑎𝑎𝑛𝑛 + (1 − 𝑔𝑔)𝜇𝜇𝑠𝑠𝑛𝑛)]−1                                   (2) 

where 𝛷𝛷�𝑥𝑥,  𝑦𝑦,  𝑧𝑧,  𝑡𝑡� is the photon flux (Photons/m²/sec),  𝛼𝛼𝑛𝑛 is the optical diffusion coefficient 
(m²/sec) of tissue constituent 𝑛𝑛, 𝜇𝜇𝑎𝑎𝑛𝑛 and 𝜇𝜇𝑠𝑠𝑛𝑛 are the linear absorption and scattering coefficients (1/m), 
𝑔𝑔 is the optical anisotropy factor, and 𝑐𝑐𝑛𝑛 is the speed of light in the tissue.  
 
2.2 Deformation prediction based on fiducial markers registration 
 
Based on the observation that LAHNCs are mostly surrounded by soft tissue, the shape prediction 
process is formulated as a problem of finding the smoothest force distribution on the tumor surface. 
Throughout computation, displacement constraints induced by FMs are satisfied, and assumption of 
no external force on interior nodes is made. The objective function is quadratic in nodal displacement 
vector 𝑥𝑥, and thus allows for fast optimization process. The force-field Laplacian energy-
minimization problem is formulated as follows: 

argmin
𝑥𝑥

𝑥𝑥𝑇𝑇𝐾𝐾∗𝑥𝑥  subject to �𝐷𝐷𝑥𝑥 = 𝑑𝑑
𝐾𝐾𝑙𝑙𝑥𝑥 = 0   ;       𝐾𝐾∗ = (𝑀𝑀𝑀𝑀𝐾𝐾𝑢𝑢)𝑇𝑇(𝑀𝑀𝑀𝑀𝐾𝐾𝑢𝑢)               (3) 

where 𝑓𝑓𝑢𝑢 is the force vector (surface nodes), 𝑀𝑀 is Laplacian matrix, 𝑀𝑀 is inverse mass matrix, 𝐾𝐾𝑢𝑢 is 
upper stiffness matrix (surface nodes), 𝐷𝐷 is binary indicator matrix, 𝑑𝑑 is measured displacements of 
FMs, 𝐾𝐾𝑙𝑙 is lower stiffness matrix (interior nodes). 
 
 
3 RESULTS AND CONCLUSIONS 
 
A deformed version of original tumor reconstruction is created with smoothly distributed force field 
on the tumor surface. The maximum displacement is equal to 10% of the tumor’s longest dimension 
(Fig. 1(a)). Optimal configuration of laser fibers is generated based on the non-deformed tumor shape 
(Fig. 1(b)). The same configuration is applied to the deformed tumor.  

  
        (a)                              (b)                            (c)                                     (d) 

Figure 1: (a) Non-deformed (blue) in comparison with deformed tumor (green). (b) Optimal 
configuration of laser fibers computed from light propagation modeling. (c) Light-dose distribution 
according to preplanned fiber configuration on the non-deformed tumor. (d) Light-dose distribution 

after the tumor has been deformed while maintaining the same light fiber configuration. 
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According to the simulation results, an overall maximum of 3% less volume of the deformed tumor 
received the prescribed light dose when compared to the non-deformed tumor model (Fig. 2). A 
significant local difference is observed at the tumor margins (Fig. 1(c)(d)). 

 

Figure 2: Dose volume histogram (% tumor volume that receives light dose > 100 J/cm²). 

By applying the deformation prediction method described in Section 2.2, the deformed tumor shape 
is reconstructed with a maximum prediction error of 0.7 mm (Fig. 3). The reconstruction process 
takes less than 6s when performed on an x64 machine with 2.7 GHz Intel i7 processor and 16GB of 
1600MHz DDR3L onboard memory.  

 
Figure 3: Deformed shape(green) vs predicted shape(red). 

In summary, this study shows that (i) an overall maximum of 3% treatment defect (tumor volume 
that does not receive prescribed light dose) could happen in I-PDT, when the tumor is under 
deformation of 10% of its longest dimension, (ii) by tracking the position of implanted FMs, the 
deformed tumor shape can be reconstructed with high fidelity using our deformation prediction 
method, and (iii) real-time prediction of the tumor’s deformed shape can be achieved by using our 
method on standard personal computer, which demonstrates this study’s potential relevance for 
clinical applications. 
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SUMMARY
In this paper, we present a segmentation and tracking method based on hidden Markov model (HMM)
to detect the outer coronary arterial wall in intravascular images. The proposed method tracks a set
of hidden states representing the border location on a set of normal lines obtained from the previ-
ous frame. The border observation is derived from a classification-based cost function and a shape
prior model. The emission probability is defined based on two Gaussian probability distributions for
the vessel border and background. The transition probability is learned by using the Baum-Welch
algorithm. The optimal sequence of the hidden states is obtained by using Viterbi algorithm. The
proposed method shows promising results on tracking and segmenting the arterial wall.

Key words: IVUS segmentation, HMM, Viterbi algorithm

1 INTRODUCTION

Intra-Vascular Ultrasound (IVUS) is a catheter-based technology that shows 2D cross-sectional im-
ages of the coronary. IVUS has been widely used as a complementary tool of angiography for better
diagnosis of coronary disease in which it provides a characterization of the atherosclerotic plaques,
detects plaque rupture, ensures the stent position. The media-adventitia border represents the outer
coronary arterial wall located between the media and adventitia. Here, image segmentation is the
process of delineating the inner and/or the outer vessel wall, which is important for clinicians in order
to assess the stenosis size and plaque morphology and can also be later used to reconstruct in 3D.

Image segmentation and defect detection have been extensively researched in the field of computer
vision, e.g. [5, 8, 6, 12]. There are many techniques that can be used to solve the segmentation
and tracking problems simultaneously, e.g. active contour [13] and hidden Markov model. Hidden
Markov model (HMM) is a stochastic model in which the Markov property is assumed to be satis-
fied in finite set of states in which these states are hidden. Many applications have demonstrated the
advantage of HMM to deal with the time-varying signals such as speech recognition [9], classifica-
tion [7], and tracking [2, 10]. In [7], authors use HMM to classify the local wall motion of stress
echocardiography to normal or abnormal. They build two HMM models one for each class and used
the forward algorithm to compute the probability of the observations data given each model. In [4],
HMM used in conjunction with the particle filter to track hand motion. Particles filter used to estimate
the region that most likely the hand will appear on it. HMM estimated the hand shape using Viterbi
algorithm where the state is a set of quantized pre-learned exemplars [11]. However, the number of
exemplar can grow exponentially regarding the complexity of the object. In [1], authors used Kalman
filter with P2DHMM to track person. P2DHMM (pseudo 2-dimensional HMM) is a nested 1D HMM
in which a number of superstates (i.e. 1D HMM) modeling image’s columns, each of them contains
a number of normally hidden states. Viterbi algorithm is used to find the best sequence of states
that classify the image to object and background. This measurement is used by Kalman to predict
the rectangle box containing the person in the next frame. However, the system will become more
complex and time-consuming with the increasing of the object size. In [2], incorporate region and
edge features with HMM. The contour is sampled into a set of discrete points, and the features are
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extracted along the normal lines that pass through each contour point. Ellipse shape is fitted based
on the contour and unscented Kalman filter used for tracking. In [10], authors extend the previous
idea to deal with variable length open contour problem. They used Hessian matrix to extract local
ridges features and investigate more about using arc emission instead of traditional state emission for
defining the observation probabilities of the HMM. The optimal contour is identified by using Viterbi
algorithm.

In this paper, an HMM-based border tracking method is presented. The emission probabilities are
defined based on two probability distributions for the arterial border and background that are derived
directly from both the classification-based cost function and the shape prior model. The training of
the transition probability is achieved by using the Baum-Welch algorithm. The optimal sequence of
the hidden states corresponds to RBFs of the border and is obtained by using the Viterbi algorithm.

2 PROPOSED METHOD

The border of interest is approximated by using the RBF functions where the hidden states of the
HMM are referring to the RBF centers. The contour is equally sampled into M points. At each point,
a line segment (with N points) is drawn perpendicular to the tangent line to the contour. The index of
the contour RBF centers is φ = 1, . . . ,M and the index of each normal line is ψ = 1, . . . , N where
N is an odd number. The initial RBF centers are defined from the previous frame and located as the
center of the normal line ψ = (N + 1)/2. The normal line actually restricts the search space for the
predicted contour to be within (N − 1)/2 point distance from the initial contour.

We denote to all sequence of hidden states by S = {s} where s = {s1, . . . , sφ, . . . , sM} is a possible
state sequence and sφ is the state on the normal at φ. These sequences are corresponded to a possible
RBF centers location. The HMM observations O = {O1, . . . , Oφ, . . . , OM} is extracted from the
normal lines. HMM [9] is specified by three probability measures λ = (A,B, π), where A,B and π
are the probabilities for the transition, emission and the initial state. The transition between states s at
two normals φ and φ+1 is governed by set of probabilities called transition probabilities P (sφ|sφ+1)
and any state can only be observed by an output event according to associated probability distribution
called emission probabilities P (Oφ|sφ). Here, the output event is the image features extract from
each state at the normal.

In this work, we proposed to extract image observation from a classification-based cost function
and shape prior model. The optimal sequence of states s∗ can be efficiently found by the Viterbi
algorithm. The correspondence real sequence of RBF centers ct in the image domain is defined based
on a mapping function of the optimal states s∗ and the initial RBF centers ct−1 that computed in the
previous frame. The final border is interpolated by using Thin-plate RBF function.

2.1 Emission & Transition Probabilities

Image observations are modeled by two probability density function (PDF) one for the border and the
other for the background. Let Oφ = {oφ,1, . . . , oφ,ψ, . . . , oφ,N} is a set of features along the normal
φ and oφ,ψ is one feature extracted from point ψ on the line. P (oφ,ψ|FG) and P (oφ,ψ|BG) represent
the probability of that feature to belong to the contour and the background respectively. The emission
probability is defined as the following

P (Oφ|sφ) ∝ P (oφ,ψ|FG)
∏
ψ 6=sφ

P (oφ,ψ|BG). (1)

The likelihood of the observed variables Oφ from a state sφ is achieved by measuring the likelihood
of each feature oφ,ψ at index ψ of the line φ to belong to the contour and all the rest of features on that
line belong to the background. From a set of training data with manually labeled contour, we extract
features that correspond to the contour and the background and used it to learn the parameters mean
and variance of two Gaussian distribution FG and BG.

Baum-Welch and Viterbi training are popular estimation methods for the HMM parameters (A,B, π).
The Viterbi training is an approximation of the Baum-Welch method and is computationally much
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faster. However, it may perform less compared to the Baum-Welch method. In this work, we use the
Baum-Welch (Forward-Backward) algorithm [9] to define both the transition and prior probabilities.

2.2 Cost Function

The location of RBF centers is not known and is represented by HMM states. The inference of these
hidden states can be archived with the help of a set of observations. RBF centers can be observed by
determining the potential position of the contour. In an imaging application, the observation can be
varied from using just pixel intensity or detecting some features such as edge, ridges, or incorporating
prior information such as the color distribution of the object or more advanced shape prior model.

The cost function is defined on the image domain in which it is inversely proportional to the likelihood
of each pixel to belong to the contour. Here, two probability distribution FG and BK are estimated
from the cost function of the normal lines of the training data. The observation of the state-emission
oφ,ψ is extracted from a cost function ζ as the following:

oφ,ψ = ζ(xφ,ψ) (2)

Where xφ,ψ is the correspondence index on the image domain for state defined on the normal φ at
index ψ. The cost function is normalized by unit variance and can be combined with each other
depending on the application.

In this work, we proposed multi-cost functions based on a classification result to overcome the obsta-
cles of detecting and tracking the arterial wall. The image is unwrapped from the center point to polar
coordinates. Each column is classified to set of labels L where each of which has a distinct feature.
The proposed cost function can be defined as a combination of costs SCl(x, y) that is defined based
on the label l:

ζ(x, y) =
⋃
l∈L

⋃
p∈Nl

SCl(xp, yp) (3)

Where Nl is a set of columns p in polar coordinates that classified as label l. The cost SCl(x, y) can
have various forms based on not only edge or region costs, but also it can be a specific design cost to
handle any obstacles in the object.

The classification can be achieved by many methods such as support vector machine, adaptive boost-
ing, and random Forest. Here, we use the random forest (RF) classifier to arrange the image columns
N into a set of group depend on the labeling result. RF is an ensemble of decision trees in which
each tree is trained on randomly sampled data and features variables used to make a decision at each
node is also randomly selected. Haar-like features are used as features for the classifier. For each
column, Haar-like features are extracted from a 1D window in both vertical and horizontal direction
at different scales to highlight edge and bar features.

The shape prior is also incorporated into the cost function using a non-parametric density estimation
of the similarity between the initial segmentation and a set of shape templates as described in [3].

3 RESULTS

The IVUS dataset contains 10 in vivo pullbacks acquired by a 40 MHz transducer Boston Scientific
ultrasound machine. We randomly select 2 pullbacks for HMM training and 8 pullbacks for testing
(i.e., 26,390 images) and the evaluation were carried out on every 10th frame. The normal lines
have a length of 101 pixels with 51 RBF centers in polar coordinates. Four evaluation metrics are
used. The proposed method performance based on labeled groundtruth can be summarized as: 19.06
Hausdorff distance, 94.78% area overlap, 96.73% sensitivity and 97.71% specificity for detecting the
outer vessel wall. Figure 1 shows the longitudinal view of two IVUS pullbacks.

4 CONCLUSION

We presented a segmentation and tracking method based on HMM to detect the outer coronary ar-
terial wall in IVUS images. The method searches for the border along a set of normal lines based
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Figure 1: Longitudinal view of two different IVUS pullbacks, the proposed HMM (red), the classification-based
method (yellow) and groundtruth (green).

on the segmentation of the previous frame. The proposed method shows a good result despite the
segmentation challenges of acoustic shadowing and image artifacts.
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SUMMARY
We present an efficient approach for performing nonrigid registration for images with large defor-
mations in which the spatial transformation is constructed based on truncated hierarchical B-splines
(THB-splines). The adaptive local refinement algorithm efficiently captures both large and fine image
deformations by detecting the regions with large change in deformation and refining them locally.
As compared to uniform grid refinement, the proposed method is more computationally efficient and
accurate. The proposed algorithm is tested on 3D synthetic and brain MRI images to demonstrate the
performance of the method.

Key words: nonrigid image registration, THB-splines, adaptive local refinement, brain MRI images

1 INTRODUCTION

Image registration is one challenging problem with many significant applications in medical imaging
and computer vision [1, 2]. An image registration process computes an accurate correspondence
defined by the spatial transformation function, such that the images are aligned at the end of the
registration. It aims to integrate the data from images obtained at different time frames, from different
imaging modalities or even from different view angles. This gives us a better understanding of the
image by detecting important features and changes in these features.

In nonrigid registration it is possible to model more complex deformations unlike the rigid registration
methods, where we can only evaluate simple transformations such as translation, rotation and reflec-
tion. The spatial transformation function can be modeled using B-splines which have advantageous
properties in geometric modeling such as local control, smoothness and compact support. In [3], the
nonrigid image registration method based on representing the image using B-splines and carrying out
the registration process based on level set method was introduced. In our method, the computation
for the optimum spatial transformation function is carried out through the minimization of the energy
functional defined in [4, 5]. This energy functional is minimized using an L2-gradient flow method,
which generates an ordinary differential equation that is solved via the dynamic evaluation of the con-
trol points [5]. The ordinary differential equation can also be solved in an FEM-based framework [4].
The implementation is carried out on a hierarchy of uniform grids to capture both coarse and highly
localized deformations. However, this makes the computation of the spatial transformation function
more cumbersome as we increase the number of refinement levels by adding too many control points
in the domain. To avoid the challenges described above and improve the computational efficiency,
we propose an adaptive local refinement based registration framework, which enables only certain
regions of the image to undergo large deformation, keeping the rest of the control grid coarse. Image
registration through local refinement using hierarchical B-splines (HB-splines) have been previously
used in [6]. We introduce truncated hierarchical B-splines (THB-splines) [7] for adaptive local re-
finement in our framework, which help reduce overlap as the number of refinement levels increases
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and make the computation more efficient. In [8], we implemented adaptive local refinement using
THB-splines to solve 2D nonrigid image registration. The improvement in efficiency with respect to
the computational time and accuracy as compared to uniform grid refinement are highlighted. THB-
splines improve the matrix sparsity as compared to HB-spline refinement in FEM-based registration
framework making the registration process more robust for solving large linear system of equations.
In this paper, we present an efficient 3D nonrigid image registration method using THB-splines.

2 METHODOLOGY

2.1 Registration framework

The registration process involves the computation of the optimal spatial transformation function f(x),
that accurately maps the deformation of the source image (I1(x)) to align with the the target image
(I2(x)). We evaluate an optimal mapping f(x) such that I1(f(x)) ≈ I2(x). The spatial transformation
function f(x) is defined as f(x) =

∑Nb
m=1 Pmφm(x), where Pm are the control points associated

with the triquadratic B-spline basis functions φm(x), which creates a C1-continuous mapping from
R3 → R3. Nb represents the total number of basis functions.

This optimization is carried out by minimizing an energy functional E(f(x)), that measures the
amount of mismatch between the images. The detailed description of the formulation of E(f(x))
for 2D image registration can be found in [4, 5]. We define the energy functional for the 3D spatial
transformation function as

E(f(x)) =

∫
Ω
g(x)(I2(x)− I1(f(x)))2 dΩ + λ1

∫
Ω

(
‖f,ξ(x)‖22 + ‖f,η(x)‖22 + ‖f,ζ(x‖22

)
dΩ

+ λ2

∫
Ω

(
‖f,ξ(x)‖22‖f,η(x)‖22 − (< f,ξ(x), f,η(x) >)2

)
+ (‖f,η(x)‖22‖f,ζ(x)‖22

− (< f,η(x), f,ζ(x) >)2) + (‖f,ξ(x)‖22‖f,ζ(x)‖22 − (< f,ξ(x), f,ζ(x) >)2)dΩ

+ λ3

∫
Ω

(‖(f,ξ(x) · (f,η(x)× f,ζ(x))‖22)dΩ,

(1)

where λ1, λ2 and λ3 are the regularization parameters which are chosen according to the amount of
regularization needed for the registration process. f,ξ(x), f,η(x) and f,ζ(x) are the first derivatives of
f(x) in the three parametric directions ξ, η and ζ, respectively. < ·, · > is the inner product operator.
The term g(x) is defined as g(x) = 1√

γ+(∇ξI1(f(x)))2+(∇ηI1(f(x)))2+(∇ζI1(f(x)))2
. It accelerates the

registration in the smaller gradient regions and slows down the registration in the higher gradient
regions. To prevent the division by zero, γ is introduced and set as 10−12 in our method. The first
term in Eq. (1) minimizes the difference between the target image and the evolving source image.
The second, third and fourth terms associated with λ1, λ2 and λ3 respectively, impose regularization
constraints to ensure the smooth deformation of I1(f(x)) and generate a continuous mapping. Since
the energy functional is a function of f(x), we differentiate E(x) with respect to the control points
P and update their values according to Pt+1 = Pt − εδE(x), where Pt+1 and Pt are control points
evaluated at the current and previous iterations respectively. ε denotes the time step. To provide
a quantitative evaluation of the registration result, we evaluate similarity metrics, such as the mean
squared difference (MSD) and the similarity ratio (RS) [5]. RS is defined asRS(I2(x), It1(f(x))) =(

1− ||I2(x)−It1(f(x))||L2

||I2(x)−I1(x)||L2

)
× 100%, where It1(f(x)) is the image obtained at the tth iteration. RS =

100% corresponds to a perfect registration.

2.2 Adaptive local refinement using THB-splines

In [5], a multilevel image registration algorithm was proposed, where the registration is carried out on
a set of successively refined uniform grids. In the proposed adaptive local refinement method, instead
of carrying out uniform refinement in a hierarchical manner, only regions with large deformations are
refined. Local refinement is driven by the image difference, Ig = ||∇(I1(f(x)) − I2(x))||, which is
computed at the centroids of all the elements of the control grid. Regions with large Ig are locally
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Table 1: MSD and RS computed using the proposed adaptive local refinement algorithm
Image Level Iterations Control Points MSD RS (%)

Sphere-Torus 1 20 19, 683 1301.42 70.00
Image Size: 200× 200× 200 2 10 58, 605 260.81 86.57

Brain MRI 1 50 21, 870 300.61 58.59
Image Size: 200× 224× 200 2 50 41, 566 147.30 71.02

3 30 42, 058 131.59 72.61
4 10 43, 959 115.84 74.30

refined based on THB-spline refinement. The control points of the refined control grid are updated
and the spatial transformation function is computed. Using the spatial transformation function, a
new image is evaluated. The process terminates upon reaching the desired accuracy, that is, the best
possible match between the source and target images.

3 RESULTS AND CONCLUSIONS

We test the proposed algorithm on a synthetic (Fig. 1) and a medical image (Fig. 2). Table 1 shows the
number of control points and the values of MSD and RS at the end of each refinement level. In Fig.
1, the refinement parameter, ρ, is set to 2.5 for the second refinement level and the time step value ε is
set as 0.00015. RS at the end of registration is 86.57%, whereas RS at the end of registration with [3]
is 84.99%. We compare the computational time with uniform grid refinement. From Table 2, it can
be seen that compared to uniform refinement, our method can achieve the same accuracy efficiently.
For the brain MRI image (Fig. 2) obtained from [9], the registration process is carried out on more
refinement levels as compared to synthetic images. ρ is set to be 2.5, 5 and 5.5 for the second, third
and fourth level. ε is set as 0.0001 for the first two refinement levels and 0.0002 for the third and the
fourth refinement levels. In case of medical images we set ε to a lower value as compared to synthetic
images since we want to gradually deform the images in order to capture the features correctly. RS at
the end of registration is 74.3%.

(a) Source image (b) Target image (c) Registered image

Figure 1: Registration of Sphere to Torus (size: 200× 200× 200): the initial source image (a), target
image (b) and the final registered image (c).

Table 2: Comparison of our method (THBS) with uniform B-spline refinement (UBS).
Image Level Iterations Control Points RS (%) CPU time per iteration (s)

UBS THBS UBS THBS UBS THBS UBS THBS
Sphere-Torus (Fig. 1) 1 20 20 19, 683 19, 683 70.00 70.00 130.1 130.1

Image Size: 200× 200× 200 2 10 10 1, 40, 608 58, 605 86.66 86.57 351.2 231.3

In conclusion, we propose a 3D nonrigid image registration algorithm that can efficiently perform
registration for images with large deformations. The registration process is performed on a series
of control grids that are adaptively refined using THB-splines. By locally detecting and refining
regions that undergo highly localized fine-scale deformations, we can capture both large and fine
scale deformations in the image without introducing too many control points. Due to the memory
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(a) Source image (b) Target image (c) Registered image

(d) Level-2 mesh (e) Level-3 mesh (f) Level-4 mesh

Figure 2: Registration of brain MRI image (size: 200 × 224 × 200): the initial source image, target
image and the final registered image are shown in (a-c). The adaptively refined control grids obtained
at the levels 2, 3 and 4 are shown in (d-f).

limitation of our current implementation, we are only able to refine images to a limited extent and
thus the accuracy while registering brain MRI images is still yet to be improved. In our future work,
we will focus on improving the memory overload problems and improve the registration accuracy for
the brain MRI images.
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SUMMARY 
 

Central nervous system (CNS) tissues are known to have a cardiac-synchronized motion. In the 
present study, we evaluated a novel cine displacement encoded stimulation echo (DENSE) MRI 
sequence to quantify the intracranial neural tissue motion and strain on multiple two-dimensional 
planes throughout the brain volume of a healthy subject. Our results demonstrated the asymmetrical 
patterns of brain tissue motion and the elevated strain near the inferior frontal lobe and the lateral 
pre-frontal cortex. These preliminary results establish the feasibility of the cine-DENSE technique 
to investigate the relationship between CNS tissue motion and strain in neurological disorders. 
 
Key words: Central Nervous System, DENSE MRI, Displacement Mapping, Strain Analysis 
 
 
1  INTRODUCTION 
 
 Cardiac-synchronized pulsatile motion of the central nervous system (CNS) tissues, such as 
brain and spinal cord, has been documented in several studies and is believed to be caused by the 
transmission of the arterial pulse into the cerebrovascular system [1, 2]. Investigations using various 
MRI techniques have demonstrated the alterations of CNS tissue motion in various neurological 
disorders such as Chiari malformation and syringomyelia [3]. Previous efforts were mainly focused 
on quantifying the bulk CNS tissue motion. However, the distribution of displacements and the 
resulting strain fields on neural tissue have not been investigated thoroughly. Also, most of the 
previous measurements of CNS tissue motion were performed on a single two-dimensional plane 
(typically mid-sagittal).  
 DENSE MRI, originally developed for evaluating myocardial tissue motion, is an imaging 
modality that encodes tissue displacements into the phase of the recorded MR signals. The 
application of this technique for measuring pulsatile brain motion on a pixel-by-pixel basis over a 
single mid-sagittal plane has been recently demonstrated by Zhong et al. [4]. In this pilot study, we 
used a cine-DENSE MRI sequence to quantify the brain tissue displacement maps. We subsequently 
computed the principal strains over multiple sagittal planes of a healthy human brain. Our goal in the 
present study, was to evaluate the feasibility of using DENSE MRI to obtain a more comprehensive 
picture of the brain tissue motion and strain. 

 
2  METHODOLOGY 
 
 DENSE MRI was carried out on an adult healthy volunteer using a work-in-progress  sequence. 
In brief, mid-sagittal brain and cervical spinal cord MR images were localized using a rapid scout 
scan on a 1.5T whole body scanner equipped with a four-channel head coil and a single channel neck 
coil (Avanto, Siemens Medical Solutions, Germany). Three multiphase data sets were acquired for 
displacement encoding in directions craniocaudal (head-foot), dorsal-ventral, and medial to lateral. 
Phase reference images without displacement encoding were also acquired to correct the background 
phase error due to field inhomogeneity. The images were acquired for approximately 700 ms during 
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each cardiac cycle after the R wave of ECG with a total of 16 cardiac phases. Other imaging 
parameters were: FOV = 262 x 350 mm, matrix = 192 x 256, slice  
thickness = 7 mm, temporal resolution = 34 ms, echo time = 1.9 ms, flip angle = 15°, and 
displacement encoding frequency = 1.5 cycle/mm. Subject was imaged in the supine position with 
the neck in a neutral position. 
 An internally-developed MATLAB-based software was used to post-process and analyze the 
obtained phase images. The post-processing steps included: noise filtering, automatic spatial and 
temporal phase unwrapping [5], manual phase unwrapping (only when necessary), and region of 
interest (ROI) selection. Furthermore, sagittal two-dimensional Eulerian displacement map measured 
by the DENSE sequence were analyzed to quantify the CNS tissue deformation in terms of peak bulk 
displacement, motion distribution. The deformation data were used to calculate principal Lagrangian 
Green strain [6, 7], for different brain structures as described below. 
 To calculate principal strains, first, a structured quadrilateral grid was generated in the selected 
ROI. Next, the position of voxels in the un-deformed (referential) and deformed coordinates, denoted 
respectively as X and x, were used to calculate the two-dimensional deformation gradient tensor F 
and translation vectors, p: 
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where the number of nodes per elements (i.e. n in equation (1)) was 4. Using the deformation gradient 
tensor, the Green-Lagrangian strain tensor was computed as E=1/2(C-I), with C being the right 
Cauchy-Green deformation tensor defined as C = FTF and I being the identity matrix. The principal 
strain was calculated as the maximum eigenvalue of E.   
 

  
3  RESULTS AND CONCLUSIONS 
 
 Figure 1 shows the mean two-dimensional displacements of seven different brain regions as a 
function of time in the cardiac cycle. Generally, only the first two third of the cardiac cycle is 
considered to be reliable data [5] due to signal-to-noise ratio decay during the acquisition of cine 
DENSE. As such, the discarded portion of the cardiac cycle is shaded in Figure 1. The maximum 
measured displacements of brain previously reported in the literature for healthy subjects was in the 
range 0.17 - 0.43 mm [3]. In the present study, the CNS tissues motions were markedly smaller than 
the previously reported values. We found that tissues constituting the brain stem (midbrain, pons, and 
medulla) had the largest motion with peak displacement of 0.16 mm for the medulla. The smallest 
intracranial displacement occurred in the occipital lobe with peak displacement of 0.027 mm. Similar 
trends were observed in previous studies on healthy subjects [2, 4].  
 In accordance with a previous study, the largest motion in the brain stem of the healthy 
volunteer was observed approximately 330 ms after the cardiac R wave [4]. Also, the peak 
displacement of brain stem and tonsils tissues occurred at the same time point demonstrating the lack 
of relative motion between these structures.  

 
Figure 1 Mean displacement waveforms for different brain structures of a healthy volunteer measured 
from the mid-sagittal plane. The last one-third of the cardiac cycle (shaded region) is discarded in the 

analysis due to the low signal-to-noise ratio. 
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Figure 2 Distribution of medial to lateral brain tissue motion on coronal slices of a healthy volunteer 
brain. Numbers in brackets indicate the maximum left-to-right (positive) and right-to-left (negative) 

displacement for each slice. Images were captured at the time point corresponding to peak 
displacement. 

 Figure 2 shows the distribution of the medial to lateral displacement of brain tissues on multiple 
coronal planes throughout the brain volume. CNS tissue displacements were observed to be 
asymmetric with larger displacements on the right-hand-side and the inferior parts of the brain. As 
the brain tissue motion is thought to be originated from vascular pulsations, the observed 
displacement patterns could reflect the asymmetry of the blood pressure in the brain vasculature of 
the healthy subject evaluated in the current study. Our results also showed that the evaluation of brain 
motion on a single mid-sagittal plane, as done in most previous studies, does not give a 
comprehensive picture of the CNS tissue motions.  
 Figure 3 compares the distribution of the craniocaudal displacement and the principal strain on 
multiple sagittal slices at the time point corresponding to the peak displacements. Similar to the trend 
observed in Figure 1, near the mid-sagittal plane, the craniocaudal tissue motions were noticeably 
greater on the brain stem and cerebellum structures compared to other parts of the brain. The large 
difference between the displacement of brain stem and the more inferior regions of the cerebrum was 
manifested in the increased principal strain below the corpus colosseum, as shown with the arrow at 
+5 location in Figure 3.  
 Similar to the patterns observed in the medial to lateral CNS tissue motion (Figure 2), the 
increased craniocaudal motions were transmitted mainly to the brain tissues in the right hemisphere 
(positive slice locations in Figure 3). As such, elevated motions were observed on the midbrain and 
the inferior frontal lobe at +9 and +23 mm slice locations, respectively. While the high strain region 
at +23 location (shown with arrows) corresponds to the brain tissue near the medial inferior frontal 
lobe, at +9 location, the regions with elevated strain were observed near the boundaries of different 
brain structures at the lateral ventricles and near the CSF space superior to the cerebellum. These 
regions are not a real representation of increased strain, as they demonstrate the separation of 
different structures and not a displacement gradient in one structure. Similar high strain regions were 
observed on other slices on both sides of the brain (see arrows on +37 mm, -19 mm, and -47 mm 
slice locations). Finally, regions with elevated strains were detected near the lateral pre-frontal cortex 
on the two most lateral slices (+51 mm and -60 mm). The proximity of these slices to the lateral 
edges of the cerebrum made it hard to determine whether the observed increase in the strain 
corresponds to the tissues or is an artifact caused by the adjacent cranial subarachnoid space CSF. 
 Future studies with a larger control population are needed to elucidate the significance of the 
observed motion and strain patterns. In addition, analysis of CNS tissue motion and strain using the 
technique described in this study might lead to better understanding of the pathophysiology of CNS 
diseases such as Chiari malformation and syringomyelia.     
 In conclusion, we have demonstrated that the cine-DENSE MRI can be used to measure brain 
tissue displacement and strain on multiple two-dimensional planes throughout the brain volume. The 
results of this study establish the feasibility of the cine-DENSE technique to investigate the 
relationship between CNS tissue motion and strain in neurological disorders. 
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Figure 3 Distributions of craniocaudal motion (second inset in each slice) and principal strain (third 
inset in each slice) in the sagittal slices of a healthy volunteer brain. Numbers in brackets indicate the 

maximum left-to-right (positive) and right-to-left (negative) displacement for each slice. Numbers 
indicate the distance from the mid-sagittal slice. Images were captured at the time point corresponding 

to peak displacement. 
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SUMMARY
In this talk, computational model of fluid-structure interaction (FSI) for simulating flow-elastic mem-
brane with mass and a continuum model for studying the structural stability of clots will be presented.

Key words: Blood clot; FSI, phase field; Energetic variation

1 INTRODUCTION

When a blood vessel ruptures or gets inflamed, the human body responds by rapidly forming a clot
to restrict the loss of blood. Platelets aggregation at the injury site of the blood vessel occurring via
platelet-platelet adhesion, tethering and rolling on the injured endothelium is a critical initial step in
blood clot formation.

Blood clotting is a multiscale process involving blood cells, fibrinogen polymerization, coagulation
reactions, ligand-receptor interactions and blood plasma flow. Detailed multiscale models of blood
clotting to cover all aspects of clotting are, if not possible, extremely difficult to develop. Models
focusing on specific events across one or two spatial-temporal scales seem to be plausible.

In this talk, computational model of fluid-structure interaction (FSI) for simulating flow-elastic mem-
brane with mass and a continuum model for studying the structural stability of clots will be presented.
The new FSI model is derived by using the energy law and distributed-Lagrange-multiplier/fictitious-
domain (DLM/FD) formulation.

The FSI model was verified by comparing simulation results with analytical solutions and available
model simulation data [1]. Next, we validated the model by comparing the simulation results with
the experimental data [2] on flipping platelets flowing over a vWF-coated surface. Calibrated 3D
model was used to predict how the stiffness of a platelet membrane, the number of receptors on
platelet membrane and the strength of platelet-platelet adhesion affect the paused time of the platelet
adhering to a vessel wall.

The continuum model for studying the structural stability of clots utilized the phase field and energetic
variational approaches. Simulation results show that rheological response of the blood clot to the flow
is determined by mechanical and structural properties of its components. Two main mechanisms are
shown to significantly affect volume of the already formed clot: dynamic balance between platelet
adhesion and platelet removal by the flow on the blood clot surface and removal of parts of the clot
through rupture.
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SUMMARY 

 

 

An osteocyte, living in a fluid-filled matrix composed of the lacuna and many radiating 

canaliculi, has been found to be responsible for mechanical sensing leading to bone growth 

or decay.  However, it is not well understood which part of the osteocyte actually senses 

the mechanical forces. Due to the complexity of the fluid-osteocyte-lacuno-canalicular 

(FOLC) system, it is difficult to study the FOLC system in situ; instead, mathematical 

modeling and computer simulation is viable. We discuss a FOLC model in 2D and 

subsequent simulation by the lattice Boltzmann (LB) method of fluid flow over the 

osteocyte in the lacuna-canaliculi system. 
 

 

Key words:  Osteocyte, lattice Boltzmann method, modeling and simulation 

 

 

 

 

1   INTRODUCTION 

 

Bones are extremely important parts of vertebrate skeleton. They bear the body’s weight, shield 

organs, store minerals, facilitate mobility, and generate erythrocytes and leukocytes. 

Mechantranduction-associated diseases, osteoporosis and fracture, have become an increasingly 

severe, worldwide healthcare problem. This is due to a lack of physical activity in seniors, the 

bedridden, and inactive youth [1]. Osteocytes, residing in the mineralized bone matrix, are 

responsible for mechanotransduction. An osteocyte with its nucleus locates in a lacuna, and its 

dendritic cell processes locates in a network of canaliculi. The interstice between osteocyte’s 

membrane and a lacunar wall is ~ 1 µm, and that between the process membrane and canalicular 

wall is ~ 0.1 µm. The interstices are filled with a salt-water-like fluid, as well as cell glycocalyx 

and pericellular matrix (PCM). When bone matrix is mechanically loaded, the fluid in the lacuna-

canalicular network is forced to move through the glycocalyx/PCM. The extreme hardness of the 

bone matrix along with the complex geometry of the lacuno-canalicular network enclosing the cell 

and the interstitial fluid flow around it makes in vivo studies difficult. As such, mathematical 

modeling and numerical simulation are particularly valuable. 

 

There exist many modeling and simulation works in the literature related to the osteocyte-fluid in 

the lacuna-canaliculi system [2-10]. However, almost all of the works assume that the canaliculi are 

straight tubes or channels and the glycocalyx and pericellular matrix are not incorporated into the 

model. Here in our work, we introduce a simple 2D computational model of fluid-osteocyte in LC 

network in which the canaliculi are modeled as curved channels and the glycocalyx and pericellular 

matrix as fixed “particles”. The complicated flow is numerically solved by the lattice Boltzmann 

method.   
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2  METHODOLOGY 

 

Our mathematical model is as follows. The osteocyte is modeled as a rigid ellipse (in dark); the 

lacuna as the space between two ellipses (white); and the glycocalyx and PCM as uniformly 

randomly distributed fixed “particles” in the lacuna. The bone matrix is modelled as fixed rigid 

solid (dark part exterior to the osteocyte). Six canaliculi are modelled as curved channels within the 

bone matrix. The extracellular fluid is modelled as pure water. Intracellular fluid is not 

incorporated. See Fig. 1 (not to scale) for an illustration of the model. Fluid flows into the three 

canaliculi touching the left and bottom edges of the bone matrix, and flows out of the remaining 

canaliculi. Fluid velocity is prescribed at the three inlets and outlets such that total influx equals to 

the total out flux. The no-slip boundary condition is used on all walls of the lacuna and canaliculi.                                                                                                                                                      

  

Figure 1. 2D model of the fluid-osteocyte 

system 

 

The flow domain is the entire white region in 

the Fig. 1, which is highly complex. To 

computationally model fluid flow in such a 

domain, the lattice Boltzmann approach [11, 

12] is adopted (the D2Q9 model). In this 

model, at each fluid node on the center of a 

square lattice the fluid particles may move 

along eight directions and may also stay at the 

node. These are four directions connecting the 

center to the center of each side; and the other 

set of four diagonal directions. Given a 

direction , j = 0,1,2,…,8, the single-particle 

velocity distribution function  along this 

direction is updated by the following lattice 

Boltzmann equation:   

 

                         ,                                (1) 

 

where  is the space, t is the time,   is the relaxation time, and  is the equilibrium distribution 

function. The distribution functions are given at the initial time by the equilibrium distribution and 

are updated by Eq. (1) once at a time for all later times until the terminal time. The bounce-back 

scheme is used to model the no-slip boundary condition on all rigid walls. 

  

 

3  RESULTS AND CONCLUSIONS 

 

Series of simulations with different flow boundary conditions, numbers of canaliculi with varying 

geometry and size were designed and performed. Velocity/vorticity fields, in particular, the wall 

shear and normal forces applied by the flow on the osteocyte surface, were all computed and 

visualized. Each simulation used 512 x 512 nodes covering the entire computational domain. 

Simulations were run up to 10,000 in LB unit. Preliminary results were presented in [13]. Some 

typical computational results are given as follows.  

 

The left panel in Fig. 2 plots the flow velocity in the lacuna-canaliculi by short line segments with 

arrows (their lengths are proportional to the speeds and arrows indicate the flow directions). The 

right panel plots the vorticity contours of the flow. The left panel visualizes the total force 
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(dimensionless) acting on the osteocyte surface along x and y axes versus time. The right panel 

visualizes the distribution of tangent force on the osteocyte surface when the flow reaches the 

steady state.  

By comparison of computational results, we have found that the total forces exerted on the 

osteocyte surface by flowing fluid become significantly larger when the glycocalyx and PCM are 

incorporated in the model (as “particles”) and the geometry and size of the canaliculi do not seem 

to have any significant influence on the forces on the osteocyte surface once the flow becomes 

stationary for fixed influx. More simulations are being designed and performed to further 

substantiate the preliminary findings.   

                                                                                                                       

                                         

 

                Figure 2. Flow velocity (left panel) and vorticity contours (right panel) 

 

 

                                 

 Figure 3. Total force exerted on the osteocyte surface (left) and tangent force distribution (right) 

 

 

                                                      

        ACKNOWLEDGEMENTS 

 

L. Zhu thanks the support of the US NSF under the research grant DMS-1522554.  

 

REFERENCES 
 

 

 

1. Klein-Nulend, J., R. Bacabac, and A. Bakker, Mechanical loading and how it 

affects bone cells: the role of the osteocyte cytoskeleton in maintaining our 

skeleton. Eur Cell Mater, 2012. 24: p. 278-91. 

583



2. Weinbaum, S., S. Cowin, and Y. Zeng, A model for the excitation of osteocytes by 

mechanical loading-induced bone fluid shear stresses. Journal of biomechanics, 

1994. 27(3): p. 339-360. 

3. Klein-Nulend, J., et al., Sensitivity of osteocytes to biomechanical stress in vitro. 

The FASEB Journal, 1995. 9(5): p. 441-445. 

4. You, L., et al., A model for strain amplification in the actin cytoskeleton of 

osteocytes due to fluid drag on pericellular matrix. Journal of biomechanics, 2001. 

34(11): p. 1375-1386. 

5. Han, Y., et al., Mechanotransduction and strain amplification in osteocyte cell 

processes. Proceedings of the National Academy of Sciences of the United States of 

America, 2004. 101(47): p. 16689-16694. 

6. Kamioka, H., et al., Microscale fluid flow analysis in a human osteocyte 

canaliculus using a realistic high-resolution image-based three-dimensional model. 

Integrative Biology, 2012. 4(10): p. 1198-1206. 

7. Wang, Y., et al., A model for the role of integrins in flow induced 

mechanotransduction in osteocytes. Proceedings of the National Academy of 

Sciences, 2007. 104(40): p. 15941-15946. 

8. Wang, L., J. Dong, and C.J. Xian, Strain Amplification Analysis of an Osteocyte 

under Static and Cyclic Loading: A Finite Element Study. BioMed research 

international, 2015. 2015( Article ID 376474). 

9. Fan, L., et al., A multiscale 3D finite element analysis of fluid/solute transport in 

mechanically loaded bone. Bone Research, 2016. 4: p. 16032. 

10. Joukar, A., H. Niroomand-Oscuii, and F. Ghalichi, Numerical simulation of 

osteocyte cell in response to directional mechanical loadings and 

mechanotransduction analysis: considering lacunar-canalicular interstitial fluid 

flow. Computer Methods and Programs in Biomedicine, 2016. 

11. Chen, S. and G.D. Doolen, Lattice Boltzmann method for fluid flows. Annual 

Review of Fluid Mechanics, 1998. 30: p. 329-364. 

12. Zhu, L., et al., Simulation of fluid slip at 3D hydrophobic microchannel walls by the 

lattice Boltzmann method. Journal of Computational Physics, 2005. 202(1): p. 181-

195. 

13. Sanden, M., R. Zigon, and L. Zhu, Modeling and simulation of fluid flow over an 

osteocyte in two dimensions. Presented at the Indiana Undergraduate Math 

Research Conference, Indianapolis, July 25, 2016. 
 

584



5th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2017

10–12 April 2017, United States

P. Nithiarasu, A.M. Robertson (Eds.)

A MIXED FINITE ELEMENT METHOD FOR MODELING THE
FLUID EXCHANGE BETWEEN MICROCIRCULATION AND

TISSUE INTERSTITIUM

Domenico Notaro1, Laura Cattaneo2, Luca Formaggia3, Anna Scotti4, and Paolo Zunino5

1MOX, Department of Mathematics, Politecnico di Milano, piazza Leonardo da Vinci 32, 20133 Milano,
domenico.notaro@mail.polimi.it

2MOX, Department of Mathematics, Politecnico di Milano, piazza Leonardo da Vinci 32, 20133 Milano,
laura1.cattaneo@polimi.it

3MOX, Department of Mathematics, Politecnico di Milano, piazza Leonardo da Vinci 32, 20133 Milano,
luca.formaggia@polimi.it

4MOX, Department of Mathematics, Politecnico di Milano, piazza Leonardo da Vinci 32, 20133 Milano,
anna.scotti@polimi.it

5MOX, Department of Mathematics, Politecnico di Milano, piazza Leonardo da Vinci 32, 20133 Milano,
paolo.zunino@polimi.it

SUMMARY
The aim of this work is to develop a computational model of the interplay between microcirculation
and interstitial flow. Such phenomena are at the basis of the exchange of nutrients, wastes and pharma-
cological agents between the cardiovascular system and the organs. They are particularly interesting
for the study of effective therapies to treat vascularized tumors. We develop a model applicable at the
microscopic scale, where the capillaries and the interstitial volume can be described as independent
structures capable to propagate flow and chemicals.

Key words: microcirculation, mixed finite elements, dimensional model reduction

1 INTRODUCTION

We aim at performing large scale simulations of microcirculation. In the context of blood flow,
the application of geometrical model reduction techniques plays an essential role, see for example
[8, 18]. In particular, small vessels embedded into a continuum can be described as one-dimensional
(1D) concentrated sources, in order to reduce the computational cost of simulations. Although the
coupling of three-dimensional (3D) continua with embedded (1D) networks arises in applications
of paramount importance such as microcirculation, flow through perforated media and the study of
reinforced materials, it has not been well investigated yet.

Two remarkable examples of methods that were previously proposed to overcome the challenges of
simulating small objects into a continuum are the immersed boundary methods [13, 17, 22] and the
fictitious domain methods [9, 10, 21]. Although they share some similarities with the approach that
we pursue here, they have never been applied for solving coupled partial differential equations on
embedded domains.

In the particular case of microcirculation, many ad-hoc approaches have been proposed. Since capil-
laries can be modelled as long and narrow cylindrical vessels, asymptotic expansions that exploit the
large aspect ratio of the channel can be derived to approximate the fluid exchange from one capillary
to the surrounding tissue. This idea has been successfully exploited to study the microvascular flow
in simple arrays of capillaries [1, 6, 7]. However, vascular networks are characterized by a complex,
possibly irregular geometry. The previous semi-analytic methods may be hardly applied to realistic
configurations. We believe that numerical methods may override this obstacle. For example, the
method of Green’s functions, has been extensively applied to the study complex vascular networks of
tumors [11, 19, 20].
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In this work we aim to move away from ad-hoc approaches and cast the microcirculation problem into
a new unified framework to formulate and approximate coupled partial differential equations (PDEs)
on manifolds with heterogeneous dimensionality. The main computational barrier consists in the ill-
posedness of restriction operators (such as the trace operator) applied on manifolds with co-dimension
larger than one. Following the approach introduced in [5, 12, 4], we will overcome the computational
challenges of approximating PDEs on manifolds with high dimensionality gap [16]. The main idea
consists of introducing nonlocal restriction operators that combine standard traces with mean values
of the solution on low dimensional manifolds, in order to couple the problem solution in 3D with
the one in 1D. This new approach has the fundamental advantage to enable the approximation of the
problem using Galerkin projections on Hilbert spaces, which could not be otherwise applied, because
of regularity issues.

Within this general framework, the specific objective of this work is to formulate the microcirculation
problem as a system of coupled 1D and 3D partial differential equations governing the flow through
the capillary network and the interstitial volume, respectively. In order to obtain a good approxima-
tion of pressure and velocity fields, and in particular to satisfy mass conservation, we formulate the
problem in mixed form. Then, we derive a discretization method based on mixed finite elements. We
will also address applications of the method to study pathologies related to microcirculation, such as
cancer [3, 2, 14, 15].

2 METHODOLOGY

We propose a mathematical model for fluid transport in a permeable biological tissue perfused by
a capillary network. The domain where the model is defined is composed by two parts, Ω and Λ,
denoting the interstitial volume and the capillary bed respectively. We assume that the capillaries
can be described as cylindrical vessels and Λ denotes the centerline of the capillary network. The
capillary radius, R, is for simplicity considered to be constant. We decompose the network Λ into
individual branches Λi. Branches are parametrized by the arc length si; a tangent unit vector λλλ i is
also defined over each branch, defining in this way an arbitrary branch orientation. Differentiation
over the branches is defined using the tangent unit vector as ∂si := ∇ ·λλλ i on Λi, i.e. ∂si represents
the projection of ∇ along λi. The blood flow along each branch is described by Poiseuille’s law for
conservation of momentum and mass:

ui
v =−

R2

8µ

∂ pv,i

∂ si
λλλ i, −πR2 ∂ui

v

∂ si
= gi on Λi, (1)

where gi is the transmural flux leaving the vessel. As a consequence of the geometrical assumptions,
the vessel velocity has fixed direction and unknown scalar component along the branches, namely
ui

v = ui
vλλλ i. We shall hence formulate the vessel problem using the scalar unknown uv. The governing

flow equations for the whole network Λ are obtained by summing (1) over the index i.

We consider the interstitial volume Ω as an isotropic porous medium, described by the Darcy’s law,
namely

ut =−
1
µ

IK∇pt , (2)

where ut is the average velocity vector in the tissue, IK = kI is the isotropic permeability tensor, µ is
the viscosity of the fluid and pt is the fluid pressure.

The coupled problem for microcirculation and interstitial flow reads as follows

µ

k
ut +∇pt = 0 in Ω,

∇ ·ut − f (pt , pv)δΛ = 0 in Ω,

8µ

R2 uv +
∂ pv

∂ s
= 0 in Λ,

∂uv

∂ s
+

1
πR2 f (pt , pv) = 0 in Λ.

(3)
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Figure 1: Visualization of the 3D/1D coupled pressure and velocity fields.

The constitutive law for blood leakage from the capillaries to the tissue is provided by means of
Starling’s law of filtration,

f (pt , pv) = 2πRLp(pv− p̄t), (4)

with

p̄t(s) =
1

2πR

∫ 2π

0
pt(s,θ)Rdθ . (5)

3 RESULTS AND CONCLUSIONS

The numerical solution of a simplified problem is visualized in Figure 1. Unitary parameters κv = 1,
R′ = 1, Q = 1 are used. These simulations confirm that the model captures the characteristic traits of
microcirculation. More advanced numerical simulations will be presented and thoroughly discussed,
with particular focus on the cancer treatments based on the delivery of nanoparticles [15, 14].
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SUMMARY
Biological tissues are predominantly made of nearly incompressible materials. This material property
requires special consideration in the design of numerical methods. Traditional mixed finite element
methods require special displacement-pressure elements to satisfy the inf-sup condition. In particular,
low-order tetrahedral elements are known to be intractable for incompressible materials. On the other
hand, for complex geometries like patient-specific arterial and cardiac walls, automatic meshing is
still confined to tetrahedral elements. In this work, the finite strain hyperelasticity problem is written
into a first-order system, and a variational multiscale formulation is developed for the finite-strain
hyperelasticity. This formulation allows one to solve nonlinear incompressible elastodynamics with
simple tetrahedral elements. The generalized-α method is applied for the time integration. A seg-
regated two-stage algorithm is designed by leveraging the special structure of the first-order system.
This algorithm significantly reduces the computational burden of the implicit solver. A set of three-
dimensional numerical examples will be presented to demonstrate the effectiveness of the proposed
algorithm.

Key words: Variational multiscale methods, Tetrahedral element, Incompressible solids, Biological
tissue modeling

1 INTRODUCTION

Numerical predictions of mechanical responses of biological tissues are critical in the understanding
of disease progression as well as in the optimal design of surgical and treatment planning [11]. Reli-
able predictions require robust, accurate, and efficient algorithms for biomechanical equations. These
problems are typically described by continuum mechanics equations with constitutive relations char-
acterizing the material behavior. Most biological tissues exhibit special material properties that are
different from classical engineering materials. For example, they are highly deformable, dissipative,
anisotropic, and nearly incompressible [5]. Among these material properties, incompressibility is
critical because it poses restrictions on the choice of numerical methods. It is known that an improper
choice of numerical schemes may lead to mesh locking when solving nearly or fully incompressible
elasticity [9]. The incompressibility constraint can be addressed by choosing mixed finite elements
that satisfy the celebrated Ladyzhenskaya-Babuška-Breezi (LBB) condition. One critical result is that
low-order simplicial (tetrahedral or triangular) elements do not satisfy the LBB condition [9]. Thus
existing methods for incompressible materials either are tailored to hexahedral/quadrilateral elements
or necessitate complicated numerical treatments for simplicial elements.

At the same time, simulations of biological tissues are now being coupled with fluid dynamics to
perform fluid structure interaction simulations in patient-specific geometries. However, complex
patient-specific geometries create a bottleneck for mesh generation. To date, automatic mesh gen-
eration for hexahedral/quadrilateral elements remains an area of active research, and creating a hex-
ahedral/quadrilateral mesh for arbitrary complex geometries is still a time-consuming and arduous
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procedure. However, mesh generation algorithms for tetrahedral elements are mature and widely
used [15]. Therefore, it is desirable to develop a numerical method that can handle incompressible
materials with simple, low-order tetrahedral elements.

The stabilized finite element technology was initially developed in the context of fluid mechanics
[2, 8]. The concept was then summarized as the variational multiscale method (VMS), which provides
a general framework for deriving numerical schemes in computational mechanics [10]. One particular
feature of the VMS is that it provides pressure stabilization and help circumvent the LBB condition.
With the aid of the VMS, convenient implementations, such as the linear equal-order velocity-pressure
element pair, can be applied to solve the incompressible Navier-Stokes equations. This numerical
technology has been widely adopted in blood flow simulations in recent work [3, 4, 12, 13]. Over
the years, extension of the VMS to nonlinear solid mechanics has been pursued by several groups
[14]. However, most of these studies focus on static problems and are non-trivial to generalize to
dynamic calculations. In this work, we will first derive a general continuum model that contains
an elastic stress term and a viscous stress term in the Cauchy stress. This model may conveniently
recover the incompressible Navier-Stokes equations as well as the finite hyperelasticity by choosing
an appropriate thermodynamic potential and material moduli. In doing so, the well-established VMS
scheme for large eddy simulations in incompressible flows can be naturally extended to the solid
mechanics equations. We will construct a VMS scheme for the finite hyperelasticity based on the
above derivation and spatially discretize the equations using linear tetrahedral elements. In structural
dynamics, the generalized-α method [6] enjoys great popularity since it is unconditionally stable,
second-order accurate, and dissipative on high-frequency modes [9]. We choose the generalized-α
method for the temporal discretization.

2 METHODOLOGY

Our discussion is based on a general continuum mechanics modeling framework taking the following
form.

du

dt
= v,

dρ

dt
+ ρ∇x · v = 0,

ρ
dv

dt
= ∇x · σ + ρb.

The first equation describes the kinematics; the second equation describes the mass conservation; the
last equations describe balance of linear momentum. The constitutive relation for the Cauchy stress
σ is derived from the Coleman-Noll procedure and can be expressed based on the Gibbs free energy
G:

σ = J−1F̃

(
P : 2

∂ρ0G

∂C̃

)
F̃ T − pI + 2µ̄dev[d] +

(
2

3
µ̄+ λ̄

)
∇x · vI.

The first term in the expression represents the isochoric elastic stress, the second term is the thermo-
dynamic pressure, the third term gives the viscous shear stress, and the last term gives the viscous
bulk stress. In particular, choosing the viscosity coefficients µ̄ and λ̄ to be zero, the model frame-
work recovers the finite hyperelasticity problem [7]. Following the VMS concept, we derive a VMS
formulation for the finite hyperelasticity problem as

0 =

∫
Ωt

x

ψ

(
du

dt
− v

)
dΩx,

0 =

∫
Ωt

x

qβ
dp

dt
+ q∇x · vdΩx +

∫
Ωt′

x

∇xq · τm
(
ρ
dv

dt
−∇x · σ − ρb

)
dΩx,

0 =

∫
Ωt

x

wρ
dv

dt
+∇xw : σ − ρbdΩx +

∫
Γ
ht
x

w · hdΓx +

∫
Ωt′

x

∇x ·wτc
(
β
dp

dt
+∇x · v

)
dΩx,
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Figure 1: The vertical displacement of the three-dimensional block compression benchmark problem. The
problem setting can be found in [1]. The left figure shows the result obtained from the proposed VMS scheme;
the right figure shows the result obtained from the classical F̄ projection method [1].

wherein the stabilization parameters are defined as

τm =

(
Ct

∆t2
+ CIµ

2G : G

)− 1
2

, τc = (τmg · g)−1 , Gij =

nsd∑
k=1

∂ξk
∂xi

∂ξk
∂xj

, gi =

nsd∑
k=1

∂ξk
∂xi

.

This set of weak-form problems will be discretized in space by linear tetrahedral elements and in
time by the generalized-α method. The nonlinear system of equations is solved by the Newton-
Raphson solution technique with consistent linearization. Due to the use of the displacement-velocity
relation for the kinematics, the resulting linearized system enjoys a special structure. A detailed
analysis of the tangent matrix will be performed and a segregated algorithm will be proposed based
on a block decomposition of the tangent matrix. This algorithm is based on the observation that the
full tangent matrix can be decomposed into two smaller linear systems, and the Newton-Raphson
solution procedure can be written into a two-stage algorithm. This segregated algorithm significantly
reduces the computational burden in the implicit solver. This feature makes the algorithm an attractive
candidate for the numerical simulation of biomaterials.

3 RESULTS AND CONCLUSIONS

In order to demonstrate the performance of the preceding algorithm, the three-dimensional com-
pression of a block, a classical benchmark for incompressible solids, is simulated to corroborate the
effectiveness. In Figure 1, the simulation results using the proposed VMS method and the classical
F̄ projection method [1] are depicted. The quantity of interest is the vertical displacement. It can be
seen that the result from the VMS method is almost identical to the one from the F̄ projection method.
The convergence of the scheme will be further studied by using the manufactured solution method
as well as comparing the solutions with overkill solutions. In the last, we will simulate tensile tests
of adventitial strips with embedded collagen fibres and compare with previous results using Q1/P0
elements [5].

In this work, we develop spatial and temporal numerical methods with particular reference to the
incompressible elasticity, a ubiquitous feature in biomaterials. The proposed numerical methods
enjoy promising features and are anticipated to impact the way biomechanical problems are computed
henceforth.
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SUMMARY
A central problem in modeling temporally evolving systems is the determination of model parameter
values from observations collected at specific time points. Solving the inverse problem becomes even
more challenging in the presence of uncertainty in experimental measurements. Such uncertainty
arises, for example, due to measurement errors and fluctuations in system components. In this work,
we examine the robustness of solutions to the inverse problem for linear dynamical systems. Numer-
ical and analytical bounds are derived for the largest allowable uncertainty in the data for which the
qualitative features of the inverse problem solution, such as uniqueness or stability properties, persist.

Key words: parameter estimation, uncertain data, dynamical systems

1 INTRODUCTION

Parameter estimation is a vital component of model development. One can formulate the inverse
problem estimating the parameters of a dynamical system from discrete data as the problem of in-
verting the map from parameter space to points along a corresponding trajectory. The complexity
of this problem is increased due to the fact that experimental data are never exact, but are subject to
uncertainty caused by measurement error, fluctuation in experimental conditions, or variability in ex-
perimental subjects. Given that the solution to the inverse problem has a particular property, such as
existence, uniqueness, or equilibrium stability, it is natural to ask how large an uncertainty in the data
can be tolerated while maintaining this property. The overall goal of this work is to derive bounds on
the maximal allowable uncertainty in the data that can be tolerated without altering various properties
of the inverse problem solution. In this work, our analysis is focused on linear models, which are
prevalent in the study of many important applications including pharmacokinetics, gene regulation,
linear response theory for mechanical and electronic systems [1, 2, 3].

2 METHODOLOGY

We consider a model defined as a finite-dimensional linear dynamical system, which we denote as

ẋ(t) = Ax(t)
x(0) = b.

(1)

In equation (1), x(t) ∈ Rn is the state of the system at time t, the system parameters are the entries of
the coefficient matrix A ∈ Rn×n and b ∈ Rn is the initial condition. In addition to their applicability,
linear systems are convenient because the explicit structure of the associated forward solution map
can be exploited, namely properties of the principal matrix solution. We consider a collection of n+1
data points d = {x0, x1, . . . , xn} which are equally spaced in time. Such data may be obtained from
experiments with regimented data collection schedules and they provide a setting in which it may
be possible to solve for the linear system parameter matrix explicitly. The inverse problem remains
nontrivial, however, because the solution to a linear dynamical system depends nonlinearly on its
parameters.
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We focus on the scenario where a specific data set d is given and we seek to estimate the largest
perturbation allowed in any component of the data such that the inverse problem solution is robust.
For example, suppose the data imply that the inverse system has a stable node. What is the largest
uncertainty in the data for which the stability of the equilibrium for the inverse system is maintained?
Alternately, if the inverse does not exist for the given data, what is the largest uncertainty for which
we can rule out the linear model? We call the largest fluctuation in the data that can be tolerated
while preserving a property X (e.g. uniqueness, stability), the maximal permissible uncertainty and
we denote it by εX.

Three types of bounds are derived for εX: analytical lower bounds, below which properties are guaran-
teed to hold for all perturbations of data; analytical upper bounds, which provide proven perturbations
of data for which properties are guaranteed to be lost; and numerical bounds, derived from sampling
data space directly. By exploiting properties of the principal matrix solution x(t) = x0e

At, we can de-
fine a matrix Φ = [x1 | . . . |xn][x0 | . . . |xn−1]

−1 := eA, whose matrix logarithm (if it exists) yields
A. The Jordan structure of Φ determines the existence and uniqueness of A [4], and existence and
uniqueness can be maintained in a neighborhood of the data under certain conditions on the eigenval-
ues of Φ [5]. We derive an analytical lower bound on εX based on unstructured perturbations of the
data matrix Φ. Two analytical upper bounds are determined from the solution to a linear programing
problem and through optimization over the eigenvalues of Φ. Finally, a numerical estimate of εX is
found by increasing perturbations of the data up to the point where eigenvalue requirements on Φ are
lost.

3 RESULTS AND CONCLUSIONS

Example 1. In this example, we consider a two dimensional system, where the results can be nicely
depicted in the phase plane. We select three data sets which each share the first two data points,
x0 = (8, 10) and x1 = (1, 6), and have differing third data points. With x2 = (−2, 7) (depicted in
blue in Figure 1), we find that the solution to the inverse problem is unique; with x2 = (4, 0) (green),
the solution to the inverse problem does not exist (there is no real A which produces the data); and
with x2 = (−4,−3) (red), the inverse solution corresponds to a system with a stable equilibrium. For
each of these three data sets, we then compute bounds on the maximal permissible uncertainty εX such
that the corresponding property is maintained. Figure 1 depicts the data in the phase plane. Around
each data point is a square with side lengths 2εX, from the numerical estimation. The squares depicts
the largest uncertainty allowed for each data set such that the property of uniqueness, nonexistence,
or equilibrium stability is maintained. Analytical upper and lower bounds for εX are also computed
and are summarized in Table 1. Our results indicate that the upper bound, computed as the solution
to a linear programming problem, provides the best agreement with the numerical estimates.

Our results include bounds for the nonexistence of solutions, which define regions of data space where
the inverse problem cannot be solved. These results provide a useful approach for model rejection.
In Example 1, we saw that for the data x0 = (8, 10), x1 = (1, 6), and x2 = (4, 0), the numerically
and analytically estimated maximal permissible uncertainty to maintain nonexistence of the solution
is εX = 1.52. If it is known that, experimentally, the measurement error for any data point xi is
approximately given by ε = 1.4, we can conclude with certainty that the data cannot come from a
system that can be modeled with a linear system of differential equations, and thus we can reject the
linear model.

Example 2. For the data set with x0 = (10, 2), x1 = (6.065,−4.44), and x2 = (5,−5.6), the solution
to the inverse problem is unique (there is one real matrixAwhich produces the data). The numerically
computed maximal permissible uncertainty to maintain uniqueness is found to be, εX = 0.487. In
Figure 2, the data and εX are pictured in the phase plane. Any data set from within these squares will
be generated by a unique A; however, we find that the trajectories on which the data lie may have
vastly different behavior. Two sample trajectories through points within this level of uncertainty are
pictured, one corresponding to a stable node equilibrium (with x0 = (10, 2), x1 = (6.065,−4.44),
and x2 = (5,−5.6)) and one to a saddle (x0, x1 as before and x2 = (5.4,−5.6)). If we wanted to
not only maintain uniqueness, but stability as well, the largest permissible uncertainty is reduced to
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Figure 1: Squares depict numerically obtained bounds on the uncertainty allowed to preserve uniqueness (blue),
nonexistence (green), and equilibrium stability (red). Numerical values of the bounds are listed in Table 1.

Table 1: Best Estimates of εX

Property (X) Uniqueness Nonexistence Stability
Figure color blue green red

x2 (−2, 7) (4, 0) (−4,−3)

ε̃X Numerical estimate 1.17 1.52 0.68
εX Lower bound 0.09 0.26 0.15
εX Upper bound (linear prog) 1.172 1.523 0.86
εX Upper bound (optimization) 1.36 2.18 1.33
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Figure 2: A stable trajectory (red) and an unstable trajectory (blue), each resulting from a unique A for data
within the uncertainty level of 0.487 (represented by the black squares).
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εX = 0.091. Thus it is clear that the amount of uncertainty which can be tolerated greatly depends on
the property we wish to maintain.
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SUMMARY
Trachea angioedema (TA) is a volume increment syndrome of the trachea under leaking of fluid from
the blood vessels. This disease can be fatal if it rapidly reduces the area of trachea inner opening
resulting in low capability of air transportation. An idealized two-layered cylindrical tube represent-
ing the inner submucous and outer cartilaginous layers is considered in this study. This disease is
modeled using a combined hyperelastic theory of swelling and morphoelasticity. The volume change
occurs only in the inner softer submucous layer. The outer harder cartilaginous layer is deformed
under the force imposed by the inner layer. Growth and swelling parameters are adjusted to show
different modeling effects of pure growth, pure swelling or combinations of the two. These results
are then compared to demenstrate the functionality of swelling and morphoelasticity on modeling TA.

Key words: Trachea angioedema, Swelling, Morphoelasticity, Hyperelasticity

1 INTRODUCTION

Angioedema is an accumulation of fluid leaking from blood vessels resulting in a volume increment
of the soft tissue. The pathology of angioedema is highly complicated including many genetic and
biochemical factors [1]. Angioedema usually is not life risky, and could be easily handled to reduce
its severity. However, angioedema in trachea may quickly narrow the airway, limit air transportation
capability between the two lungs and the ambient atmosphere, and therefor cause an emergency re-
quiring quick treatment. Qualitative and quantitative understanding of luminal narrowness and stress
distribution of TA is significant for timely and appropriate medical procedures.

The trachea mainly exhibits a two-layered structure consisting of the inner submucous layer and the
outer cartilaginous layer [2]. The inner layer is composed of soft tissue, and allows a free movement
of fluid generating TA. The outer layer is mainly composed of a series of C-shaped cartilage rings
stacked one over another to support the structure of the trachea. The back side of these C-rings are
closed by smooth muscles embedded with two families of fibers. The rigidity of cartilages limits
noticeable occurrence of TA over this layer. In [3] and [4], Gou and Pence considered an idealized
two-layered cylindrical tube including the inner submucous layer and outer cartilaginous layer, and
modeled TA using a swelling theory of hyperelasticity [8]. In [4], they also considered an irregular
patient-specific trachea geometry including two bronchi. Under a finite-element computational tech-
nique, they obtained the stress distribution and interpreted their results for better understanding of
TA.

The swelling theory developed by Pence and his colleagues generalizes the classical hyperelasticity
to incorporate swelling (volume increment) or deswelling (volume shrinkage) [8]. This theory has
emerged to get appreciable applications in various areas including gels [6] and soft tissues [3, 4].
Another theory also concerning material volume change is called morphoelasticity [7]. A growth
tensor is taken to produce volume change for the material body, and another elastic tensor then de-
termines the stress distribution. This theory has attracted wide attention in areas of biological growth
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and disease formations like asthma [8]. In this article, the theory of swelling and morphoelasticity
is combined to study TA. By adjusting the growth and swelling parameters, we can obtain solely
swelling model, morphoelasticity model or their combinations. As in [3], we also take the idealized
two-layered cylindrical trachea tube as the geometry, and model angioedema only in the inner layer
(Fig. 1). Modeling results from different parameters are employed to exhibit the diversity of modeling
effects from the two theories.

2 TRACHEA ANGIOEDEMA MODELING

Figure 1: An idealized two-layered cylindri-
cal trachea tube. The inner layer is the submu-
cous layer where angioedema occurs. The outer
layer is the harder cartilaginous layer without an-
gioedema. Deformed radius values under TA for
the inner boundary, interface and outer boundary
are denoted by ri, rm and ro, respectively.

For the idealized two-layered trachea before angioedema,
the inner boundary of the submucous layer has a radius of
Ri, the interface of the two layers has a radius of Rm, and
the outer boundary of the cartilaginous layer has a radius
Ro, satisfyingRi < Rm < Ro. After angioedema, the cor-
responding radii are ri, rm and ro, satisfying ri < rm < ro
(Fig. 1). We consider a cylindrical coordinate system, and
denote the basis vectors to be eR, eΘ and eZ in the radial,
circumferential and axial directions, respectively. The co-
ordinate system before and after the deformation is taken
to be identical.

An angioedema-caused axisymmetric deformation is con-
sidered for the trachea as x = r(R)eR + λzZeZ, where
x is the position vector after angioedema, r(R) is the de-
formed radius as a function of the undeformed radius R,
and λz is the stretch in the longitudinal direction taken to
be 1 in the following simulation. Therefore, one has the
relations r(Ri) = ri, r(Rm) = rm, and r(Ro) = ro, and
the deformation gradient

F = r′eR ⊗ eR +
r

R
eΘ ⊗ eΘ + λzeZ ⊗ eZ. (1)

2.1 Inner layer

The undeformed radius of the inner layerR satisfiesRi 6 R 6 Rm. We consider growth in the radial
and circumferential directions in the growth tensor as G = g1eR ⊗ eR + g2eΘ ⊗ eΘ + eZ ⊗ eZ,
where g1 and g2 are two growing constants in the radial and circumferential directions, respectively.
This layer also swells with a swelling constant v. The elastic tensor is Ee = v

αeR⊗eR+αeΘ⊗eΘ+
eZ ⊗ eZ satisfying detEe = v for the volume-specified swelling effect, where the stretch factor α is
an unknown function ofR needing determination. Then F = EeG gives vg1/α = r′ and g2α = r/R
yielding

r(R) =
√
r2
m − vg1g2(R2

m −R2), α(R) =
r(R)

g2R
. (2)

The generalized neo-Hookean model incorporating swelling with the swelling parameter v is

W i =
µi
2
v2/3

( I1

v2/3
− 3
)
, (3)

where I1 = tr(C) with the right Cauchy-Green tensor C = Ee
TEe, and µi is the shear modulus of

the inner submucous layer. The Cauchy stress tensor is then

Ti = T irreR ⊗ eR + T iθθeΘ ⊗ eΘ + T izzeZ ⊗ eZ = −p(R)I+ µi
v
B, (4)

where p(R) is a constraint pressure scalar, I is the identity tensor, and B = EeE
T
e is the left Cauchy-

Green tensor. Further calculation gives

T irr = −p+
µiv

α2
, T iθθ = −p+

µiα
2

v
, T izz = −p+

µi
v
. (5)
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The inner boundary is taken to be traction-free, i.e., Tin|r=ri = 0, where n = −eR is the unit
surface normal of the inner boundary. Therefore by (5), p(Ri) = µiv

(α(Ri))2
. The equilibrium equation

divTi = 0 gives only one nontrivial equation for the axisymmetric deformation in the radial direction
as

∂T irr
∂r

+
T irr − T iθθ

r
= 0. (6)

Equation (6) gives p(R) = p(Ri) + µi
∫ R
Ri

(
r′

r

(
v
α2 − α2

v

)
− 2v

α3α
′
)

dR.

2.2 Outer layer

The undeformed radius R of the outer layer satisfies Rm ≤ R ≤ Ro. The outer layer bears no
swelling or growth. It is deformed under the pulling or pushing force of the inner layer. The neo-
Hookean energy function for this layer is

W o =
µo
2

(
I1 − 3

)
, (7)

where µo is the shear modulus of the outer layer, and I1 = tr(FTF) with F given by (1). By incom-
pressibility, detF = 1, and therefore r =

√
r2
m +R2 −R2

m. The Cauchy stress To = −p(R)I +
µoB, and the diagonal components of To are given by T orr = µo(r

′)2 − p, T oθθ = µo(
r
R)

2 − p, and
T ozz = µo− p. The traction-free outer boundary condition Trr(Ro) = 0 yields p(Ro) = µo(r

′(Ro))
2.

The equilibrium equation then gives p(R) = −µo
∫ Ro

R r′
(
2r′′+ 1

r

[
(r′)2− ( rR)

2
])

dR+µo(r
′(Ro))

2.

2.3 Interface processing and parameters

The traction is taken to be continuous at the interface with a radius of rm. Namely,

T irr(rm) = T orr(rm), (8)

which establishes an equation for the unknown rm. Under recovery of rm, we can obtain the deformed
radius r and Cauchy stress T for the whole trachea. We adopt the same set of parameters as in [3]:
Ri = 8.85mm, Rm = 9.15mm, Ro = 11.45 mm, µi = 0.043 MPa, and µo = 0.58 MPa.

3 SUMMARY

Swelling and morphoelasticity are incorporated into the modeling for studying TA. We can adjust the
growth parameters g1 and g2 and the swelling parameter v to view effects of pure growth (g1 6= 1 or
g2 6= 1, and v = 1), pure swelling (g1 = g2 = 1, v 6= 1) or combination of the two (g1 6= 1 or g2 6= 1,
and v 6= 1). In the simulation, we keep the multiplication of the three parameters to be a constant
3, i.e., g1g2v = 3. Five sets of parameters are used in the two panels of Fig. 2. We denote the five
sets from the top one {g1 = 3, g2 = 1, v = 1} to the bottom one {g1 =

√
2, g2 =

√
2, v = 1.5}

by P1, P2, P3, P4 and P5, respectively. The pure growth P1 on the radial direction reduces the
radius of the luminal area. On the contrary, the pure growth P2 on the circumferential direction
enlarges the inner opening of the trachea. The isotropic growth on both radial and circumferential
directions P3, the pure swelling P4, and mixed isotropic growth and swelling P5 all give the same
extent of luminal narrowness. For the Trr distribution, all show a compressive stress through the
trachea thickness. There is a sharp tip at the interface of the two layers due to the interface condition
of traction continuity. The pure growth on the circumferential direction P2 produces the largest
magnitude of Trr. Again, P3, P4 and P5 generate the same Trr distribution.

The simulation shows that pure isotropic growth (g1 = g2 6= 1, v = 1) for modeling TA can be
replaced by the pure swelling alternative (g1 = g2 = 1, v 6= 1) as far as g1g2v is a constant. Mor-
phoelasticity has the advantage of giving anisotropic volume change in different directions (g1 6= g2),
and obtains different luminal changes and stress distributions. Comparatively, without introducing an
extra elasticity tensor, the swelling theory has the advantage of convenience in application. Given an
understanding of isotropic volume increment, the swelling theory is recommended for use. For TA,
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Figure 2: Plots for various g1, g2 and v parameters. Here the multiplication g1g2v ≡ 3 is a constant. The two panels

use the same sets of parameters. Plots for parameter sets {g1 =
√
3, g2 =

√
3, v = 1}, {g1 = 1, g2 = 1, v = 3} and

{g1 =
√
2, g2 =

√
2, v = 1.5} generate the same results for r and Trr .

no further information in the literature shows anisotropic volume increment of the tissue. Thus the
swelling theory still maintains a powerful tool for modeling TA.
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SUMMARY
In this abstract we propose an original constitutive law for an incompressible non-Newtonian fluid
that linearly relates the Cauchy stress tensor and a fractional strain rate tensor of Caputo type. We
provide the analytic solution to the two-dimensional fully developed steady flow of such a fluid in
the absence of body forces and between infinite parallel plates driven by either an externally imposed
pressure gradient (Poiseuille) or motion of the upper plate at uniform speed (Couette). Lastly, we
compare our results with those corresponding to an incompressible Newtonian fluid in similar flow
conditions.

Key words: fractional calculus, non-local flow, non-Newtonian fluid

1 INTRODUCTION

The latest advancements in science and engineering have allowed unprecedented access to informa-
tion about very complex physical, biological and social systems which cannot be properly described
using well established mathematical models based on classic differential operators. In the last few
decades researchers turned their attention to a centuries-old field of mathematical analysis called
fractional calculus [12, 13, 19]. Fractional calculus involves the use of integro-differential operators
whose kernels are power functions of fractional order. Thanks to their integro-differential descrip-
tions, fractional order derivatives have been successfully used in numerous applications to model
stochastic, multiple (possibly entangled) time and/or length scales and non-local phenomena in var-
ious physical systems (some books on fractional calculus and its applications are [20, 17, 11, 21,
15, 3, 14, 22]). In particular, non-local models of kinematics based on fractional calculus have been
proposed to address the local nature of the continuum mechanics theory that makes the theory very
difficult to use in studies of dislocations and fracture in materials, as well as mechanical behavior of
liquid crystals and biological tissues where the stresses and body forces at a point could depend on
the thermodynamic state of the entire body [4, 5, 6, 8, 9, 16]. A direct generalization of the classic
continuum mechanics framework that uses fractional derivatives to represent both the non-local kine-
matics and non-local stresses corresponding to contact forces with long ranges was given in [10]. It
is important to notice that the fractional continuum mechanics model presented in [10] is supported
by the fractional differential geometry on manifolds and corresponding fractional differential forms
develeoped by [1, 2, 7], while the physical and geometric interpretations of the fractional order kine-
matic structure could be inferred from the physical and geometric interpretations of the fractional
order integrals and derivatives given in [18].

While non-local constitutive equations of elasticity exist in the literature [5, 8, 9], non-local consti-
tutive laws for non-Newtonian fluids have not been proposed yet although they could be relevant in
the design and construction of complex multi-functional fluids used for instance in microelectronics
and microfluidic devices for biomedical applications. Therefore, in this paper we propose a simpli-
fied version of the general constitutive law proposed in [10] to describe the non-local stress-strain
rate relationship in an incompressible non-Newtonian fluid. In this constitutive law the Cauchy stress
tensor depends linearly on the fractional strain rate tensor of Caputo type. This particular choice
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of non-locality allows us to solve analytically the integro-differential equations describing the two-
dimensional fully developed steady flow of such a fluid in the absence of body forces and between
infinite parallel plates driven by either an externally imposed pressure gradient (plane Poiseuille flow)
or motion of the upper plate at uniform speed (plane Couette flow). We then compare our results with
those corresponding to an incompressible Newtonian fluid in similar flow conditions.

2 MATHEMATICAL MODEL

We consider the two-dimensional fully developed steady flow between infinite parallel plates driven
by either an externally imposed pressure gradient C or motion of the upper plate at uniform speed U .
We use Cartesian coordinates and denote by (u(x, y), 0) the velocity of the fluid flowing parallel to
the plates. There are no body forces and the fluid is assumed to be incompressible of constant mass
density ρ. Let p be the hydrostatic pressure of the fluid, and µ its constant dynamic viscosity. We
propose the following constitutive law for the fluid (in the general Cartesian system (x1, x2, x3) ):

σij = −p δij + µ
(
Dα
xjvi +Dα

xivj

)
, i, j = 1, 2, 3 (1)

where δij is the Kronecher symbol, σij are the components of the Cauchy stress tensor, vi are the
components of the velocity field, and:

Dα
xif(x1, x2, x3) =

1

Γ(1 − α)

∫ xi

0

∂f
∂yi

(y1, y2, y3)dyi

(xi − yi)α
, 0 < α < 1, i = 1, 2, 3 (2)

is the left-sided Caputo fractional derivative of order α (written for an arbitrary function f ) where
Γ represents the gamma function. The non-locality of the Caputo derivative implies the following
representation of the incompressibility constraint:

3∑
i=1

Dα
xivi = 0 (3)

which in our case reduces to Dα
xu = 0 that further gives u = u(y), by using the properties of the

Caputo derivative [20]. Lastly, the equilibrium equations:

3∑
j=1

∂σij
∂xj

= 0, i = 1, 2, 3 (4)

become in our case:

−∂p
∂x

+ µ
∂

∂y

(
Dα
y u
)

= 0 (5)

−∂p
∂y

= 0 (6)

Let h be the distance between the two parallel plates, and assume that the lower plate located at y = 0
is fixed, while the upper plate located at y = h could move with constant speed U . We further impose
the no-slip boundary conditions:

u(0) = 0, u(h) = U. (7)

Equation (5) can be easily integrated using the properties of the Caputo derivative that can be found
for instance in [20], and the solution to the boundary value problem (5)-(7) is then given by:

u(y) =
C

α(α+ 1)Γ(α)

(
yα+1 − yα

)
+ U yα. (8)

where C = dp
dx is a given constant. We notice that when α = 1, the speed given by (8) becomes the

classic solution to the similar flow of an incompressible Newtonian fluid:

u(y) =
C

2

(
y2 − y

)
+ Uy. (9)
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3 RESULTS AND CONCLUSIONS

For simplicity we take the non-dimensional values ρ = 1, µ = 1, h = 1. In Fig.1 we show the
profiles of the speed u(y) parallel to the plates for two cases: C = 0, U = 1 (Couette flow), and
C = −1, U = 0 (Poiseuille flow). We notice that the smaller the value of α is, the faster the fluid
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Figure 1: The speed u(y) for the Couette flow (left) and Poiseuille flow (right) and various values of the
fractional order α

moves near the lower plate which is caused by the fact that we used the left-sided Caputo derivative.
As α approaches the value 1, the flows converge to the classic ones and the Poiseuille flow becomes
symmetric with respect to the middle axis between the two plates as expected.

We believe that our preliminary results could inspire the development of complex fluids with desired
properties that may be used in advanced microelectronics and microfluidic devices.
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SUMMARY
When blood vessels undergo remodeling because of the buildup of atherosclerotic plaque, they un-

dergo compensatory or outward remodeling, followed by inward remodeling: the lumen area stays
roughly constant or increases slightly and then decreases rapidly after the plaque burden exceeds
40%. These observations were first made by S. Glagov who examined cross-sections of coronary
arteries ex-vivo. We propose a morphoelastic model of arterial growth that suggests the critical steno-
sis is around 20% rather than 40%. Our results also suggest that so-called “Glagov remodeling” is
qualitatively different depending on whether measurements are taken in-vivo or ex-vivo.

Key words: Arterial Mechanics, Remodeling, Growth, Hyperelasticity, Morphoelasticity

1 INTRODUCTION

When arteries are compromised by atherosclerotic plaque, they undergo remodeling: persistent his-
tological changes that are often accompanied by growth or resorption. The mechanisms that lead to
various types of vessel remodeling have been studied by many researchers [1, 2], and the way that
vessels remodel is vitally important to understanding the progression of atherosclerosis.

Medical researchers have tried to understand the morphological evolution of plaques by measuring
two key geometric parameters. The first is the area of the Internal Elastic Lamina (IEL), the total area
enclosed by the IEL. The second is the area of the lumen. Two related metrics of vessel remodeling
are:

plaque area = IEL area − lumen area, (1)

stenosis =
Plaque area

IEL area
. (2)

Stenosis fraction quantifies how healthy an artery is. A fully occluded artery has a stenosis of 100%
while an artery with no disease has a stenosis of 0%.

Over 25 years ago, Glagov et al. [3] published a seminal result on arterial modeling. By studying
coronary arteries ex-vivo, the authors established one of the few quantitative results in atheroscelero-
sis: that vessels remodel in two stages, depending on the stenosis fraction. The researchers concluded
that for small stenoses (< 40%), the lumen area increases slowly with respect to stenosis fraction. For
large stenoses (> 40%), the lumen area rapidly decreases with respect to stenosis fraction. Glagov’s
result has been reported for in-vivo imaging studies in humans [4] as well as ex-vivo in mice [6].
However, to date there has not been a satisfactory explanation for Glagov’s observations. Why does
remodeling occur in two stages? Why does the critical stenosis occur at 40% and not some other
value?

In this study, we attempt to put Glagov’s observations on a theoretical foundation by means of a
mathematical model [5]. The model assumes that the vessel is made up of three concentric hypere-
lastic annuli. The innermost annulus represents the intima and undergoes uniform growth while the
vessel lumen is pressurized. The outer two annuli represent the media and adventitia and each of the
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three layers is characterized by different material properties. We find that this simple model can give
rise to Glagov remodeling and that the qualitative nature of the remodeling is different depending on
whether the lumen is pressurized (in-vivo) or not (ex-vivo).

2 METHODOLOGY

Our equations arise from applying the morphoelasticity framework [7] to three concentric annuli: see
Fig. 1. While plaques are not usually concentric, this model is able to capture the important features
of growth and remodeling. Specifically, we can use the model to understand the competition between
growth (e.g. smooth muscle cells elaborating proteoglycans and collagen in the intima) and geometric
constraints (e.g. the media mechanically restricting the growth of the intima). The interplay between
these two effects gives rise to Glagov phenomena.

Figure 1: Geometry in the (a) reference, unstressed configuration when t < 0, (b) pressurized configuration at
t = 0 and (c) grown, pressurized configuration for t > 0.

For t < 0, the artery starts is an unstressed reference state. At t = 0, we introduce a luminal pressure
P and for t > 0, we allow the intima to undergo growth. For vessels in-vivo, we take P = 110
mmHg while for vessels ex-vivo, P = 0 mmHg. The growth is assumed to be uniform throughout
the intima and isotropic (circumferential and radial growth are identical). The media and adventitia
are modeled as strain-stiffening hyperelastic materials that account for the presence of collagen fibers
oriented in the circumferential direction, while the intima is described as a Neo-Hookean solid. Note
that there is no growth or resorption in the media or adventitia. However, the media and adventitia
can dilate in order to accommodate intimal expansion. In our model, a luminal encroachment (inward
remodeling) is characterized by a(t) decreasing with t while luminal dilation (outward remodeling)
is characterized by a(t) increasing with t.

3 RESULTS

In Figure 2, we initialize our simulations with 4 different values for the undeformed lumen area
πA2. In (a) we superimpose our predictions with Glagov’s data. The general trend for this range
of initial conditions is for the lumen area to increase before decreasing. This is consistent with
Glagov’s hypothesis that vessels undergo outward remodeling before encroachment of the lumen.
Our remodeling simulations of an unloaded vessel suggest that the critical stenosis is about 20%,
which is smaller than the generally accepted value of 40%, suggested by Glagov’s data.

The PROSPECT (Providing Regional Observations to Study Predictors of Events in the Coronary
Tree) trial [9] was a large multi-center trial that attempted to elucidate the natural history of coronary
atherosclerosis. One of the data sets consisted of measurements of lumen area and stenosis fraction for
the left main coronary artery of 552 patients [4]: see Figure 2(b). In this case, our model predicts that
the lumen area decreases monotonically with respect to the lumen area, though the rate of change in-
creases with stenosis fraction (for this study, the model predictions were simply superimposed against
the PROSPECT data; no fitting was performed). This is in contrast with the ex-vivo remodeling in
Fig. 2(a) where the trend is non-monotonic, and the lumen area exhibits an interior maximum. Our
result highlights the danger of trying to predict remodeling behaviors by studying curves of lumen
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area against plaque area and/or stenoses: the behavior can be very different depending on whether the
samples are measured ex-vivo or in-vivo.
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Figure 2: Comparison of ex-vivo and in-vivo vessel dimensions from (a) Glagov’s paper [3] and (b) the
PROSPECT trial [4]. Four model vessel cross-sections are simulated with unloaded initial lumen areas of
5, 8, 12 and 15 mm2 in (a). The growth of corresponding loaded vessels is simulated in (b). The ex-vivo vessels
in (a) are predicted to exhibit a local maximum with respect to stenosis fraction, while the equivalent, unloaded
lumen areas of in-vivo vessels in (b) should be monotonically decreasing with respect to stenosis.

So far, we have deduced features of the vessel’s evolution from the mathematical model independently
of the data itself. We now focus on the data from Glagov’s paper and the PROSPECT trial. Do the
data sets support our earlier conclusions? Namely, that (i) the critical stenosis for ex-vivo data is
around 20% rather than 40%, (ii) ex-vivo lumen areas increase then decrease with respect to stenosis
and (iii) in-vivo lumen areas are monotonically decreasing with respect to stenosis? In Figure 3 we
use smoothing splines to fit the data from Glagov’s paper and from the PROSPECT trial. For data
sets (si, ℓi), i = 1, . . . , N , Matlab’s smoothing splines are cubic splines L(S) that minimize the
functional

k

N∑
i=1

(ℓi − L(si))
2 + (1− k)

∫ ℓN

ℓ1

(
d2L

dS2

)2

dS, (3)

where 0 ≤ k ≤ 1. The first term penalizes deviations from the data while the second term penalizes
deviations from a straight line. When k → 1, the resulting spline passes through all data points,
whereas when k → 0, the resulting spline is a best-fit straight line in the least-squares sense.

We increased k (which gradually introduces more curvature into the best-fit curve) on both data sets
and found that for Glagov’s data, an interior maximum did emerge for sufficiently large k values, and
the location of the interior maximum was at about 20%, consistent with the results from our modeling
efforts: see Fig. 3. On the other hand, although the best-fit curve for the PROSPECT data did develop
small “bumps,” as k increased, there was never any evidence of a critical stenosis and we could not
detect any systematic, large scale features in the data set.

4 CONCLUSIONS

Our model is able to reproduce Glagov phenomena, although the critical stenosis is predicted to
be about 15-20% rather than 40%. Simple curve fitting by smoothing cubic splines suggests that
if a local maximum exists in Glagov’s data, it is at about 20%. Hence both our model and the data
independently suggest that the critical stenosis – if it exists – is lower than the value given in Glagov’s
original paper. Our second result concerns the difference in Glagov remodeling ex-vivo versus in-
vivo. A standard way to quantify the progression of disease in arteries is to plot the lumen area
as a function of stenosis fraction. In our study, we showed that there are qualitative differences in
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Figure 3: Best-fit smoothing cubic-splines through Glagov’s ex-vivo data (top row) and in-vivo data from the
PROSPECT trial (bottom row). In each case, more curvature is introduced into the best-fit curve by allowing k
to increase: see eq. (3). A critical stenosis emerges for Glagov’s data, but not for the PROSPECT trial.

this curve depending on whether the measurements are taken ex-vivo or in-vivo. We recommend
that one should be careful when attempting to make conclusions about how blood vessels remodel
in-vivo when studying ex-vivo cross-sections.
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SUMMARY
The main objective of the current study is to determine a threshold value for the flow complexity
parameter that is associated with the hemodynamics environment present in ruptured brain aneurysms.
The flow complexity parameter generated by our group was used on a single brain aneurysm geometry
to demonstrate its validity and potential in quantifying the complexity of intra-aneurysmal flow. To
find a correlation between the flow complexity parameter and the rupture of cerebral aneurysms, we
analyzed the new parameter on a set of 10 cases (5 ruptured and 5 unruptured) of patient-specific
brain aneurysm geometries. We found that a volume distribution of complex flow that occupies more
than 38% of the aneurysm volume is associated with the rupture status. This quantitative description
of flow complexity provides a better and efficient analysis that can be applied to a larger dataset for
the rupture prediction.

Key words: brain aneurysm, complex flow, vortices

1 INTRODUCTION

Approximately 6 million people in the United States harbor an intracranial aneurysm and every 18
minutes one of these aneurysms ruptures, which is fatal in 40% of patients. To prevent a spontaneous
rupture, an aneurysm is usually recommended for treatment based on its size and location. The mech-
anism of rupture is not completely understood, but recent computational simulations studies showed
that ruptured cerebral aneurysms were characterized by complex flow patterns with multiple vortices
[2, 3]. Qualitative flow visualization is a good indicator to determine the flow behavior, but it can
miss fine flow details and no precise metric provides a degree of flow complexity.
To quantify the degree of complexity of intra-aneurysmal flow, we introduced a hemodynamic pa-
rameter that calculates the curvature and torsion of the velocity vector field. Small values of the flow
complexity parameter correspond to large values of curvature and torsion which characterize a dis-
turbed flow pattern. In this study we propose to analyze the correlation between the flow complexity
parameter and rupture status of cerebral aneurysms.

2 METHODOLOGY

The hemodynamic parameter that quantifies the complexity of the flow is based on the velocity and
vorticity magnoitudes and the angle between the two vectors [4] . The flow complexity parameter
is directly proportional to the element grid size (normalized with inlet radius) required to capture
the local flow features within a given approximation error. Therefore, a value of 0.05 of the flow
complexity parameter requires a fine mesh (0.1 mm for a model with inlet artery radius of 2 mm),
necessary to accurately represent the small vortices from bifurcations, arterial turns or inside the
aneurysm dome, while a value of 0.01 corresponds to a refined grid near rigid boundaries. The flow
complexity parameter is given by the solution s, of the following polynomial equation [4]

k2τ2s6 + k2s4 − ε2 = 0 (1)
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where k is the normalized curvature, τ , normalized torsion, and ε is the given approximation error.
All parameters are normalized with respect to the radius of the model inlet artery as given in [4].
To correlate the flow complexity parameter with rupture status of brain aneurysms, we obtained the
hemodynamic environment of 10 cerebral aneurysms (5 ruptured and 5 unruptured) using computa-
tional fluid dynamics technique.
The aneurysm geometries were obtained from the AneuRisk repository [1]. Blood was assumed in-
compressible Newtonian fluid and flow was considered steady with inlet parabolic profile and mean
flow rate of 4 ml/s. Computational flow solutions were generated with OpenFOAM 4.0 using simple-
Foam solver, which is SIMPLE algorithm for pressure-velocity coupling and second-order implicit
solver for spatial discretization. With user-defined functions in the postprocessor software Matlab and
ParaView, we calculated the flow complexity parameter on each grid point. We extracted the volume
enclosing all grid nodes with small flow complexity value (less than 0.05) and analyzed the volume
distribution in the aneurysmal dome.

3 RESULTS AND CONCLUSIONS

Analyzing the volume distribution of grid points with small flow complexity parameter (which cor-
responds to high degree of flow complexity), we conclude that the ruptured cases have larger com-
plex flow volume compared with unruptured cases. In all five ruptured cases, the volume of intra-
aneurysmal flow complexity distribution (parameter less than 0.05) was greater than 38% of the dome
volume, while in the unruptured cases, the intra-aneurysmal flow complexity distribution occupied
less than 28% of dome volume.
Another observation from this study is that the flow complexity distribution within the entire geom-
etry did not show a distinctive pattern in the ruptured cases. In all ten cases the volume distributions
of flow complexity were between 24% and 28% of total volume.
Figure 1 shows the isosurface of the flow complexity distribution for s = 0.05 for a ruptured (left) and
unruptured (right) case. Flow complexity distribution for a parameter of 0.05 in the ruptured dome is
39%, while in the unruptured case is 17%.

Figure: Isosurface corresponding to s = 0.05 for a ruptured (left) and unruptured (right) aneurysm
case.

In the current study we used a newly introduced flow complexity parameter to correlate the hemody-
namic environment of ten patient-specific geometries with rupture status. The advantage of using this
parameter is that it allows for more precise interpretation of flow details than simple flow visualiza-
tion. Generating the flow complexity parameter requires information about velocity, vorticity and the
alignment of these two vectors, therefore it involves minimal postprocessing time with great potential
for clinical use. However, to better predict the rupture of an aneurysm, we need to use a larger dataset
of ruptured and unruptured cases and analyze the correlation between the parameter and the rupture
status.

611



REFERENCES

[1] http://ecm2.mathcs.emory.edu/aneuriskweb

[2] Shojima, M., Oshima M., Takagi, K., et al., 2004. Magnitude and role of wall shear stress on cerebral
aneurysm: computational fluid dynamic study of 20 middle cerebral artery aneurysms., Stroke, 35 (11):
2500.

[3] Sforza, DM., Putman, CM, and Cebral, JR., 2012. Computational fluid dynamics in brain aneurysms,
International Journal for Numerical Methods in Biomedical Engineering, 28(6-7).

[4] Hodis, S., Kallmes, D., and Dragomir-Daescu, D., 2013. Adaptive grid generation in a patient-specific
cerebral aneurysm. Physical Review E 88:052720.

612



5th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2017

10–12 April 2017, United States

P. Nithiarasu, A.M. Robertson (Eds.)

COMPUTATIONAL MODELING OF BLEB INITIATION
MECHANISMS

Wanda Strychalski1
1Case Western Reserve University, Department of Mathematics, Applied Mathematics, and Statistics, 10900

Euclid Ave, Cleveland OH 44106, U.S.A., wis6@case.edu

SUMMARY
Blebs are pressure-driven membrane protrusions that play an important role during cell migration,

particularly in 3D environments. Blebs can be initiated through either a localized loss of membrane-
cytoskeletal adhesion or ablation of the cytoskeleton in a region. In this work, we extend our previous
dynamic computational model to three dimensions and simulate both mechanisms of bleb initiation.
Simulation results using the poroelastic model of the cytoplasm provide qualitatively similar bleb
morphologies to data from experiments.

Key words: Shell elasticity, Cell Rheology, Fluid-structure interaction

1 INTRODUCTION

Blebs are spherical membrane protrusions that occur when the cell membrane becomes separated
from the actin cytoskeleton [1]. Blebs have been observed in cellular processes such as apotosis,
cytokinesis, and cell migration [2, 3]. Bleb expansion is driven by intracellular pressure caused by
contractile stresses on the cell cortex, a thin layer of the cytoskeleton beneath the membrane. Myosin
molecular motors within the cortex have been shown to generate cortical tension [4]. Blebs are
initiated by a spatially localized loss of membrane-cortex adhesion proteins or a local rupture of the
actin cortex. Bleb expansion occurs on a timescale of 5-30s after which the cortex reforms and the
bleb contracts. Here we present a novel three-dimensional dynamic computational model of the cell
that includes mechanics of and the interactions between the intracellular fluid, the actin cortex, the
cell membrane, and the cytoskeleton. The model is used to quantify bleb shape and dynamics when
blebbing is initiated by a loss in membrane-cortex adhesion and by cortical ablation.

2 METHODOLOGY

Our model of a blebbing cell is a combined fluid-structure system consisting of the membrane, cor-
tex, membrane-cortex adhesion, and the cytoplasm (intracellular fluid). In particular, we consider two
models of the cytoplasm: a viscous fluid model and a poroelastic model. In the poroelastic model, the
cytoplasm includes a permeable elastic cytoskeleton. The cell membrane is modeled as an imperme-
able, elastic structure, while the cortex and cytoskeleton are modeled as permeable elastic structures.
Adhesion between the membrane and cortex is modeled by elastic springs.

Following our previous models [5, 6], the equations consist of force balances on the fluid (liquid
cytosol), cell cortex, and cytoskeleton. The force balance on the fluid includes internal fluid forces
(viscosity, pressure), membrane forces (elasticity, membrane-cortex adhesion), and drag forces due
to the relative motion of the cortex and cytoskeleton, which leads to the forced incompressible Stokes
equations:

µ∆u−∇p+ f mem
elastic + f

mem/cortex
adh + f cortex

drag + f cyto
drag = 0 (1)

∇ · u = 0,

where u represents the fluid velocity, p is the pressure, µ is the dynamic viscosity of the cytosol, and
f i’s represent forces densities arising from the structures. The drag force in the fluid equation is due
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to drag on the cortex (and cytoskeleton) has the form f i
drag = ξi (ui − S∗U), where i represents

the cortex or cytoskeleton, ξi is the respective drag coefficient, and S∗U represents the fluid velocity
interpolated to given structure. The model is put into the framework of the immersed boundary (IB)
method [7] to handle the interactions between fluid variables and structure variables. Lower case
letters indicate variables and force densities located on a fixed Eulerian grid such as the fluid velocity,
while upper case variables represent quantities located on structures such as the cell membrane. The
drag force on the cortex is balanced by elastic forces within the cortex and adhesion between the
membrane and cytoskeleton. Similarly, the drag force on the cytoskeleton is balanced by elasticity
and adhesion between the cytoskeleton and the cortex. The force balances are given by

F cortex
drag + F cortex

elastic + F
cortex/mem
adhesion + F

cortex/cyto
adhesion = 0 (2)

F cyto
drag + F cyto

elastic + F
cyto/cortex
adhesion = 0. (3)

The cortex is modeled as a collection of elastic springs, where the force at the ith point is computed
by

F i dAi =
∑
j

kcortex

2

( |Xcortex
i −Xcortex

j |
d`ij

) Xcortex
i −Xcortex

j

|Xcortex
i −Xcortex

j |
, (4)

where kcortex represents the stiffness coefficient, dAi is the reference area differential, d`ij is the
reference length of the spring connecting the ith point to the jth point on the surface, and j is the
index of all points connected to the ith point. The stiffness and resting length parameters can be
related to the elastic modulii as in [8], which we denote by λi (Lamé’s first parameter). This model
allows for straightforward rupturing of the cortex by setting the stiffness coefficients of certain springs
equal to zero.

We consider two methods for modeling the cell membrane. The first method is where the membrane
elasticity is computed using the same method as for the cortex. In the second method, the membrane
is modeled as a neo-Hookean elastic structure. The elastic forces are computed using the energy
functional-based version of the IB method proposed in [9, 10].

The cytoskeleton is modeled as a porous neo-Hookean elastic structure as in [8], but the method for
computing elastic forces is extended to 3D as in [9].

Adhesion between the membrane and cortex is modeled by elastic springs attaching the membrane to
the cortex with a force density given by

F
mem/cortex
adh = k

mem/cortex
adh

(
|Xmem −Xcortex|

) Xmem −Xcortex

|Xmem −Xcortex|
. (5)

Adhesion between the cortex and cytoskeleton is modeled using the same equation as above, but with
a different stiffness value.

The membrane, cortex, and cytoskeleton are updated respective velocities,

dXmem

dt
= S∗u = U , (6)

dXcortex

dt
=

1

ξ

(
F cortex

elastic + F
cortex/mem
adh + F

cortex/cyto
adh

)
+ U = U cortex, (7)

dXcyto

dt
=
κ

µ

(
F cyto

elastic + F
cyto/cortex
adh

)
+ U = U cyto, (8)

where S∗ represents the interpolation operator from the IB method, κ is the permeability of the
cytoplasm, U represents the fluid velocity, and U cortex represents the velocity of the cortex, and
U cyto represents the velocity of the cytoskeleton.

3 RESULTS AND CONCLUSIONS

The first mechanism of bleb initiation is a localized separation of membrane-cortex adhesion. This
is modeled by setting the parameter kmem/cortex

adh = 0 at a small circular patch at the top of the cell
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Symbol Quantity Value
r Cell radius 10 µm
λmem Membrane elastic modulus 25 or 50 Pa
λcortex Cortex elastic modulus 37.5 Pa
kmem Membrane stiffness coefficient 30 pN/µm
ξ Cortical drag coefficient 10 pN-s/µm3

k
cortex/membrane
adh Cortex-cytoskeleton adhesion 3 · 104 pN/µm3

stiffness coefficient
k
cortex/cyto
adh Cortex-cytoskeleton adhesion 104 pN/µm3

stiffness coefficient
G Cytoskeletal bulk modulus 400 Pa
µ Cytosolic viscosity 0.01 Pa-s
κ Cytoskeletal permeability 1 · 10−5 µm2

Table 1: Blebbing model parameters.

corresponding to the equation φ < π/20 in spherical coordinates. The radius of the circular patch
is approximately 1.5 µm. The initial cell radius and other parameters are found in Table 1. Cortical
ablation is modeled by setting the parameters kcortex, kmem/cortex

adh , and kcortex/cytoadh all equal to zero
in the same small circular patch. Fig. 1 shows data from simulations with the two bleb initiation
mechanisms. Cortical ablation results in a broader steady state bleb shape when the viscous fluid
cytoplasm is used in the model. Bleb size over time for the fluid cytoplasm is shown in Fig. 2. The
initial dynamics of bleb expansion are similar for all three simulations, but the bleb is much smaller
when initiated with cortical ablation when all parameters are identical. Results from simulations with
the poroelastic cytoplasm model show the bleb is only slightly broader when initiated with cortical
ablation with similar expansion dynamics. Bleb shape data from simulations with the poroelastic
cytoplasm model are qualitatively similar to experimental data from [4], which further supports the
hypothesis that the cytoplasm behaves as a poroelastic material.
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Figure 1: (a) Bleb shapes when the fluid is modeled as a viscous fluid and (b) when the cytoplasm is modeled as
a poroelastic material. The data from columns I and II are taken from simulations when the bleb was initiated
by removing membrane/cortex adhesion in a small region. The data from columns III and IV are taken from
simulations when the bleb was initiated by ablation of the cortex.
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Figure 2: Bleb size over time as measured by displacement of the point with the largest z-coordinate when the
cytoplasm is modeled as a viscous fluid.
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SUMMARY 

 

This study considers numerical simulations of bioprosthetic heart valve dynamics modeled by means 

of both nonlinear isotropic and anisotropic material constitutive laws.  In particular, it focuses on an 

anisotropic model to enhance the realism of the simulations by characterizing the activation of 

collagen fibers at finite strains. In this framework, we investigate the influence of the material model 

on the numerical results and, in the case of the anisotropic model, the importance of the collagen 

fibers on the overall mechanical behavior of the tissue during the cardiac cycle.  The methodology 

presented here will be particularly useful for studies of mechanobiological processes in the healthy 

and diseased heart valves. 

 

Key words: heart valve simulations, Fung-type hyperelastic model, anisotropic hyperelastic model 

 

1   INTRODUCTION 
 

The aortic valve regulates the flow between the left ventricle of the heart and the ascending aorta. 

Diseases affecting the aortic valves result in either obstruction to forward flow (stenosis) or reversal 

of flow across an incompetent valve (regurgitation). In either case, valve replacement is a major 

treatment option for the patients suffering from heart valve diseases. Replacement heart valves 

fabricated from biologically derived materials are referred to as bioprosthetic heart valves (BHVs). 

While these devices have provided great benefits for many patients, device failure continues to be 

the result of leaflet structural deterioration mediated by fatigue and/or tissue mineralization. There is 

thus a profound need for the development of the simulation technology for simulating BHV in the 

design context. One conspicuous shortcoming of some earlier work in this area is the relatively 

simple material model of the valve leaflets. The influence of leaflet material model on its mechanics 

has been studied in several previous numerical works. The effects of using different leaflet material 

models have been investigated in [1] by comparing linear and nonlinear isotropic models of leaflets. 

In [2] the influence of anisotropy of a pericardial heart valve has been studied using orthotropic 

materials, showing that even a small amount of orthotropy can significantly affect the mechanical 

behavior of the valve. Wei Sun et al. [3] adopted a nonlinear fiber-based structural model to evaluate 

the impact of leaflet properties on the stress distribution of the BHV. However, this study has been 

performed using the quasi-static approach only, by applying a uniform pressure to the aortic side of 

the leaflet. Quasi-static simulation ignores the dynamic moving leaflets, especially during the 

opening/closing phases of the cardiac cycle when leaflet flexure occurs that can contribute to the 

leaflet damage. A systematic parametric study that determines the role of leaflets material properties 

in the valve’s dynamics has not yet been carried out. Built upon the computational framework 

presented in [4, 5], in this study, we utilize a nonlinear anisotropic material model for the leaflets to 

enhance the physical realism of the BHV dynamics simulation and evaluate the impact of leaflet 

properties on the deformation and dynamics of the BHV. This anisotropic behavior arises because of 

the distribution and mechanical contribution of the collagen fibers to the overall mechanical behavior 

of the tissue. In addition, to address the influence of the constitutive model on dynamics simulation; 

we present a comparison by considering both nonlinear isotropic and anisotropic constitutive models.  
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2  METHODOLOGY 
 

We consider the pressure-driven structure dynamics of a deformable valve representing a BHV 

replacing an aortic heart valve, which regulates flow between the left ventricle of the heart and the 

aorta. We model the leaflets as a thin shell structure using different constitutive models for the valve 

structural model: isotropic and anisotropic.  

 

To model the anisotropic properties of the leaflets, we use the strain energy function W presented in 

[6]. The added nonlinear Neo-Hookean term represents the low-strain responses and is needed also 

for numerical stability [7]. Moreover, the exponential part captures the important exponential nature 

of the soft tissue behavior. therefore, strain energy is a function of two invariants as follows:  

 

𝑊(𝐼1, 𝐼4) =
𝑐0

2
(𝐼1 − 3) + 𝑐1 (𝑒𝑐2(𝐼1−3)2+𝑐3(√𝐼4−1)4

− 1) 

Where 𝐼1 is the first invariant of the left Cauchy–Green deformation tensor C, and 𝐼4 is the fourth 

invariant for a transversely isotropic material. and M is the unit vector defining the collagen fiber 

direction in the undeformed configuration. 

 

𝐼1 = 𝑡𝑟 𝐶     𝐼4 = 𝑀 ∙ 𝐶 ∙ 𝑀 
The values of the coefficients c1 c2 and c3 are obtained from the data presented in [6]. The coefficient 

of the Neo-Hookean term is set to 100 kPa. For the isotropic model we use a simplified isotropic 

approximation to the true anisotropic leaflet behaviors by combining an isotropic Fung model of 

collagen fiber stiffness with a neo-Hookean model of cross-linked ground matrix stiffness to obtain 

the following strain energy functional used previously in [4]: 

 

𝑊(𝐼1) =
𝑐0

2
(𝐼1 − 3) +

𝑐1

2
(𝑒𝑐2(𝐼1−3)2

− 1) 

c0 c1 and c2 are material parameters. c0 denotes small-strain bending stiffness while c1 and c2 define 

tensile stiffness of the BHV leaflets. Since we assume that the structure is incompressible, both 

anisotropic and isotropic models are combined with the incompressibility condition. In order to 

approximate this problem, we use a thin shell isogeometric structure dynamic finite element solver 

developed in [5] for the simulation of an aortic bioprosthetic heart valve. We apply a physiological 

transvalvular pressure load to the leaflets to enforce the pressure difference between left ventricle 

and aorta (Figure 1). The pressure data taken from [8] where the duration of a single cardiac cycle is 

0.76 s. Defining contact between leaflets is important to prevent the leakage back into the left 

ventricle during the closing phase. We use the contact algorithm discussed in [5].  

 

 

 

Figure 1. Transvalvular pressure applied to the leaflets as a function of time. 
 

Directions of collagen fibers are modeled as unit vectors in the tangent space of a reference 

configuration for the tissue and it is assumed that initially the fibers are aligned in the circumferential 

direction through the leaflet. We use the valve geometry discussed in [5]. The thickness of the leaflets 

is 0.0386 cm and the density is 1.0 g/cm3. The time-step size used in the dynamic simulation is 0.0001 

s and the clamped boundary condition is applied to the leaflet attachment edge.  

 

3  RESULTS AND DISCUSSION 

 

The deformation and strain distribution of the leaflets at several points in the cardiac cycle (after 

reaching a periodic solution) is illustrated in Figure 2, compared also with the results from our 
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isotropic model. We observe a noticeable influence of the material model; namely isotropic vs 

anisotropic on the overall tissue deformation. 
 

 Anisotropic Isotropic 

 

  

   
 

  

Figure 2. Comparison between different material models. Deformation of the valve at several points during the cardiac 

cycle predicted from the structural dynamics computations colored by Maximum in-plane principal Green-Lagrange 

strain, the largest eigenvalue of E. 

 

To investigate the effect of alteration of the tissue mechanical properties, we also simulate the valve 

deformations with various perturbations of the tissue properties including the collagenous fiber 

orientation, as well as the fiber and matrix stiffness. These results can provide guidelines for 

designing leaflet tissues to improve valve durability. The sensitivity results for different values of 

fiber stiffness for several points of a cardiac cycle is presented in Figure 3. The chosen time points 

are consistent with Figure 2. We observe that perturbing fiber stiffness coefficient, has a significant 

influence on the valve deformation only at the closing stage. The reason is that in dynamic simulation 

of heart valve in a full cardiac cycle, the opening phase is in the small strain regime, when tissue 

does not behave exponentially and the Neo-Hookean term dominates. However, when the valve is 

closed, the exponential terms dominate that representing the fiber action. 

 

The goal is to provide a framework which enables us to use more physically realistic soft tissue 

material model in heart valve simulations. Starting from the microstructural material model presented 

in [9] we are currently developing a phenomenological model that covers the interaction between the 

tissue’s collagen fibers and its ground matrix as well as the interaction between different fibers. We 

use this computationally tractable material model to facilitate the integration of the model into our  

FSI solver [5]. 
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Figure 3. Comparison between different values for fiber stiffness parameter in anisotropic model, at several points during 

the cardiac cycle; opening of the valve (first row), fully opened valve (middle row), and closing of the valve (third row) 
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SUMMARY
We develop a new mitral valve (MV) model with physiologically detailed leaflets and chordae struc-
ture. The model includes fluid-structure interaction (FSI) and is simulated using a hybrid immersed
boundary-finite element (IB/FE) method. The leaflets and chordae are modelled using anisotropic
materials. The MV model is first validated under static boundary conditions against the commercial
software ABAQUS with good agreement. The MV model is then studied under dynamic and physio-
logical conditions. Using adaptive meshing and supercomputing, our model yields an improved MV
closure. In addition, refined fluid structures such as vortex rings and energy dissipations are captured.

Key words: mitral valve, chordae, fluid-structure interaction, immersed boundary method, finite
element method

1 INTRODUCTION

Mitral valve (MV) dysfunction (e.g. mitral valve stenosis, prolapse and regurgitation) is one of the
most common valvular diseases and hence has attracted significant research interests. Computational
modelling of human MV function can improve the understanding of MV biomechanics, which is
important for surgical procedures and medical therapies. However, due to the challenges of highly
complex MV structure, large MV deformation, and its interaction with the left ventricle, to date, only
limited progress in multi-physics modelling of MV has been made. There are different approaches to
mathematically modelling MV dynamics, which may fall into two types: structure-only analysis [2]
and fluid-structure interaction (FSI) analysis [1]. Most of the studies are based on simplified MV and
chordal structures. Recently, with the help of advanced medical imaging, more realistic and detailed
MV geometries have been built [3]. The finite element (FE) method is mostly used for the structure
only analysis, and various approaches, including the immersed boundary method (IB) [4], have also
been developed for modelling MV interaction with blood flow.

Using a simplified MV geometry, the effect of flow vortex [6], the MV bending rigidity [7] and
the ventricle motion [8] on the MV performance have been investigated. The dynamical behaviour
of MV was also studied using more realistic MV leaflets with a simplified chordae structure [9].
In this new MV model, we improve both the MV leaflets and the chordal geometries using multi-
slice CT scans [3]. The model is simulated using an in-house developed hybrid finite difference/finite
element version of IB method (IB/FE) [5], implemented in the open source IBAMR software ( http:
//ibamr.googlecode.com ).

2 METHODOLOGY

In the IB/FE solver, the Lagrangian and Eulerian coordinate systems are used to describe the structure
and fluid quantities, respectively. The MV structure employs a FE representation as shown in Fig. 1a.

622

http://ibamr.googlecode.com
http://ibamr.googlecode.com


(a) (b)

Figure 1: (a) The MV geometry and (b) the transvalvular pressure, where the A, B, C indicate when
the MV is under the maximum transvalvular pressure (A), just fully open (B), and at a later time (C).

An invariant-based anisotropic constitutive law is used for the leaflets,

W = C10{exp[C01(I1 − 3)− 1]}+
k1
2k2

2
∑

i=1

{

exp [k2(κI1 + (1− 3κ)I4i − 1)2]− 1
}

, (1)

in which the parameter values are chosen from [3]:

C10 (kPa) C01 k1 (kPa) k2 κ

Anterior 0.12 13.67 11.01 84.85 0.08
Posterior 0.05 15.00 3.02 144.48 0.053

For static boundary conditions, the Neo-hooken material is used for the chordae: W = C1(I1−3), in
which C1 = 700 kpa. A constant pressure of 120 mmHg is applied to the left atrium side of the MV
leaflets, the annulus ring is fixed, and measured displacements are applied to the chordal attachment
points as in [3].

For dynamic boundary conditions, the chordal material is represented by

W = C10(I1 − 3) +
k1
2k2

{

exp [k2(I4 − 1)2]− 1
}

, (2)

in which the parameters are chosen to be

C10 (kPa) k1 (kPa) k2
Basal chordae 540 1446.2 22.09
Marginal chordae 540 200.48 33.83

3 RESULTS AND CONCLUSIONS

To validate the model in the static case, we compare the closure of the MV model under a constant
pressure with that simulated using Abaqus (ABAQUS Inc. WALTHAM, US). The leaflets in both
models are represented by the same hexahedral elements, but the chordae is represented by hexahe-
dral elements in our model, and truss elements in the ABAQUS model. The deformation and strain
patterns are shown in Fig 2. The maximum magnitude of the displacement vector are 1.09 cm and
1.00 cm for the IB/FE and ABAQUS models, respectively. In both models, the maximum value ap-
pears at the anterior leaflet and near the leaflets contact region, as shown by the arrow in Fig. 2a. The
average displacements are 0.41 cm (our model) and 0.40 cm (ABAQUS model), respectively.

In the dynamic case, the MV deformation, the maximum principle strain and stress are plotted in
Figs. 3a , 3b and 3c under a peak transvalvular pressure (110 mmHg) (time A in Fig. 1b). The
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(a) (b)

Figure 2: Comparison of the IB/FE and ABAQUS MV models under the static boundary conditions:
The magnitude of the displacement vector in cm from (a) the IB/FE model, and (b) the ABAQUS
model.

maximum displacement is about 1.41 cm, appearing at the same place as in the static case. Higher
stress and strain are found at anterior belly and annular regions. Defining a circular region with radius
0.6 cm on the anterior belly region (Fig. 3c), we estimate the average maximum principle stress in this
area to be 103.2 kpa and the average maximum principle strain to be 0.16. The flow patterns when
the MV is opening are shown in Figs 3d–3f (times B and C in Fig. 1b). It can be seen that at time B,
the vortex rings start to formulate around the chordae, which then propagate downstream at time C.
We further calculate the rate of energy dissipation as

Φ = µ(∇u + (∇u)T ) : ∇u (3)

in the fluid region, where u stands for the fluid velocity, and µ is the fluid viscosity. The iso-surfaces
of energy dissipation with a rate above 400 J/(s·m3) and 100 J/(s·m3), respectively, are overlapped
on the velocity fields in Figs 3e and 3f. Clearly, a higher dissipation rate exists near the fluid-structure
interface and vortices.

3.1 Conclusion

We have developed a new MV model with physiologically detailed MV leaflets and chordal geometry.
Our MV model is validated with ABAQUS under the static boundary conditions. We then explore the
model in a dynamic case, showing the strain and stress distribution during the MV opening, as well
as detailed vortex rings and energy dissipation due to the MV-flow interactions.
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SUMMARY 

 

Mitral valve (MV) functional insufficiencies are the most prevalent valvular heart disease with a 

high cost of hospitalization and considerably high mortality rates. In recent years, computational 

simulations have shown a strong promise in improving treatment outcomes for MV repair. 

However, while the fidelity of numerical models depends deeply on anatomic accuracy, MV 

models still rely on insufficiently detailed and imprecise geometries. In this work, we have 

developed a fast and robust pipeline to process high-resolution 3D MV images and develop fully 

detailed parametric models of the MV leaflets. To this end, superquadric shape templates were first 

used to capture general valvular geometry. Next, the fine geometric details were reconstructed 

using sparse spectral analysis. We applied our methodology on three ovine imaging data-sets which 

indicated the robustness of our approach and reproducibility of our results. Moreover, we were able 

to adjust both the level of spatial discretization and geometric complexity in final geometry 

generation. Ultimately, our anatomically accurate models can be used to perform surgical 

intervention simulations like mitral annuloplasty procedure. 

 

Key words:  Mitral Valve, Multi-resolution Models, Image-based Simulations 

 

1   INTRODUCTION 
 

Valvular heart disease is anticipated to be the next cardiac epidemic due to an aging population [1], 

striking developed nations with a high prevalence rate of 2.5% [2]. Particularly, mitral valve 

regurgitation (MVR) [3] can cause serious complications like heart failure [4], stroke [5], and in 

severe cases death [6]. MVR occurs when oxygenated blood leaks back to the left atrium during the 

ventricular contraction due to an incomplete closure of the MV. Interestingly, all forms of MVR are 

characterized by morphological alterations in the native, normal configuration of the MV apparatus 

[7] which implies the high impact of valvular geometry on the MV function and competence. 

 

Computational simulations have proven to effectively predict the valvular biomechanical behavior 

and design of valvular prosthesis [8]. However, due to the complexity of MV structure, 

computational models are still struggling to achieve high levels of anatomic accuracy. In the 

current study, we have developed a pipeline to quantitatively characterize the MV leaflet geometry 

and build personalized models with an adjustable level of geometric details. The developed 

platform provides the basis to perform high fidelity biomechanical simulation to optimize the 

mitral annuloplasty ring geometry.  

 

2  METHODOLOGY 
 

We used extant imaging data for three ovine MVs [9]. The details of our bench-top experimental 

setup and data collection protocols to faithfully image MV has been previously reported in details 
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[10, 11]. In brief, three fresh male Dorset sheep hearts were procured from a USDA-approved 

abattoir (Superior Farms, CA, USA) and the MV apparatus was excised with considerable care 

from each heart. The extracted MVs were then sutured to an adjustable annulus holder [12] and 

imaged in the simulated healthy open state in a Siemens Inveon micro-CT scanner (Siemens 

Medical Solutions USA Inc., PA, USA). Next, the acquired DICOM images were segmented in the 

ScanIP software suite (Synopsis Inc., CA, USA) and labeled in Zbrush sculpting software 

(Pixologic Inc., CA, USA) (Figure 1). 

A B C

 

Figure 1: the segmented micro-CT image of a MV (A) is manually trimmed (B) and the constituent parts are 

labeled (C). 

Next, for each valve, we fitted a superquadric surface model (Eq. 1) to capture the general 

geometry of the MV through the estimation of size (a1, a2, a3) and shape (ε1, ε2) parameters. To 

resolve the surface details, we computed the signed L2 residual fields of fitting the superquadric 

surface to the atrial and ventricular surfaces of the MV (Figure 3A). We then applied sparse 

spectral analysis on the residual fields and reconstructed the fine features of the MV leaflets in the 

Fourier domain. The sparse spectral analysis was performed using a proximal gradient method in 

the Lasso optimization framework [13].  
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3  RESULTS AND CONCLUSIONS 

 

Here we present both illustrations of our modeling pipeline and the final multi-resolution geometric 

models of three MVs. A unique superquadric surface was computed for each valve to capture the 

MV shape (Figure 2) which indicated that superquadric models can effectively characterize general 

valvular geometry. The finer-scale surface details were successfully extracted as scalar fields 

(Figure 3) and reconstructed in the parametric domain using spectral analysis (Figure 4A). A 

further implication of this result is that other attributes such as mechanical properties can be 

reconstructed and integrated with geometric models using the same technique. At the same time, by 

imposing MV physical boundaries, we also reconstructed the 3D MV geometry in the parametric 

form (Figure 4B) which can be discretized in any desired style for computational simulations (e.g. 

Finite Element Analysis). 

 

(B)

(A)

MV2MV1 MV3

 

Figure 2: In (A) the computed superquadric models are shown for three valves. Panel (B) shows the 

superquadric models and physical boundaries of the MV leaflets. 
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A) B)

Superquadric (SQ) Model

Original Geometry

The Difference between the SQ 
Model and the Original Geometry

 

Figure 3: The geometric details not captured by the superquadric surface (A) are evaluated by projection of 

original geometry on the superquadric surface fit (B). 

(A) (B)

 

Figure 4: (A) shows the reconstructed model of the MV in the parametric domain. In (B), the physical 

boundaries are applied on the parametric reconstruction to recover the true MV geometry. 

Furthermore, the sparse spectral analysis enabled us to characterize the geometric details of the MV 

in the frequency domain (Figure 5).In particular, our study suggests that the full 3D MV geometry 

can be reconstructed up to sub-millimeter accuracy only with less than 10 percent of the entire 

frequency bandwidth. Using this approach, we can control the level of geometric details in the final 

model reconstruction and in turn develop computationally efficient models for annuloplasty ring 

shape optimization and surgery planning through computational simulations.  

Superquadric

Model

MV1 MV2 MV3

30 

Frequencies 

(rad-1)

50 

Frequencies

(rad-1)

Original

Geometry

 

Figure 5: For three valves, the level of detail in model reconstruction is adjusted by applying filters in the 

spectral domain. Each frequency corresponds to a range of feature size in the parametric domain of 

superquadric model. 
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SUMMARY
Ascending thoracic aortic aneurysms (ATAA), described at tissue level by a biomechanical weaken-
ing of the aortic wall, are a life-threatening pathology provoking a permanent dilation with a high
associated risk of aortic rupture or dissection and death of the patient. ATAAs affect approximately
10 out of 100 000 persons per year and are treated by replacing them with synthetic grafts when the
aortic diameter exceeds 5.5 cm. However the rupture or the dissection of ATAAs remains rather un-
predictable on a patient-specific basis. Even if the yearly risk of dissection or rupture rises from 3%
to 7% with aneurysms>6 cm, rupture of ATAAs has been documented to occur at diameters less than
4.5 cm for nearly 60% of patients. Other factors than the aneurysm diameter may also affect impor-
tantly the predisposition to rupture, such as age, hypertension, aortic valve phenotype or the presence
of genetic disorders. In order to have a better insight in rupture risk prediction, our group developed a
bulge inflation bench to test ATAAs samples collected on patients during surgical interventions. Us-
ing this test, we derived the fracture properties on a cohort of 7 patients undergoing elective surgical
repair and showed that these failure criteria based on ultimate stretch correlate significantly with aor-
tic distensibility that was measured pre-operatively with a dynamic CTscan. Finally, based on these
results, we introduced a new rupture risk assessing the brittleness of the tissue.

Key words: material property, ascending thoracic aortic aneurysm, brittleness, risk of rupture.

1 INTRODUCTION

Ascending thoracic aortic aneurysms (ATAA) are a localized ballooning of the aorta. They are usually
without symptoms, making them difficult to detect. Untreated or unrecognized ATAAs can be fatal
due to dissection or rupture of the aneurysm leading to nearly instantaneous death. Independently of
age and gender, about 30,000 people in Europe and 15,000 people in the United States are diagnosed
with an aortic aneurysms every year [?, ?]. In case of ATAA, timely surgery is required which
consists in replacing the diseased aortic segment with synthetic grafts. Elective surgical repair of
ATAAs is recommended for diameters larger than 5.5 cm or for fast growing aneurysms (>1 cm per
year) for patients without any familial disorders such as Marfan syndrome [?]. The diameter of 5.5
cm as a criterion for deciding surgical repair is widely acknowledged as insufficient. For instance,
the International Registry of Acute Aortic Dissection (IRAD) reported that among 591 type A aortic
dissections, 59% had a diameter below 5.5 cm [?]. Several studies dedicated to abdominal aortic
aneurysms indicate that biomechanical factors may better predict the risk of rupture than the diameter
criterion alone [?, ?, ?].

Biomechanical studies have also been achieved to have better insights in ATAAs rupture or dissection
[?, ?, ?] and to elucidate the risk profile of the thoracic aorta [?, ?]. Recently, Trabelsi et al [?]
developed an approach to identify the patient specific material properties of ATAAs by minimization
of the difference between model predictions and gated CT images. Moreover, they characterized
the mechanical properties in vivo on collected samples of patients undergoing surgical repair. The
same research group [?] also defined a rupture risk based on the brittleness of the tissue (the rupture
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criterion is reached when the stretch applied to the tissue is greater than its maximum extensibility)
and showed a nice correlation between this rupture risk and the physiological elastic modulus of
ATAAs estimated within a bulge inflation test.

The objective of the study here is to assess the distensibility of ATAA using gated CT images of the
same patients and to show that this distensibility is also well correlated with the recently proposed
rupture risk characterizing the brittleness of the tissue. After giving details about the methodology
we show results on a cohort of 7 patients.

2 METHODOLOGY

For a cohort of 7 patients of the University Hospital of Saint-Etienne (CHU-SE), ECG gated dynamic
CT scans were processed to reconstruct the aneurysm geometry during the cardiac cycle, including
diastole and systole. For each patient, CHU-SE supplied DICOM images of ten phases throughout the
cardiac cycle (resolution: 512x512, slice thickness = 0.5 mm). The lumen of the aneurysm was clearly
visible in the DICOM files, but detection of the aneurysm surface was not possible automatically.
A non-automatic segmentation of the CT image slices was performed using MIMICS (v. 10.01,
Materialise NV). The three-dimensional surface of the aorta in each phase was identified and then the
aneurysm was set apart from the remaining aorta. The three-dimensional (3D) surface of aorta was
generated for each phase and exported in STL format. Smoothing factor for all phases was assumed
identical. To recognize the systolic and diastolic phases, the luminal volumes of all phases were
calculated. The systolic scan was defined as the one with the largest volume and the diastolic scan as
the one with the smallest volume.

The reconstructed surfaces were exported in Rhinoceros (v.4.0, Robert McNeel & Associates) to
measure the changes of cross section areas in the mid-plane of the ascending thoracic aorta and the
changes of volumes of the aortic lumen across the whole ascending thoracic aorta throughout the
cardiac cycle. The distensibility is estimated using the following formula:

D = (Asystole −Adiastole)/Adiastole/(Psystole − Pdiastole) (1)

whereAsystole andAdiastole are the systolic and diastolic cross sectional areas respectively and Psystole

and Pdiastole are the systolic and diastolic luminal pressures. Eventually, the tangent physiological

elastic modulus is derived according to: Ephysio =
Φ

Dh
, where h is the thickness of the wall and Φ is

the diameter of the aneurysm.

At the same time, the ATAA samples were obtained from the same patients after their surgery. The
collection of the aortic tissues was carried out in accordance with the guidelines of the Institutional
Review Board of CHU-SE and patients signed informed consent before surgery. Specimens were
kept at +4oC in a 0.9% physiological saline solution and tests were performed within 24h. The aortic
samples were cut in the axial direction (in the blood flow direction) at the level of the inner curvature.
Then a flat square piece was cut, containing the tunica intima, media, adventitia and loose connective
tissue. For all the specimens the loose connective tissue was carefully removed using dissecting blunt-
point scissors in order to prevent sliding in the experimental device. The thickness of each specimen,
denoted h0, was measured using a digital caliper while holding the specimen between two plates. All
the aortic tissues were tested in bulge inflation. The entire process was recorded using a SDIC system
to reconstruct the 3D shape of the inflated tissues. The experimental set-up and the bulge inflation
tests performed by our group are explained in details in previous publications [?]. From these tests,
we assessed the pressure which induced the same circumferential wall stress as the one in the in vivo
artery at diastole and systole. We then derived a stretch based risk of rupture, denoted γstretch, which
was defined as the average stretch between diastole and systole divided by the maximum stretch at
the location where the sample ruptured. We recently showed that γstretch is strongly correlated with
the slope of the tangent leastic modulus in the in vivo range of stresses. The objective of the present
study is to evaluate if there is also a correlation between γstretch and the tangent physiological elastic
modulus derived from the CTscan aortic distensibility
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Figure 1: Correlation between the stretch based risk of rupture criterion γstretch and the physiological elastic
modulus Ephysio estimated both with the CTscan distensibility and with the bulge inflation response

3 RESULTS AND CONCLUSIONS

The strength of the aortic tissue is generally defined as the maximum stress that the tissue can with-
stand before failing. Another equivalent definition of rupture can be when the stretch applied to the
tissue exceeds its extensibility. This way of defining rupture can even be more physiologically mean-
ingful as it is reported that aneurysm rupture or dissections often occur at a time of severe emotional
stress or physical exertion [?]. Such emotionally or physically stressful situations can induce signifi-
cant changes of blood volumes in the aorta, making more compliant aneurysms less prone to rupture
as they can sustain such changes of volume. Based on this analysis, we defined a stretch-based rup-
ture criterion which is the ratio between the current circumferential stretch of the aneurysm and the
maximum stretch. We show here that this stretch-based rupture criterion increases significantly with
the physiological elastic modulus of the artery (Fig. ??), whateher this elastic modulus is estimated
using in vivo preoperative data or in vitro post-operative data. This shows that the stretch-based rup-
ture criterion could be predicted in advance. We are now conducting validations on a larger number
of patients for potential clinical transfer of this stretch-based rupture definition.
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SUMMARY 

In cardiovascular pathologies, such as aortic aneurysm, new knowledge describing intricate 

interplay of cell-matrix forces could lead to elucidation of disease mechanisms. Here, to quantify 

single cell forces, we use Nanonet Force Microscopy (NFM) to measure and compare primary 

human (diseased and normal) aortic single smooth muscle cell forces in both inside-out (intrinsic 

contractility) and outside-in (external perturbation) modes. The decreased forces in diseased 

conditions suggests that altered cell-matrix mechanics play a role in aneurysmal pathophysiology. 

Our findings suggest that it is necessary to study forces exerted and felt by cells simultaneously to 

comprehensively understand force modulation in cardiovascular disease.  

 

Key words: aortic aneurysm, smooth muscle cell, single cell forces, mechanobiology, nanofibers  

 

1   INTRODUCTION 
 Bicuspid aortic valve (BAV) is the most common heart defect and occurs in 1-2% of the 

U.S. population.1–3 BAV is commonly associated with valvular dysfunction and ascending thoracic 

aortic aneurysm (TAA) formation.4–6 Hence, the BAV phenotype carries a concerning risk of 

sudden death due to aortic catastrophe, often striking patients in the prime of their life. Aortic 

dissection portends an alarmingly high mortality rate of over 90% in the absence of surgical 

intervention.7,8 TAA pathophysiology 

is known to involve increased activity 

of matrix degenerating enzymes of 

the matrix metalloproteinase (MMP) 

family that contribute to degeneration 

of the collagen and elastin 

extracellular matrix (ECM) in the 

aortic wall.. There is a lack of 

knowledge in what molecules, 

mechanisms, and smooth muscle cell 

(SMC)-driven events incite TAA 

manifestation and what drives 

progression, therefore limiting 

cardiac surgeons’ abilities to 

successfully mitigate patient-specific 

risk. A recent development in the 

field has been the identification of 

pathways mediating the BAV 

aortopathy including a weakened defense against oxidative stress for SMCs,9,10 biomechanical  

derangements,11–15 and distinct alterations in ECM microarchitecture16–19. Overall these cells and 

matrix abnormalities could influence SMC force generation and adhesion strength.  

Forces are ubiquitous in nature. Mechanical communication between a cell and its substrate 

occurs bi-directionally through integrin-mediated focal adhesions. Cells generate forces via 

actomyosin contractions which act on their surroundings (inside-out, IO) but also respond to forces 

originating outside the ECM which are transmitted through adhesion sites to the cytoskeletal 

network (outside-in, OI). We have pioneered a non-electrospinning Spinneret based Tunable 

Figure 1. (A-D) Scanning electron microscopy (SEM) images 

of suspended STEP nanonets showing control on fiber 
diameter, spacing and orientation. (E, F) Optical images of 
Nanonet Force Microscopy (NFM) nanonets showing fiber 
deflection used to calculate forces in both inside-out and 
externally perturbed outside-in modes at single cell 
resolution. Black triangles represent fixed fiber boundaries, 
and black circles represent probes used in external 
perturbation, black arrows indicate force measurement points 
and white dotted lines indicate original position of deflected 
fiber. 
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Engineered Parameters (STEP) fiber manufacturing platform20,21 to develop a force measurement 

platform (NFM: Nanonet Force Microscopy) capable of measuring forces of SMCs from normal 

and TAA patients within a suspended fibrous environment at single cell resolution.22 STEP is able 

to achieve precise deposition of high aspect ratio (length/diameter) fibers with control on fiber 

dimensions (diameter: sub 100nm – micron, length: mm-cm, parallelism: ≤ 2.5 degrees, spacing: 

sub-micron to microns) in single and multiple layers (Fig.1). To measure forces (both I-O and O-I), 

customized fused fiber nanonets are developed (Fig. 1E, F) which with the appropriate choice of 

fiber dimensions provides tunable mechanistic environment of variable structural stiffness (N/m). 

Cells attached to the suspended fibers nanonets cause deflections, which can be used to estimate 

cell forces using numerically iterative inverse techniques and beam mechanics in the elastic limit. 

O-I forces are measured by deflecting the leading fiber with a probe system (two probes on either 

side of cell) and measuring the deflection (two arrows, Fig. 1 F) of the trailing fiber.  

 

2 METHODOLOGY 
Non-electrospinning STEP nanonets: The previously reported non-elctrospinning STEP technique 

was used to fabricate suspended criss-cross polystyrene nanonet scaffolds with fused fiber 

interactions. Previous work from our group has demonstrated that cells on suspended nanofibers 

tend to spread between two parallel fibers if the gap between them is <20µm37. To increase the 

occurrence of this cell shape, the nanonets were configured such that strutlike, 1200-nm-diameter 

fibers, spaced 300µm apart, are spun orthogonal to and on top of smaller 250-nm-diameter fibers 

with tighter spacing (15-20µm apart). 

Cell culture: Human ascending aortic smooth muscle cells used in this study were isolated 

previously in the Thoracic Aortic Disease Research Laboratory at the University of Pittsburgh.  As 

previously described10, SMCs were isolated from ascending aortic tissue specimens of patients 

undergoing elective operations such as ascending aortic replacement for aneurysmal disease or 

heart transplantation.  Cryopreserved SMCs are brought up at passages 3-6 in 75cm2 flasks.  At 

80% confluence, the cells are trypsinized and diluted to a concentration of 30x104 cells/mL in SMC 

medium.  The STEP scaffolds are tack down to a polystyrene 6-well plate with sterile vacuum 

grease.  The fibers are sterilize by adding 2mL 70% ethanol for 10 minutes, then washed with PBS.  

The fibers are then coated in 4µg/mL fibronectin (Invitrogen, Carlsbad, CA) for 1-2 hours to assist 

with cellular attachment onto the fibers.  Cells were then seeded on the scaffolds by placing 35µL 

droplets of cells at a concentration of 30x104/mL.  The cells were allowed to attach by incubating 

the 6-well plate for 4-6 hours.  After this period of time and attachment of the cells, 2mL of SMC 

media was added.   
Imaging: For the inside-out measurements - After the cells are allowed to attach to the STEP fibers 

and 2mL of SMC media has been added to the 6-well plate, the plate is placed into a microscope 

incubator.  Cells are visualized using 20x magnification.  A 20-30-minute time lapse is taken with 

images taken at 1-minute intervals and care is taken to avoid imaging cells in contact with other 

cells. For the outside-in measurements, we use custom probes mounted 200 µm apart on a 

computer controller manipulator. The probes were positioned near parallel-shaped cells (Fig. 1F), 

providing uniform stretch to the cell. The manipulator is preprogrammed for strain rate, end-state 

position, and number of cycles, allowing for single and cyclic force modes. O-I forces were then 

tested by a single pull-to-detachment at 2 µm/sec strain-rate, and the resulting displacement of the 

passive fiber provides an O-I force measurement.  

Statistical Analysis: Sample populations were tested for statistical significance using Student’s t-

test. A p-value ≤ 0.05 was used (unless otherwise noted) to determine significant differences. Error 

bars represent standard error unless otherwise noted.  

 

3 RESULTS AND CONCLUSIONS 

 For a given polymer material, cell force is modulated by combination of both the fiber 

diameter and structural stiffness (N.m-1). The fibers are modeled as prismatic beams under uniform 

tension with fixed ends. We assume that a cell applies two point loads on the beam, one on each 

end of the cell-fiber interface (where the focal adhesions cluster) which both contribute to overall 

fiber deflection. Therefore, by modifying Timoshenko’s single point load model to incorporate both 

point loads,23 cell forces are calculated from the experimentally-measured deflections.  

For active pull of a live cell, parallel arrangement of fibers spaced (~20µm) provides cells 

in parallel shapes. A computer-controlled dual probe tip is positioned symmetrically on either side 

of the cell (Fig. 2A). Using automated control, the probes are moved at prescribed strain rates and 
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amplitudes, resulting in cellular stretch and eventual detachment from the fiber (shown by white 

star), thus providing adhesion strength. Investigating the response of different strain rates is 

important in capturing viscoelastic response vital to SMC function in native aorta. The active 

forces (applied to the leading fiber by the probe, fiber 1-1’ in Fig. 2B) is modeled as point loads 

and the cellular response forces are determined by the passive trailing fiber (fiber 2-2’ in Fig. 2B). 

Viscoelastic properties (spring-dashpot) for the different cell types are compared from low and 

high strain rates (~ 1µm/s to 30 µm/s). 

SMC behavior (elongation, total strain, 

time to detach from fibers, etc.) is 

calculated from time-lapse videos and 

compared in normal vs. TAA SMCs. 

The viscoelastic nature of cells can be 

quantified by fitting cell force response 

to a step-strain test (Fig. 2C).  Here, the 

standard linear solid (SLS) model,24 

which is composed of a spring in 

parallel with a spring-dashpot in series 

is used, resulting in three fitted terms: 

, , and η (Fig. 2B).  This model 

decomposes total stress response of the 

cell into both a strain rate independent 

component (  signifying 

microtubules) and a strain rate-

dependent component ( , and η 

signifying actin and acto-myosin 

interactions), which can then be 

translated to an estimation of the cell’s 

instantaneous and infinite-time elastic 

modulus via the equations: 

 for  and  for , (where the relaxation time ). The 

elastic modulus for intermediary times is then assumed to be: . Modeling these terms 

could correlate disease severity by changes in cell modulus or viscoelastic parameters (k1= 153.7 

mN/m, k2=75.3 mN/m, η= 0.448, Pa.s, τr =5.95s). Our results indicate that SMCs from TAA 

specimens exhibit lower forces both in I-O and O-I modes, and in O-I mode reduced strains and 

elongation (Fig. 2D).  Thus, using NFM, we are able to demonstrate that TAA SMCs exhibit lower 

mechanical response including toughness (area under the force-distance curve, not shown) at the 

single cell resolution compared to normal SMCs.  

This study shows for the first time the use of nanofiber polymeric scaffolds to measure 

single cell force generation in human primary aortic SMCs. Furthermore, the differences observed 

in SMC isolated from TAA patients when compared with SMCs isolated from normal healthy 

individuals suggests that altered cell-matrix mechanics play a role in aneurysmal pathophysiology. 

Determining the influence of drugs and environmental stress on SMC force generation in the 

setting of aneurysmal pathologies is the active focus of our collaborative ongoing work and is 

likely to improve our understanding of the onset and progression of aortic disease in man and lead 

to the development of novel therapeutic interventions.  
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Figure 2. (A) Optical time lapse images at 4 second 
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